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Preface

A fundamental object of study in the theory of groups is the lower central
series of groups whose terms are defined for a group G inductively by setting

NG =G, mu(@) =[G, m(@)]  (n=1),

where, for subsets H, K of G, [H, K| denotes the subgroup of G generated
by the commutators [h, k] := h™'k~'hk for h € H and k € K. The lower
central series of free groups was first investigated by Magnus [Mag35]. To
recall Magnus’s work, let F' be a free group with basis {z;},cr and A =
Z[[X; | i € I]] the ring of formal power series in the non-commuting variables
{X}ier over the ring Z of integers. Let U(.A) be the group of units of A. The
map z; — 1+ X;, 7 € I, extends to a homomorphism

0:F —UA), (1)

since 1 + X; is invertible in A with 1 — X; + Xf — .-+ as its inverse. The
homomorphism 6 is, in fact, a monomorphism (Theorem 5.6 in [Mag66]). For
a € A, let a, denote its homogeneous component of degree n, so that

a:a()+a1+...+an+....

Define
Dn(F):={feF|0(f):;=0,1<i<n}, n>1Ll

It is easy to see that D,(F) is a normal subgroup of F and the series
{Dn(F)}n>1 is a central series in F, i.e., [F, D,(F)] C D11 (F) for all n > 1.
Clearly, the intersection of the series {D,,(F)},>1 is trivial. Since {D,,(F)}n>1
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viii Preface

is a central series, we have v, (F) C D, (F) for all n > 1. Thus, it follows that
the intersection (,~; Yo (F') is trivial, i.e., F' is residually nilpotent.

Let G be an arbitrary group and R a commutative ring with identity. The
group ring of G over R, denoted by R[G], is the R-algebra whose elements
are the formal sums Y a(g)g, g € G, a(g) € R, with only finitely many
coefficients a(g) being non zero. The addition and multiplication in R[G] are
defined as follows:

> alglg+ Y B@g=>_ (alg) +B(9)g.

gea@ 9eG geG
> alg)g Y Bh=>" ( > a(g)ﬁ(h))x.
geG heG zeG N gh=z

The group G can be identified with a subgroup of the group of units of R[G],
by identifying g € G with 1rg, where 1p is the identity element of R, and it
then constitutes an R-basis for R|[G|. The map

e: R[G] — R, Za(g)g = Za(g),

is an algebra homomorphism and is called the augmentation map; its kernel
is called the augmentation ideal of R[G]; we denote it by Ar(G). In the case
when R is the ring Z of integers, we refer to Z[G| as the integral group ring
of G and denote the augmentation ideal also by g, the corresponding FEuler
fraktur lowercase letter.

The augmentation ideal Ag(G) leads to the following filtration of R[G]:

R[G] D AR(G) D ALG)D...DALG) D .... (2)

Note that the subset GN (1 +A§§(G)), n > 1, is a normal subgroup of G; this
subgroup is called the nth dimension subgroup of G over R and is denoted
by D, r(G). It is easy to see that {D,, r(G)},>1 is a central series in G,
and therefore +,(G) C D, gr(G) for all n > 1. In the case when R is the
ring Z of integers, we drop the suffix Z and write D,,(G) for D, z(G). The
quotients A%(G)/ABTHG), n > 1, are R[G]-modules with trivial G-action.
There then naturally arise the following problems about dimension subgroups
and augmentation powers.

Problem 0.1 Identify the subgroups D, r(G) =GN (1 + A%(G)), n > 1.
Problem 0.2 Describe the structure of the quotients A% (G)/ALHG),n > 1.

Problem 0.3 Describe the intersection Ny>1A%(G); in particular, charac-
terize the case when this intersection is trivial.

In the case when F is a free group, then, for all n > 1, v,,(F) € D, (F) C
D, (F). The homomorphism 0 : F — A, defined in (1), extends by linearity
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to the integral group ring Z[F] of the free group F'; we continue to denote
the extended map by 6:
0:7Z|F] — A.

Let f be the augmentation ideal of Z[F; then, for a € §*, 6(a); =0, i < n—1.
With the help of free differential calculus, it can be seen that the intersection
of the ideals §*, n > 1, is zero and the homomorphism 6 : Z[F] — A is a
monomorphism (see Chap.4 in [Gru70]). A fundamental result about free
groups ([Mag37], [Gru36], [Wit37]; see also [R6h85]) is that the inclusions
Yn(F) C D, (F) C D, (F) are equalities:

n(F) = D, (F) =D,(F), for all n > 1. (3)

This result exhibits a close relationship among the lower central series, the
dimension series, and the powers of the augmentation ideal of the integral
group ring of a free group. Thus, for free groups, Problems 1 and 3 have a
definitive answer in the integral case. Problem 2 also has a simple answer in
this case: for every n > 1, the quotient §*/§**! is a free abelian group with
the set of elements (z;, —1) ... (x;, —1) +f*"! as basis, where z;, range over
a basis of F' (see p. 116 in [Pas79]).

The foregoing results about free groups naturally raise the problem of
investigation of the relationship among the lower central series {7V, (G)}n>1,
dimensionseries { D,,, g(G)}n>1,and augmentation quotients A% (G) /A%L™(G),
n > 1, of an arbitrary group G over the commutative ring R. While these
series have been extensively studied by various authors over the last several
decades (see [Pas79], [Gup87c]), we are still far from a definitive theory. The
most challenging case here is that when R is the ring Z of integers, where a
striking feature is that, unlike the case of free groups, the lower central series
can differ from the dimension series, as first shown by Rips [Rip72].

Besides being purely of algebraic interest, lower central series and aug-
mentation powers occur naturally in several other contexts, notably in
algebraic K-theory, number theory, and topology. For example, the lower
central series is the main ingredient of the theory of Milnor’s f-invariants
of classical links [Mil57]; the lower central series and augmentation powers
come naturally in [Cur71], [Gru80], [Qui69], and in the works of many other
authors.

The main object of this monograph is to present an exposition of different
methods related to the theory of the lower central series of groups, the di-
mension subgroups, and the augmentation powers. We will also be concerned
with another important related series, namely, the derived series whose terms
are defined, for a given group G, inductively by setting

50(Q) = G, 60:1(G) = [6,(G), 6,(G)] for n > 0.

Our focus will be primarily on homological, homotopical, and combinatorial
methods for the study of group rings. Simplicial methods, in fact, provide
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new possibilities for the theory of groups, Lie algebras, and group rings. For
example, the derived functors of endofunctors on the category of groups come
into play. Thus, working with simplicial objects and homotopy theory sug-
gests new approaches for studying invariants of group presentations, a point
of view which may be termed as “homotopical group theory.” By homo-
logical group theory one normally means the study of properties of groups
based on the properties of projective resolutions over their group rings. In
contrast to this theory, by homotopical group theory we may understand
the study of groups with the help of simplicial resolutions. From this point
of view, homological group theory then appears as an abelianization of the
homotopical one.

We now briefly describe the contents of this monograph.

Chapter 1: Lower central series We discuss examples and methods for inves-
tigating the lower central series of groups with a view to examining resid-
ual nilpotence, i.e., the property that this series intersects in the identity
subgroup. We begin with Magnus’s theorem [Mag35] on residual nilpotence
of free groups and Gruenberg’s [Gru57] result on free polynilpotent groups.
Mal’cev’s observation [Mal68] on the adjoint group of an algebra provides a
method for constructing residually nilpotent groups. We consider next free
products and describe Lichtman’s characterization [Lic78] for the residual
nilpotence of a free product of groups. If a group G is such that the aug-
mentation ideal g of its integral group ring Z[G] is residually nilpotent, i.e.,
N,>0 8" = 0, then it is easily seen that G is residually nilpotent. This prop-
erty, namely, the residual nilpotence of g, has been characterized by Lichtman
[Lic77]. Our next object is to discuss residual nilpotence of wreath products.
We give a detailed account of Hartley’s work, along with Shmelkin’s theo-
rem [Shm73] on verbal wreath products. For HNN-extensions we discuss a
method introduced by Raptis and Varsos [Rap89]. Turning to linear groups,
we give an exposition of recent work of Mikhailov and Bardakov [Bar07]. An
interesting class of groups arising from geometric considerations is that of
braid groups; we discuss the result of Falk and Randell [Fal88] on pure braid
groups.

If1 - R— F — G — 1 is a free presentation of a group G, then the
quotient group R/[R, R] of R can be viewed as a G-module, called a “relation
module.” The relationship between the properties of F/[R, R] and those of
F'/R has been investigated by many authors [Gru70], [Gru], [Gup87c]. We dis-
cuss a generalization of this notion. Let R and S be normal subgroups of the
free group F'. Then the quotient group (RN S)/[R, S] is abelian and it can be
viewed, in a natural way, as a module over F//RS. Clearly the relation mod-
ules, and more generally, the higher relation modules 7, (R)/vn+1(R), n > 2,
are all special cases of this construction. Such modules are related to the sec-
ond homotopy module 75 (X) of the standard complex X associated to the free
presentation G ~ F/R. We discuss here the work in [Mik06b]. The main point
of investigation here is the faithfulness of the F'/ RS-module (RN S)/[R, S].
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We next turn to k-central extensions, namely, the extensions
1-N—-G—G—1,

where IV is contained in the kth central subgroup Ck(é) of G. We examine
the connection between residual nilpotence of G and that of G. In general,
neither implies the other.

The construction of the lower central series {7v,(G)},>1 of a group G
can be extended in an obvious way to define the transfinite terms ~,(G)
of the lower central series for infinite ordinals 7. Let w denote the first
non-finite ordinal. The groups G whose lower central series has the prop-
erty that v, (G) # Y.+1(G), called groups with long lower central series, are
of topological interest. We discuss methods for constructing such groups.

It has long been known that the Schur multiplicator is related to the
study of the lower central series. We explore a similar relationship with
generalized multiplicators, better known as Baer invariants of free presen-
tations of groups. In particular, we discuss generalized Dwyer filtration of
Baer invariants and its relation with the residual nilpotence of groups. Using
a generalization of the Magnus embedding, we shall see that every 2-central
extension of a one-relator residually nilpotent group is itself residually nilpo-
tent [Mik07a).

The residually nilpotent groups with the same lower central quotients as
some free group are known as para-free groups. Non-free para-free groups
were first discovered by Baumslag [Bau67]. We make some remarks related
to the para-free conjecture, namely, the statement that a finitely generated
para-free group has trivial Schur multiplicator.

Next we study the nilpotent completion Z,(G), which is the inverse limit
of the system of epimorphisms G — G/v,(G), n > 1, and certain subgroups
of this completion. We study the Bousfield-Kan completion R, X of a sim-
plicial set X over a commutative ring R, and homological localization (called
HZ-localization) functor L : G — L(G) on the category of groups, due to
Bousfield, in particular, the uncountability of the Schur multiplicator of the
free nilpotent completion of a non abelian free group. After discussing the
homology of the nilpotent completion, we go on to study transfinite para-free
groups. Given an ordinal number 7, a group G is defined to be 7-para-free if
there exists a homomorphism F' — G, with F free, such that

L(F) /7 (L(F)) ~ L(G) /7 (L(G)).-

Our final topic of discussion in this chapter is the study of the lower
central series and the homology of crossed modules. These modules were first
defined by Whitehead [Whi41]. With added structure to take into account,
the computations naturally become rather more complicated. It has recently
been shown that the cokernel of a non aspherical projective crossed module
with a free base group acts faithfully on its kernel [MikO6al; we give an
exposition of this and some other related results.
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Chapter 2: Dimension subgroups In this chapter we study various problems
concerning the dimension subgroups. The relationship between the lower cen-
tral and the dimension series of groups is highly intriguing.

For every group G and integer n > 1, we have

(G) C D, (G) :=GnN(1+g").

As first shown by Rips [Rip72], equality does not hold in general. We pur-
sue the counter example of Rips and the subsequent counterexamples con-
structed by N. Gupta, and construct several further examples of groups
without the dimension property, i.e., groups where the lower central se-
ries does not coincide with the integral dimension series. We construct a
4-generator and 3-relator example of a group G with D4(G) # v4(G) and
show further that, in a sense, this is a minimal counter example by prov-
ing that every 2-relator group G has the property that Ds(G) = v(G). At
the moment it seems to be an intractable problem to compute the length
of the dimension series of a finite 2-group of class 3. However, we show
that for the group without the dimension property considered by Gupta and
Passi (see p.76 in [Gup87c]), the fifth dimension subgroup is trivial.
Examples of groups with D,,(G) # v,(G) with n > 5 were first constructed by
Gupta [Gup90]. In this direction, for each n > 5, we construct a 5-generator
5-relator group &,, such that D,,(&,) # v,(8,). We also construct a nilpo-
tent group of class 4 with non trivial sixth dimension subgroup. We hope
that these examples will lead to a closer understanding of groups without the
dimension property.

For each n > 4, in view of the existence of groups with v, (G) # D,(G),
the class D,, of groups with trivial nth dimension subgroup is not a variety.
This class is, however, a quasi-variety [Plo71]. We present an account of our
work [Mik06¢] showing that the quasi-variety D, is not finitely based, thus
answering a problem of Plotkin.

We next review the progress on the identification of integral dimension
subgroups and on Plotkin’s problems about the length of the dimension series
of nilpotent groups.

Related to the dimension subgroups are the Lie dimension subgroups

D) (G) and D) (G), n > 1, with Dy, (G) € D,y (G) € Dy, (G) (see Sect. 2.10
for definitions). We show that, for every natural number s, there exists a group
of class n such that Dj,,4(G) # Ynis(G) # 1. In contrast with the integral
case, many more definitive results are known about the dimension subgroups
and the Lie dimension subgroups over fields. We review these results and
their applications, in particular, to the study of Lie nilpotency indices of the
augmentation ideals.
Chapter 3: Derived series  We study the derived series of free nilpotent groups.
Combinatorial methods developed for the study of the dimension subgroups
can be employed for this purpose. We give an exposition of the work of Gupta
and Passi [Gup07].
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Homological methods were first effectively applied by Strebel [Str74] for

the investigation of the derived series of groups. We give an exposition of
Strebel’s work and then apply it to study properties analogous to those stud-
ied in Chap.1 for the lower central series of groups; in particular, we study
the behaviour of the transfinite terms of the derived series. We show that
this study has an impact on Whitehead’s asphericity question which asks
whether every sub complex of an aspherical two-dimensional complex is itself
aspherical.
Chapter 4: Augmentation powers The structure of the augmentation powers
g" and the quotients g"/g"*! for the group G is of algebraic and number-
theoretic interest. While the augmentation powers have been investigated by
several authors, a solution to this problem, when G is torsion free or torsion
abelian group, has recently been given by Bak and Tang [Bak04]. We give
an account of the main features of this work. We then discuss transfinite
augmentation powers g”, where 7 is any ordinal number. We next give an
exposition of some of Hartley’s work on the augmentation powers.

A filtration { P, H*(G, T)},>o of the Schur multiplicator H?(G, T) arising
from the notion of the polynomial 2-cocycles is a useful tool for the inves-
tigation of the dimension subgroups. This approach to dimension subgroups
naturally leads to relative dimension subgroups D, (E, N) := EN(1+e¢"+ne),
where N is a normal subgroup of the group E. The relative dimension
subgroups provide a generalization of dimension subgroups, and have been
extensively studied by Hartl [Har08]. Using the above-mentioned filtration
of the Schur multiplicator, Passi and Stammbach [Pas74] have given a
characterization of para-free groups. These ideas were further developed in
[Mik04, Mik05b]. We give here an account of this (co)homological approach
for the study of subgroups determined by two-sided ideals in group rings.

In analogy with the notion of HZ-localization of groups, we study the

Bousfield HZ localization of modules. Given a group G, a G-module homo-
morphism f : M — N is said to be an HZ-map if the maps fy : Hy(G, M) —
Hy(G, N) and f, : Hi(G, M) — H{(G, N) induced on the homology groups
are such that fy is an epimorphism and f; is an isomorphism. In the category
of G-modules, we examine the localization of G-modules with respect to the
class HZ of HZ maps. We discuss the work of Brown and Dror [Bro75] and of
Dwyer [Dwy75] where the relation between the HZ localization of a module
M and its g-adic completion @1 M /g™ M has been investigated.
Chapter 5: Homotopical aspects After recalling the construction of certain
functors, we give an exposition of the work of Curtis [Cur63] on the lower
central series of simplicial groups. Of particular interest to us are his two
spectral sequences of homotopy exact couples arising from the application of
the lower central and the augmentation power functors, v, and A™, respec-
tively, to a simplicial group. Our study is motivated by the work Stallings
[Sta75] where he suggested a program and pointed out the main problem in
its pursuit:
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Finally, Rips has shown that there is a difference between the “dimension subgroups”
and the terms of the lower central series .... The problem would be, how to compute
with the Curtis spectral sequence, at least to the point of going through the Rips
example in detail?

To some extent, this program was realized by Sjogren [Sjo79]. However, in
general, it is an open question whether there exists any homotopical role of
the groups without the dimension property. The simplicial approach for the
investigation of the relationship between the lower central series and the aug-
mentation powers of a group has been studied by Gruenenfelder [Gru80]. We
compute certain initial terms of the Curtis spectral sequences and, following
[Har08], discuss applications to the identification of dimension subgroups.
We show that it is possible to place some of the known results on the di-
mension subgroups in a categorical setting, and thus hope that this point of
view might lead to a deeper insight. One of the interesting features of the
simplicial approach is the connection that it provides to the derived functors
of non-additive functors in the sense of Dold and Puppe [Dol61]. Finally, we
present a number of homotopical applications; in particular, we give an al-
gebraic proof of the computation of the low-dimensional homotopy groups of
the 2-sphere. Another application that we give is an algebraic proof of the
well-known theorem, due to Serre [Ser51], about the p-torsion of the homo-
topy groups of the 2-sphere.

Chapter 6: Miscellanea In this concluding chapter we present some applica-
tions of the group ring construction in different, rather unexpected, contexts.
As examples, we may mention here (1) the solution, due to Lam and Leung
[LamO00], of a problem in number theory which asks, for a given natural num-
ber m, the computation of the set W (m) of all possible integers n for which
there exist mth roots of unity «q, ..., a, in the field C of complex numbers
such that a; + -+ + a,, = 0, and (2) application of dimension subgroups by
Massuyeau [Mas07] in low-dimensional topology.

Appendix At several places in the text we need results about simplicial
objects. Rather than interrupt the discussion at each such point, we have
preferred to collect the results needed in an appendix to which the reader
may refer as and when necessary. The material in the appendix is mainly
that which is needed for the group-theoretic problems in hand. For a more
detailed exposition of simplicial methods, the reader is referred to the books
of Goerss and Jardine [Goe99] and May [May67].

To conclude, we may mention that a crucial point that emerges from the
study of the various series carried out in this monograph is that the least
transfinite step in all cases is the one which at the moment deserves most to
be understood from the point of view of applications.
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Notation

/ the ring of rational integers.
/s the ring of integers mod n.
Q the field of rational numbers.
R the field of real numbers.
C the field of complex numbers.
T the additive group of rationals mod 1, i.e., Q/Z.
T, the p-torsion subgroup of T.
Xn the symmetric group of degree n.
(S) the subgroup (of G) generated by a subset S (of G).
(8)¢ the normal subgroup of G generated by S.
G’ derived subgroup of G.
¥ y lzy, for elements x, y of a group.
[z, y] x~ly~lzy, the commutator of  and v.
[, ny] (-l gl -y
n terms
[H, K] ([h, k] | he H, k € K).
[H, , K] [...[[H, K], K], ..., K].
n terms

H<xG H is a normal subgroup of the group G.
{n(G)}n>1 the lower central series of the group G.
Y (G) Nzt 1 (G).
{6n(G)}n>0 the derived series of the group G.
5,(G) Mot 6a(C).
Y+1(G) [w(G), G
5(w)(G) nn21[5w(G)7 Jn(G)}
6o1(G) 100G, 0.,
P(G) the perfect radical of the group G.
Kp the standard 2-complex associated with the group

presentation P = (X, ¢, R).
9d(Q) the geometric dimension of the group G.

cd(G

~—

the cohomological dimension of the group G.
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the class of nilpotent p-groups of finite exponent.

the class of residually €-groups.

the category of topological spaces.

category of (right)R-modules.

category of groups.

category of homotopy n-types.

category of R-algebras.

category of R-Lie algebras.

category of abelian groups.

the class of all solvable groups.

the class of all finite groups.

ith derived functor of the functor 7' : Gr — Gr.

ith derived functor L;T(—, 0) at level zero

of the functor T': Ab — Ab (in the sense of Dold-Puppe).
G /72 (@), the abelianization of the group G.

the free R-Lie algebra over the R-module M.

nth component of Lz(M).

the universal enveloping algebra of the R-Lie ring L.
the symmetric algebra over the abelian group A.

the tensor algebra over the R-module M.
homological localization functor.

the class of residually nilpotent groups groups G for which
every k-central extension 1 — N — G — G — 1 has the
property that G is residually nilpotent.
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the general linear group over R.
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signifies end (also omission) of proof.



Chapter 1
Lower Central Series

The lower central series {7,(G)} of a group G, where « varies over all ordinal
numbers, is defined by setting v1(G) = G, va+1(G) = [G, 7a(G)] and for a limit
ordinal 7, 7, (G) = Nacr Ya(G), where for subsets H, K of G, [H, K] denotes
the subgroup of G generated by all commutators [k, k] :== h™'h* = b 'k 'hk, h €
H, k € K. The group G is said to be transfinitely nilpotent if v,(G) = 1 for some
ordinal «, or simply nilpotent if « is a finite ordinal. In particular, if v, (G) = 1,
where w is the least infinite ordinal, then G is said to be residually nilpotent. In this
Chapter we present various constructions and methods for studying the residual
nilpotence of groups. Our aim is primarily to investigate the transfinite terms of
the lower central series. The results discussed here can be viewed as an attempt to
develop a ‘limit theory’ for lower central series.

1.1 Commutator Calculus

Since we will have frequent occasion to work with commutators, we begin
with recording here some of the basic identities concerning them.

Let G be a group and let x1, x5, ..., be elements of G. A simple commu-
tator [x1, ..., x,) of weight n > 1 is defined inductively by setting

[1]) =21 and [z1, ..., @] = [[z1, ..., Tp_1], T, for n > 2.

The simple commutator [z, xa, ... z3] will be denoted by [z1, 2]
——

n terms

Commutator Identities

The following identities, which are straight-forward to verify, hold for arbi-
trary elements z, y, z in every group G.

R. Mikhailov, I.B.S. Passi, Lower Central and Dimension Series of Groups, 1
Lecture Notes in Mathematics 1952,
(© Springer-Verlag Berlin Heidelberg 2009
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(1) [z, y] = [y, 2] "
i) [zy, 2] = [z, 2]"[y, 2] and [z, y2] = [z, 2][=, y]*.

N1 -1
i) 2,y = ([, gl ) and [0t ) = ([, 1)
iv) [z, y 4 2%y, 27, 2)*[z, 278, y)® = 1. (Hall-Witt identity)
v) If 99(G) is abelian, then

(®) [ 3 2lly, 2 allz 7, 9] = L
(b) [z1, 29, 23, ... ,20] = [T1, T2, To(3), - -+ » To(n)], Where o is any per-
mutation of the set {3, ..., n}.
(¢c) Forn>i>3, |21, ..., xi1, x4, m;l, Litly «ve s Tn] =
[l‘l, ey L1y, Ty Tialy - - xn]71[$17 ey Ti1, .73;17 Tigly - -- [En]il.

1.2 Residually Nilpotent Groups

Free Groups

The first result about residual nilpotence of groups is due to W. Magnus
[Mag35].

Theorem 1.1 FEvery free group is residually nilpotent.

Proof. Let F be a free group and X = {z;|i € I} a basis of F. Let A =
Z[[X]] be the ring of formal power series, in non-commuting indeterminates
X, i € I, with coefficients in the ring Z of integers. Since 1+ X;, i € I, is an
invertible element in A with inverse the power series 1—X;+X?—-- -, the map
X = U(A), z; — 1+ X;, where U(A) is the group of units of A, extends to
a homomorphism 0 : F — U(A). The homomorphism 6 is a monomorphism.
For, let w = :c;” coxgm, with @, € X, ¢, € Z, 1 < j < n, be a reduced
word over X. Then, in the power series §(w), the coeficient of the monomial
Xi, ... X, is €, ...€, . Thus §(w) = 1 if and only if w = 1. A simple
induction on n > 1 shows that for f € 7,(F), n > 1, the homogeneous
terms of degree i, 1 < i < n —1, in 6(f) are all zero. It thus follows that
it w e N, (F), then §(w) = 1, and hence w = 1. Consequently F' is
residually nilpotent. O

Free Poly-nilpotent Groups

If P is a group property, then a group G is said to be a residually P-group
if, for every non-identity element x € G, there exists a normal subgroup IV,
depending on x, such that (i) x ¢ N and (ii) the quotient group G/N has
the property P.
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Given a class € of groups, we refer to groups in the class € as €-groups, and
denote by r€ the class of residually €-groups. Let us also adopt the following
notation for certain classes of groups:

$p the class of finite p-groups;
Ot the class of nilpotent groups;
Dy the class of torsion-free nilpotent groups.

N, the class of nilpotent p-groups of finite exponent.

It is easy to see that a group G € rtif and only if 7, (G) =), 1 (G) = 1.
Clearly, if a property P implies the property Q, then a residually P-group is
also a residually Q-group. In particular, since prime-power groups are nilpo-
tent, r§, C .

Residual properties of groups were extensively studied by K. W. Gruenberg
([Grub7], [Gru62]).

Theorem 1.2 (Gruenberg [Gru57]). Every free nilpotent group F/~,(F),
n>1, is in the class r§,, where p is any given prime.

A free nilpotent group G = F/v,(F), n > 1, in fact, has the property
that the augmentation ideal of its group algebra F,[G] over the field F, of p
elements is residually nilpotent; equivalently, G € r),, which is in turn equiv-
alent to the intersection (,, .-, Ym (G)GP" being trivial (see Passi [Pas79]).

Theorem 1.3 (Gruenberg [Gru57]). Let ¢y, ... , ¢y be natural numbers, and
F a free group. Then the free poly-nilpotent group F/v., (... (7 (F))) € r§p
for any prime p > max{ci, ... ,Cm-1}.

Thus, in particular, free poly-nilpotent groups are in the class r)t. We will
see later (Theorem 1.20) that these groups are, in fact, in the class r1.

Adjoint Groups of Residually Nilpotent Algebras

The theory of associative algebras was applied by A. I. Mal’cev [Mal68] to
study residually nilpotent groups. Given an algebra A, consider the adjoint
product (also called circle operation) which is defined by setting

goh=g+h—gh, g, h € A. (1.1)

Let J(A) be the set of elements g € A such that there exists an element
g satisfying gog = 0 = go g. Then J(A) can be viewed as a group with
the binary operation defined by (1.1) having the zero element of the algebra
as the identity element; this group is called the adjoint group of A. Recall
that an associative algebra A is called residually nilpotent if (), A* = {0}.
A simple relationship between residual nilpotence of algebras and that of
groups, observed in [Mal68], is that, for any residually nilpotent algebra A,
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the group J(A) is residually nilpotent. Thus a group G which embeds in
the adjoint group of a residually nilpotent algebra is necessarily a residually
nilpotent group.

It may, however, be noted that the residual properties of algebras and those
of groups are, in fact, quite different. For instance, Mal’cev [Mal68] proved
that a free product of residually nilpotent algebras is residually nilpotent; on
the other hand, it is easy to see that the free product Zy * Z3 of the cyclic
groups of orders 2 and 3 is not residually nilpotent.

As a consequence of his method of proving a group to be residually nilpo-
tent, Mal’cev obtained a sufficient condition for the free product of two resid-
ually nilpotent groups to be residually nilpotent:

If two groups G, H can be embedded into adjoint groups of residually nilpotent

algebras over fields of the same characteristic, then their free product G = H is
residually nilpotent.

As simple examples of residually nilpotent groups of this type, we may men-
tion the groups Z * Zy,, Zypn * Zym for primes p.

Free Products

Necessary and sufficient conditions for the free product of a family of groups
to be residually nilpotent have been obtained by A. I. Lichtman [Lic78]. Recall
that an element g € G is called an element of infinite p-height, p a prime, if,
given any two natural numbers i and j, there exist elements x € G, y € v;(G),
such that 2P’ = gy. Lichtman’s characterization is as follows:

Theorem 1.4 (Lichtman [Lic78]). The free product of a family {G; : j € J}
of montrivial groups with |J| > 2 is residually nilpotent if and only if one of
the following conditions holds:

(2) All the groups G, j € J, are in rN.

(i3) For any finite set of non-identity elements g1, ..., g € U ey Gy, there exists
a prime p, depending on g1, -+ , gk, such that none of these elements is of infinite
p-height in the corresponding G;.

Unit Groups of Group Rings

Let G be a group, Z[G] its integral group ring, € : Z[G] — Z the augmentation
map and g = kere, the augmentation ideal of Z[G]. Let U, := Ui (Z[G]) be
the group of units a € Z|[G] satisfying e(«r) = 1. Residual nilpotence of U
has been studied by Musson-Weiss [Mus82]. It is easy to see that

W(lh) Cl4+g"  (n>1).
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Thus, if the augmentation ideal g is residually nilpotent, then the unit group
U, is a residually nilpotent group. It is, however, possible for the unit group
to be residually nilpotent without the augmentation ideal g being residually
nilpotent; for example, if G is the cyclic group of order 6.

The residual nilpotence of augmentation ideals has been characterized by
A. 1. Lichtman [Lic77]. To state the result, recall that if € is a class of groups,
then a group G is said to be discriminated by the class C if for every finite
subset g1, ..., gn of distinct elements of G, there exists a group H in the
class € and a homomorphism ¢ : G — H such that ¢(g;) # ¢(g;) for i # j.

Theorem 1.5 (Lichtman [Lic77]). Let G be a group. Then g is residually
nilpotent if and only if either G € rNy, or G is discriminated by the class
User ™y, , where {p; |i € I} is some set of primes.

Lower Central Series of a Lie Ring

Let L be a Lie ring. The lower central series {L,},>1 of L is defined
inductively by setting L; = L, L,i1 = [L, Ly], the Lie ideal generated
by the elements [a, b] with @ € L and b € L,, for n > 1. Let A be an
associative ring with identity. We view A as a Lie ring under the operation
[a, b = ab—ba (a, b € A), and define A", n > 1, to be the two-sided ideal
of A generated by A,,. Let U(A) denote the group of units of A. With these
notations, we have

Theorem 1.6 (Gupta-Levin [Gup83]). v, (U(A)) C 1+ A for alln > 1.

An immediate consequence of the preceding result is that if the associative
algebra A is such that (,.; A"} = 0, then U(A) is a residually nilpotent
group. To apply this result to the case of integral group rings, let K, be the
class of groups G € M with 12(G) € M, K the class of groups G € N with
72(G) € Ny, and & = [J, Ry, where p ranges over all primes.

Theorem 1.7 If G is a group which satisfies either

(4) G € rRy, or
(it) G is discriminated by the class 8],

then the unit group U(Z[G]) € rMN.
Proof. Under the hypothesis of the theorem, [, ., Z[G] " = 0 [Bha92b], and
hence U(Z[G]) is residually nilpotent. O

Wreath Product

An important construction in the theory of groups is the wreath product of
groups (see [Rob95]). Let H and K be permutation groups acting on sets X
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and Y respectively. The wreath product of H and K, denoted by H ! K, is a
group of permutations of the set Z := X x Y, which is defined as follows:
Ifye H, yeY and k € K, define permutations v(y) and &* of Z by the

rules
(@, y) = (2 ),
’Y(y) ' {($7 yl) = ((L‘, yl) if Y1 7é Yy, T € X7

and

K (z, y) — (z, yk), € X.
The functions v — 7(y), and kK — &* are monomorphisms from H and K
respectively into Sz, the symmetric group of Z; let their images be H(y)
and K™ respectively. Then the wreath product of H { K is the subgroup of
Sz generated by the subgroups K* and H(y), y € Y. The subgroup of
H ! K generated by the subset {H(y)|y € Y} is called the base group of
the wreath product; note that the base group is the direct product of the
subgroups H(y), y € Y. If H, K are arbitrary groups, we can view them
as permutation groups via right regular representation and form the wreath
product H ¢ K; this group is called the standard wreath product of H and K.

It is not hard to see that the investigation of the residual nilpotence of
wreath products is directly related to the residual nilpotence of augmentation
ideals, a topic briefly discused above; the reader may refer to (Passi [Pas79])
for more details. In particular, note that, for any group G and integer n > 0,
the wreath product C, ! G, where C,, = Z/nZ, is isomorphic to the semi-
direct product Z,[G] x G, with G acting on Z,[G] by right multiplication.
As a consequence it may be noted that the wreath product C, 1 G, n >0, is
residually nilpotent if and only if the augmentation ideal Az, (G) is residually
nilpotent. While a characterization of the residual nilpotence of g is provided
by Theorem 1.5, recall that the residual nilpotence of Az, (G) is equivalent
to G being in the class r0, (see Passi [Pas79], p.90).

Let A and G be two nontrivial groups and let W = Al G be their standard
wreath product. Necessary and sufficient conditions for W to be nilpotent
are given by the following result.

Theorem 1.8 (Baumslag [Bau59]). The wreath product W = A G is nilpo-
tent if and only if, for some prime p, A € N, and G € Fp.

Let Ab denote the class of abelian groups. It is interesting to note ([Har70],
Lemma 1) that if W = A G is residually nilpotent and G is infinite, then
A € Ab. For, if G is infinite and x, y are two non-commuting elements of A,
then one can easily show that [z, y] € v,(W).

Necessary and sufficient conditions for the residual nilpotence of the
wreath product W = A G of two nontrivial groups have been given by
B. Hartley [Har70] in the case when G is nilpotent. Hartley’s work [Har70],
combined with Lichtman’s characterization for the residual nilpotence of the
augmentation ideal g, provides the following characterization for the residual
nilpotence of a wreath product W = A1 G.
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Theorem 1.9 (Hartley [Har70], Lichtman [Lic77]). The wreath product W =
AVG of two nontrivial groups A and G, of which G is nilpotent, is residually
nilpotent if only if one of the following three statements holds:

(i) For some prime p, G € §p and A € rN,,.
(#4) G is infinite but not torsion-free, A € Ab, and for some prime p, both A and G
belong to rN,,.

(419) G is torsion-free, A € Ab, G € rﬁp whenever A contains an element of order p.
Furthermore, if A is not a torsion group, then either G € ¥Ry, or G is discriminated

by the class |J,cr Mp,, where {p; | i € I} is some set of primes.

Proof. Suppose W = A1 G € r)t and both G and A are nontrivial.
Case 1: G finite. Let 1 # = € G be an element of order p. Then the
subgroup A {x) of W is residually nilpotent. Note that

n

[ap ) x] € 'Yn(pfl)jtl(W) (1.2)

for all a € A and n > 1. Let A, = AP" (y,p-1)41(W) N A). Since W is
residually nilpotent, the equation (1.2) implies that NA4,, = 1 and hence
Aem,.

Case 2: G infinite. In this case, as mentioned above, A must be abelian.

Suppose A has an element y of prime order p. From the residual nilpotence
of the subgroup (y) 1 G of W, it follows that the augmentation ideal Ar, (G)
of the group algebra F,[G], where F,, is the field of p elements, is residually
nilpotent, and consequently G € r)t,, (see [Pas79)]).

If there exists an element 1 # = € G of prime order ¢, say, then A (x) is
residually nilpotent. By case 1, A € f),. Thus, if A has an element of order
p, then ¢ must be p and, in this case both A and G belong to rM,. If A is
torsion-free, then it follows that the wreath product Z G € rl, where Z is
an infinite cyclic group. Therefore g is residually nilpotent, and, since G has
an element of order p, it must be in the class r0, (see Theorem 1.5).

Finally, if G is torsion-free, then, as already noted, G € rdt, for every
prime p for which A has a p-torsion element. If A has an element a, say, of
infinite order, then (a) ! G € 1 and so g is residually nilpotent; therefore, by
Lichtman’s Theorem 1.5, we have the remaining part of statement (iii).

In the direction of proving that each of the three conditions (i)-(iii) is
sufficient for the residual nilpotence of the wreath product W, the following
lemma for wreath products helps to simplify the argument.

Lemma 1.10 (Hartley [Har70], Lemma 9). (i) If € is a class of groups, A €
r€, and G is an arbitrary group, then A1 G € r(€1G).

(i) Let € be a class of groups and D a class of groups closed under taking
subgroups and finite direct products. If A € r& and G € r®D, then A1 G €
r(€19). O

Let G € §, and A € r,,. First consider the case when A € M,. In this
case, W is a group of p-power exponent and, by Theorem 1.8, it is nilpotent.
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Hence W € r1,. Now observe, using Lemma 1.10, that if A € r,, then
W €r(M,13,). Hence W € rM,,.

Suppose G is infinite but not torsion-free, A is abelian, and for some prime
p, G and A both belong to the class rdT,. Observe that the hypothesis on A
implies that A is residually a cyclic p-group. Therefore, by Lemma 1.10, in
order to show that W € rﬁp, we can assume that A is a cyclic p-group and
G € M,. That W € M, then follows from the residual nilpotence of the
augmentation ideal Az (G) (see Passi [Pas79], p. 84).

Finally, suppose G # 1 is a torsion-free group, A € Ab, and for all primes
p € m(A), the set of primes p for which A has p-torsion, G € rt,. Further,
if A has an element of infinite order, then g is residually nilpotent. These
conditions suffice to show that W € r) in case A is finitely generated. For
an arbitrary abelian group A, a reduction argument is needed to reduce to
the finitely generated case; see (Hartley [Har70]) for details. O

Remark 1.11 In the preceding theorem, the hypothesis on G being nilpotent
is required only for showing the sufficiency of condition (iii). In fact, in gen-
eral, condition (i) is not sufficient for the residual nilpotence of the wreath
product.

Example 1.12
Let A be the quasi-cyclic 2-group and

G = (a,b | aba"'b = 1)

be the fundamental group of the Klein bottle. Observe that G'is torsion-free
and G € rFs. Thus the pair (A, G) of groups satisfies the hypothesis of
Theorem 1.9 (iii). However, W = A1 G ¢ ), since 1 # [A,b] C ~,(W).

Complete answer to following problem remains open.

Problem 1.13 Find a set of neessary and sufficient conditions for the resid-
ual nilpotence of the wreath product A G of two nontrivial groups.

In case A is a torsion-free abelian group and G € r), a stronger assertion
than residual nilpotence holds for A G, namely:

Theorem 1.14 (Hartley [Har70]). If A is a torsion-free abelian group and
G € My, then W = A1 G € My or, equivalently, the augmentation ideal
Ag(W) of the rational group algebra Q[W1] is residually nilpotent.

The main steps in the proof of the above result are:
(i) By Lemma 1.10 it suffices to consider only the case when G € M.

(ii) A reduction argument shows that one may restrict to the case when A is
finitely generated.

(iii) Invoke the result that Ag(G) is residually nilpotent when G € r.
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Example 1.15
Consider the wreath product G = Z 1 Z of two copies of the infinite cyclic
group. This group has the following presentation:

G=(ab]|a,a"]=1,i€c). (1.3)

Theorem 1.14 implies that G € ri,.

Verbal Wreath Product

Let us recall Shmel’kin’s definition of verbal wreath product of groups (resp.
Lie algebras).

Let V be a variety of groups (resp. Lie algebras over a commutative ring k
with identity), A and B two groups (resp. Lie k-algebras) with A € V. Then
the verbal V-wreath product, denoted by A wry B, is defined as follows

Awry B := F/V(A"),

where F is the free product F = A * B, V(AT is the verbal subgroup (resp.
ideal), corresponding to the variety V, of the normal subgroup (resp. ideal)
AF generated by A in F.

Let V be a variety of Lie algebras over a field of characteristic 0. Let A be
a V-free Lie algebra with basis X = {x;};cs, B a nilpotent Lie algebra, and
W = Awry B their verbal V-wreath product.

Lemma 1.16 (Shmel’kin [Shm73]). The wreath product W = A wry B is a
residually nilpotent Lie algebra.

In view of Lemma 1.16, the Lie algebra W embeds in its nilpotent com-
pletion W, which again is residually nilpotent. Let W*° be the group with
W as the underlying set and the binary operation defined by means of the
Campbell-Hausdorff formula

on:x+y+%[1‘,y]—|—.... (1.4)
Let B° be the subgroup of W° consisting of the elements of 5.
Since W is residually nilpotent, the group W € r),. Thus any group G
that embeds in such a group W° must necessarily belong to the class ri;.
A variety V of groups is said to be of Lie type if its free groups lie in the
class ;. For example, the variety of all groups is a variety of Lie type.

Proposition 1.17 (see Andreev [And68], [And69]). If A is a V-free Lie
algebra with basis X = {w;}icr, and A° is the group (ﬁ, o), arising from
its nilpotent completion under the operation (1.4), then the subgroup of A°
generated by X is a V°-free group relative to a certain variety V° of Lie type.
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Theorem 1.18 (Shmel'kin [Shm73]). The subgroup of W*° generated by the
elements X and B° is a group V°-wreath product of the V°-free group gener-
ated by X and B°.

Theorem 1.19 (Shmel'kin [Shm73]). Let V be a group variety of Lie type,
A a free group in V, and B a group in the class r¥)y. Then their V-wreath
product A wr yB € ).

Let F be a free group, R < F. Suppose F/R and R/V(R) are both in
rMy. Then the group F/V(R) can be embedded in a group of the type W°
considered in the preceding theorem (see Shmel’kin [Shm65, Shm67]). Thus
we have:

Theorem 1.20 If F' is a free group, and R <1 F with both F/R and R/V (R)
in Ny, then F/V(R) € rNy.

Let F be the free group with basis {a, b} and let R = {(a)¥". It is easy to
see that the group G = Z Z considered in Example 1.15 is a free abelian
extension of the infinite cyclic group, and, in fact, has the presentation:

G = F/[R, R).

Thus the assertion that G € r)i; follows also from Theorem 1.20.

HNN-extensions

The residual properties of amalgamated products and HNN-extensions have
been studied extensively by G. Higman, G. Baumslag, E. Raptis and
D. Varsos, D. I Moldavanskii and others. Here we mention the main results
of Raptis-Varsos [Rap89] about the residual nilpotence of an HNN-extension
of a finitely generated abelian group (see also [Rap91]).

Let K be a finitely generated abelian group, A and B isomorphic subgroups
of K with isomorphism ¢ : A — B. Define

My=ANB, My =@ (M) N My N (M)
and inductively
Mi+1 - (p_l(Mz) n Mi n (p(M,L), ) 2 1.

Then define H = Hi, 4, B,y = [ ;> M;. Clearly, ¢(H) = H and furthermore,
H is the largest subgroup such that p(H) = H, i.e. for any subgroup L of K,
such that ¢(L) = L, one has L C H. Let X be the least integer such that M)
and My, have equal torsion-free rank, and set D = ix (M), the isolated
closure of the subgroup M.
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Proposition 1.21 (Raptis-Varsos [Rap89]). If the HNN-extension
G={(t K|t'at=y(a), ac A

is residually nilpotent, then either K = A or K = B or |D/H]| is a prime-
power.

While the above result gives only a necessary condition for residual nilpo-
tence of an HNN-extension of a finitely generated abelian group, in certain
cases necessary and sufficient conditions are available.

Define the endomorphism f : Hg a.B o — Hik a B,, (or in the case
K = A the endomorphism f : K — K) by setting

fra—alp(a), a € Hx 4B,y

Theorem 1.22 (Raptis-Varsos [Rap89]). Let K be a finitely generated abelian
group, A and B subgroups of K, ¢ : A — B an isomorphism.

(i) If K = A or K = B, then the HNN-extension G = (t, K | t 1At = B, ¢)
1s residually nilpotent if and only if the only f-invariant subgroup of K is the
trivial subgroup.

(ii) The HNN-extension G = (t, K |t YAt = A, ¢) is residually nilpotent if
and only if the torsion subgroup of K/A is a prime-power group and the only
f-invariant subgroup of A is the trivial subgroup.

Example 1.23
Let p be a prime, and K the group defined by the presentation

K={a,b|[a,b=1,d"=1).

Set A = B = (b) and define the isomorphism ¢ : A — B by setting ¢ : b —
b=!. Then f: H — H is defined by

[ —=b* ke

Clearly, the only f-invariant element of H is the trivial element. Since K/A =
K/B = 7Z/pZ, Theorem 1.22 implies that the HNN-extension

G={a,bt]|[a,b]=1, a’ =1, t 'bth=1)

is residually nilpotent. On the other hand, if p, ¢ are two different primes,
then we conclude by Theorem 1.22 that the group defined by the presentation

{a, byt | [a,b] =1, a?? =1, t"'bth = 1)

is not residually nilpotent.
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Linear Groups

Recall that the derived series of a group G is the series defined by (transfinite)
induction as follows:

51(G) =G, 5a+1 (G) = [5a(G)7 5a(G)]7

and for a limit ordinal 7, §-(G) = (), ., 0a(G). A group G is called transfi-
nitely solvableif §,,(G) = 1 for some ordinal o and simply solvableif 6, (G) =1
for some finite a. Let & denote the class of all solvable groups. Note that
G € rG if and only if §,(G) = ),>; n(G) = 1. Let § denote the class of

finite groups.

Theorem 1.24 (Mal'cev [Mal65]; see also [Weh73, Theorem 4.7], and [Mer87,
Theorem 51.2.1]). If G is a finitely generated subgroup of the general linear
group GL,(F), where F is a field of characteristic zero, then, for almost
all primes p, there exists a normal subgroup N of finite index which is a
residually finite p-group.

The above theorem indeed provides a method of showing that a given
finitely generated linear group belongs to the class r§,. For, if for some prime
p, it is possible to choose a normal subgroup N € r§, such that G/N € §,,
then, by the following result, G itself would be in rg,.

Proposition 1.25 (Gruenberg [Gru57]). Let F be the class &, § or §, for
some prime p. If P € F and H € vrF, then, for any group extension

1-H—-G—P—1,

the group G € F.

However, when we have a specific group G, the choice of the prime p can
be quite a problem. Hence it would be desirable to find more constructive
conditions for a linear group G to belong to the class r§;, which does not use
Mal’cev’s theorem.

Let G be a subgroup of GL, (F) generated by the finite set A, where F is
a field of characteristic zero. Consider the subring

K =Z{aij;1 <i,j<n, |a=(a;) € AUAY

of the field F, generated over Z by entries of matrices from A and A~', where
A~lis the set of inverses of the matrices in A. The ring K then is an integral
domain and we can consider the group G as a subgroup of the group GL,,(K).
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By ([Mer87], Lemma 51.1.3), the ring K is residually finite. Furthermore,
there exists an infinite set 7(K) = {I1, I, ...} of ideals such that the quo-
tient K/I; is a field of characteristic p; and the family of homomorphisms

@]n:K%K/(Ij)nﬂ Jyn=1,2,

is residually finalizing for any ideal I}, i.e.,

o0
m ¢, ,| < oo, ﬂ ker ¢, ,, = 0.

n=1

Let ¢; = ¢; 1. The homomorphism ¢; , can be extended to the homomor-
phism

©jn: GLy(K) — GL,(K/(I;)").
We then have the following

Theorem 1.26 (Bardakov-Mikhailov [Bar07]). Let G be a finitely generated
subgroup of the group GL,(F), where F is a field of characteristic zero, K a
finitely generated sub-domain of F, such that G C GL,(K). If for some ideal
I; € n(K) the group ¢;(G) € §p, (resp. r&), then G € 1§, (resp. r&).

Proof. Let I; be an ideal from the set 7(K). There exists the following exact
sequence

1 — GLu(K, I;) — GLu(K) 25 GLu(K/I;) — 1,

where GL,, (K, I;) = ker(¢;) is a congruence subgroup. It follows from the
proof of Mal’cev’s Theorem ([Mer87], 51.2.1) that GL,, (K, I;) is a residually
finite p;-group. Now we have the following short exact sequence:

1—GNGL,(K, I;) — G — §;(G) — 1, (1.5)

where the group GNGL,, (K, I;) is a residually finite p;-group. Since ¢;(G) is
a finite p;-group (resp. solvable group), G is a residually finite p;-group (res
residually solvable group) by Lemma 1.25 applied to the extension (1.5). O

Let op be the ring of integers of the field F'. In the same way as Theorem
1.26, one can prove the following result.

Proposition 1.27 Let G be a finitely generated subgroup of the group
PSL,(oF). If for some prime p the image of G in PSLy(or/por) is a fi-
nite p-group, then G is a residually finite p-group.

Consider the simplest case of Proposition 1.27, namely the case F' = Q[i] =
Q[v/—1]. In this case the ring of integers is the ring Z[i]| = Z + iZ of Gaussian
integers .
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Corollary 1.28 Let G be a finitely generated subgroup of the Picard group
PSLy(Z[i]). If the image of G in PSLa(Z,[i]) is a finite p-group, then G is a
residually finite p-group.

Let us now have some examples of linear groups for which residual nilpo-
tence can be proved by the above-mentioned method.

Consider subgroups of the Picard group of indices 12 and 24 respec-
tively. The presentations of these groups can be found in [Wie78, Kru86|
and [Brug4].

Example 1.29
Let
Gy = (z, y | [z, yoywy] = 1).

This group has a faithful representation f; : G; — PSL(Z][i]) given by

_ (10 ENAREY
r 11) Y 1 -1 )

and the group f1(G1) has index 12 in PSLy(Z[i]) [Bru84]. Let a = ¢2(f1(x)),
b= a(fi(y)). Then a® = b*> = 1. It is easy to see that

0, b] = ((Z)ljl)

(where we use the same notation for elements in Z[i] and their images in
Zs|i]). Thus we have [a, b]*> = 1, and therefore the order of the group 2(G1)
is 8. Thus, by Corollary 1.28, it follows that G is a residually finite 2-group,
and is therefore residually nilpotent.

Example 1.30
The unique normal subgroup of index 24 in PSLy(Z[i]) is the group of
Borromean rings:

G2 - <1’1, T2, T3 | [xglvx%xl] - ]-7 [.’Ehl'g,xg] - 1>

A faithful representation fo : Go — PSLy(Z[i]) of this group in the Picard
group is given by:

(12 (10 _(2+i2
1 01 ) ™ —11) " 1 -

[Brug4]. We have ¢o(z1) = 1. Let 2; = @o(x;), i = 2, 3. Then 2? = 1 and
[22, 23] = 1; thus the group a(Gs) ~ Zgy @ Zs is of order 4 and it follows
from Corollary 1.28 that G5 is a residually finite 2-group and is therefore
residually nilpotent.
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Pure Braid Groups

Let n > 2, C™ n-dimensional complex space and
A={(z1,...,2) | i = z; for some i < j} C C".

There is an obvious permutation action of the symmetric group %,, on C™\ A.
The fundamental group

Bp =m((C"\ A)/%)

of the quotient space is called the nth braid group. Clearly, every element
of B, can be viewed as an n-strand object which connects two collections
of marked points in two planes in the 3-dimensional space. Braid groups
B, n > 2, were introduced in [Art25] by E. Artin, where further details
about these groups can be found.

For a fixed n > 2, the group B,, is known to have the following presen-
tation:

<O‘1, e, Op—1 | 00 = 004, ‘Z—]‘ > 1,

UiO'jO'i = O'jO'iO'j, |Z —]| = ].>
It is easy to see that, for every n > 2, there exists an epimorphism
Vp : Bp — X,

where ¥, is the symmetric group of degree n, defined by setting o; — (¢, i+ 1).
The kernel ker(v,,) of this epimorphism is called the nth pure braid group,
and denoted by P,. Clearly, elements of pure braid groups can be viewed
as braids which preserve the fixed order of the marked points on the plane.
Also P, = m(C™ \ A). Furthermore, C" \ A has trivial homotopy groups in
dimensions greater than one; hence, C™ \ A is the classifying space of the
pure braid group P,.
The group P, is generated by elements a; j, 1 <7 < j <n, where

Ai—1,; = 0'1271, 2 S ) S n,
_ 2_—1 1ol i ]ci<
Qj,j =05 10j-2...04410;0; 4 ...0; 50, 1, 1 +1<y<n
and has the following presentation:

(aij, 1 <i<j<nl|a;fak a; p = (aijak, ;) ak, j(ai, jak, ;)

A O, U, = (k, 5O, §) ak, j(ak, jam, )", m < j,

—e e _1,—€ .—€ € (,—€ ,—€ 1—€
Q3 SOk, 505 = (a5 50 @y 1%ak, jla; s any 175, i <k <m,

a; 0k, 45 m = Ak, j, kK <m, m <j, orm <k, e==+1).
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It is a well known result of Artin that the pure braid group P, is an it-
erated semidirect product of free groups. To be precise, the group P, is
the semi-direct product of the normal subgroup U,, generated by elements
a1,n, G2,n; --- , Gn_1,n and the group naturally isomorphic to P,_;. The sub-
group U, is free. By iterating this process, we get the decomposition of P,
as the following semi-direct product:

Pn:UnNUn,lm-nngng, (].6)

where Uj is the free subgroup of P, generated by elements a;y ;, ... , a;—1 ;.
Theorem 1.31 (Falk and Randell [Fal88]). For alln > 2, the pure braid group

P, is residually torsion-free nilpotent.

Proof. It follows from the form of defining relations of the group P, that
(@i n, ak,m] €72 (Un), 1<i<n—-1,1<k<m<n.

Thus, by induction on k& > 1, it follows that the kth term of the lower central
series of P,, can be decomposed as

’Yk(Pn) = ’Yk(Un) A ’Yk(Pn—l)v k> 2,

and induction on n > 2 yields the assertion. [J
It may be observed that, in general, it is easy to construct an example of
a semidirect product of free groups which is not residually nilpotent.

Example 1.32
Let F' be a 2-generated free group with generators a, b. Consider an auto-
morphism ¢ of F' given by

@ :a— a’h,

b+ ab.

Consider the semidirect product G = F' x Z, where the generator of Z acts
on F' as the above automorphism. Then G has the following presentation:

G={(a, b, t|a" =a’b, b =ab)~ (b, t|[t,b"]" =[t, b']*b),
and we see that the element b lies in the intersection of lower centeral series

of G; hence G is not residually nilpotent, since F' is a subgroup in G and b is
non-trivial.
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1.3 Generalized Relation Modules

Free Presentations with Abelian Kernel

Recall that, given a ring R, a right R-module M is said to be faithful if
Anng(M):={r e R| M.r =0} = 0. Given a group G, and an R[G]-module
M, we say that G acts faithfully on M, if G N (14 Anngg(M)) = 1.

fl—N-—=I%G - 1is an exact sequence of groups in which N is
abelian, then N can be viewed as a Z[G]|-module via conjugation in II, i.e.,
under the action induced by setting

n.g=x ‘nz, n€ N, zcll, 0(z)=g.
It is easy to see that
N.g" Cyppr(ll), n>1,
and the following result is therefore an immediate consequence.
Theorem 1.33 Let 1 — N — II % G — 1 be an evact sequence of groups
in which N is abelian and I1 is residually nilpotent.

(¢) If N is a faithful Z[I1]-module, then g* = 0.
(42) If the action of G on N is faithful, then

GNn(l+g¥)=1.
In particular, in either case, G is residually nilpotent.

The technique provided by the above Theorem has been successfully em-
ployed to characterize the residual nilpotence of certain groups.

Theorem 1.34 (Passi ([Pas75a], see also Lichtman [Lic77]). Let F' be a non-
cyclic free group and R’ the derived subgroup of a normal subgroup R of F.
Then F/R' is residually nilpotent if and only if the augmentation ideal of the
integral group ring Z[F/R] is residually nilpotent.

Let us consider a case more general than the one to which the above result

applies. Let F' be a group and R, S its normal subgroups. Then the quotient

group [I;HSS] is an abelian group which can be viewed as a right Z[F/RS]-

module via conjugation in F) i.e., with the F//RS-action given by
w[R, S.(fRS) = f'wf[R, S] (weRNS, feF).

We call this module a generalized relation module over the group F/RS.
The study of such modules is of interest; for, observe that if F' is a free
group and R = 5, then [}1%%?5% is a relation module for the group F/R and for
S = v,(R), n > 1, these modules are the higher relation modules. From the
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preceding discussion it is clear that the faithfulness of [IEOS% is related to the

residual nilpotence of F/RS. By Theorem 1.33, we have

Theorem 1.35 Let R and S be normal subgroups of a free group F such
that F/[R, S| is residually nilpotent. Let G = F/RS.

(3) If % is a faithful Z|G]-module, then g* = 0.

(i4) If the action of G on % is faithful, then
GNn(l+g¥)=1.
In particular, in either case, G is residually nilpotent.
Let V' be a normal subgroup of F' which is contained in [R, S] and let
C={feRS|[rfleVioralre RNS}.

With the above notations we have:

Theorem 1.36 (Mikhailov-Passi [Mik06b]). Suppose F'/RS acts faithfully on
% and v,(F/V) =1, then ,(F/C) = 1.

Proof. Consider the following semi-direct product
(RNS)/VxF/C={(rV,hC)|re RNS, he F},
with binary composition given by
(hiC, 11V)(haC, 73V) = (hihaC, 11213 V).
Note that

(205 5, (F/C)] € £05 Ny, (F/V), for all integers n > 1.

Let f € F be such that fC € ~,(F/C). Then the hypothesis implies that

[R{;S, fC] = 1. Furthermore, since the action of F/RS on [?ing] is assumed

to be faithful, it follows that f € RS and consequently f € C. [

Observe that, in the case R = S, C'/V is exactly the centre of R/V. Since
the F//R-action on R/y2(R) is known to be faithful (see Theorem 1.55), we
have:

Corollary 1.37 (Mital [Mit71], Theorem 4.19). Let V' C R and let C/V be
the centre of R/V. Then ~,(F/V) =1 implies that v,(F/C) = 1.

The investigation of the modules [%05] is also motivated from topological

considerations, particularly in view of the relationship of such modules with
the second homotopy modules which we discuss next.
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The Second Homotopy Module

Let
P=(X, ¢, R) (1.7)

be a free presentation of the group G, F' = F(X) the free group with basis X,
R the normal subgroup of F' generated, as a normal subgroup, by R; then we
have an exact sequence 1 — R — F % G —1.Fora given presentation (1.7),
we can construct the cellular model of (1.7) called the standard 2-complex of
P, i.e., the 2-complex K = Kp which is constructed in the following way:

The complex K has a single 0O-cell, the 1-skeleton of K is a bouquet of
circles, one circle corresponding to each generator x € X, which is oriented
and labelled 2. The words over X U X! are then in bijective correspondence
with the edge loops in the 1-skeleton. The 2-cells of K correspond bijectively
to the relators r € R. The 2-cell corresponding to the relator r = x1z2 ... z,,
x; € Xt is attached to the 1-skeleton along the loop defined by z1x5 ... T,.
The fundamental group 7 (K) is known to be naturally isomorphic to the
group G this follows from the Seifert-van Kampen theorem (see Rotman
[Rot88], p. 178). The group G then acts on the second homotopy group s (K),
via the standard action of the fundamental group of K (see Rotman [Rot88],
p. 342).

Example 1.38
1. Let P = (z | zz'2) be a presentation of the trivial group. Then Kp is the
so called Dunce hat; it is a contractible space.

2. Let P = (z | 2?) be a presentation of the cyclic group of order 2. Then
Kp is homotopically equivalent to the 2-dimensional real projective plane. Its
second homotopy module is the infinite cyclic group Z with the generator of
Zs acting by change of sign: 1 — —1.

3. For the one-relator presentation P = (1, ..., o, | [[i[®2i-1, z2]), n > 1,
the standard 2-complex Kp is homotopically equivalent to the oriented sur-
face of genus n. Its second homotopy module 7o(K) is zero (see Example
1.43).

The first two of the above examples follow easily from Theorem 1.39 for
which we now prepare to state.

Let P = (X, ¢, R) be a free presentation of the group G and K = Kp the
corresponding standard 2-complex. The homomorphism ¢: F' — G induces,
by linear extension, a ring homomorphism ¢*: Z[F] — Z|G]. While going
from Z[F] to Z|G] under the homomorphism ¢*: Z[F| — Z[G], we will often
drop writing ¢*.

Consider the module Z[G]®XI (resp. Z[G]I®I®l), namely, the direct sum of
|X| (resp. |R|) copies of the integral group ring Z[G]. Recall that Z[G]®IX| ~
f/fr, where f (resp. t) is the augmentation ideal of Z[F] (resp. Z[R]). Define
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r: ZIG1PX! = Z[G]

by setting

K (Qg)pex — Z(x — Dag, a, € Z[G].
zeX

Note that there are only a finite number of non-zero terms in the sequence
(ap) € Z[G]?1X]] and as such the sum Y, _ (2 — 1)a, is well-defined. Define

7 : Z|G1ER = z]G)EX (1.8)

by setting
T (ﬁr)re’l% — Z(erﬁr)weXa BT S Z[G]’

reR

where J., is the image in Z[G] of the right partial derivative %, reR, zeX
(see later the section on free differential calculus, p.31).

The second homotopy module 7y (K) can be viewed as the kernel of the
map 7. This was first observed by K. Reidemeister [Rei50]. More precisely,
we have the following result.

Theorem 1.39 There is an exact sequence of Z[G]-modules:
0 — m(K) — Z|G)*R L z|G)*X! & 7[G) 5 Z — 0, (1.9)
where € is the augmentation map. 0O

Let K be the universal cover of the two-dimensional CW-complex K.
Then the singular chain complex of K gives the following exact sequence
of Z[m (K)]-modules:

0 — Hy(K) — Cy(K) — C1(K) — Cy(K) — Z — 0,
which, in fact, is exactly the sequence (1.9). For more details see [Sie93] .

Note that im(7) is precisely the relation module R/R’ arising from the
presentation (1.7), the embedding

i:R/R — Z|G)*¥ (1.10)

is the well-known Magnus embedding

i:rR'H(&) , rE€R,
Ox reX

and we have the following exact sequence

0— R/R 5 7[G)"¥ & g — 0. (1.11)
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Identity Sequences

There is an illustrative interpretation of elements of the second homotopy
modules of standard complexes in terms of the so-called identity sequences
(see, for example, [Pri91]). Let ¢;, i =1, ..., m, be words in the free group
F, which are conjugates of elements from R, i.e. ¢; = tiiwﬂ tieR, w; € F.
Then the sequence

c=(c1, .- Cm) (1.12)

is called an identity sequence if the product c; ... c,, is the identity element
in F. For an identity sequence (1.12), define its inverse ¢~! by setting

which clearly is again an identity sequence. Define the following operations,
called Peiffer operations, on the class of identity sequences:

(i) replace each w; by any word equal to it in F;

(ii) delete two consecutive terms in the sequence if one is equal identically to the
inverse of the other;

(iii) insert two consecutive terms in the sequence one of which is equal identically
to the inverse of the other;

(iv) replace two consecutive terms ¢;, ¢;+1 by terms c;41, c;rllciciﬂ;

(v) replace two consecutive terms ¢;, ¢;+1 by terms ¢;c; 1 c;l, Ci.

Two identity sequences are called equivalent if one can be obtained from
the other by a finite number of Peiffer operations. This defines an equivalence
relation in the class of identity sequences. Denote by Ep the set of equivalence
classes of identity sequences for a given group presentation (1.7) . Then Ep
can be viewed as a group, with the binary operation defined to be the class
obtained by the juxtaposition of two sequences:

For identity sequences c;, c2 and their equivalence classes (¢1), (o) € Fp, {(c1) +

{c2) = {c1ca). The inverse element of the class (c) is (c”!) and the identity in Ep is

the empty sequence.

It is easy to see that Fp is an abelian group. For two identity sequences
c=(c1y ..., cm)and d = (dy, ..., di), we have

(ed) = ((c1, oy Cmy diy ooy di))y = ((dy,y oo, dyy, B el dm )y
by the relation (iv). Since d; ... dy, = 1 in F, we have

(ed)y ={(dy1, ..., dg, €1y - .y )Y = {dc).
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Furthermore, Ep is a Z[F]-module, where the action of F' is given by
(eyof=(), feF

It is easy to show that
(¢yor={c), " €R,

i.e. the subgroup R acts trivially on Ep. To see this, let r = 7" ... r,f”k, r; €
R, v; € F. Then for any identity sequence ¢ = (c1, ..., ¢m), by (ii)-(iv), we
have
((e1y ooy em))y = {(e1y -y Cm, rfvl, cee r,f”’“, e ) =
(e o e e ) = (e ).

Thus Ep can be viewed as a Z[G]-module.
Now it is not hard to show that for a given presentation P, the three
Z|G)-modules:

(1) the second homotopy module 72 (Kp),
(2) the identity sequence module Ep, and
(3) the module m; (sk! S(X, R)) (see Appendix, equation A.9)

are naturally isomorphic. The isomorphisms are defied as follows.
Let
(&) ={(c™, ..., ct¥m)) € Fp, ¢; € R, w; € F.
For agivenr; €R, jeJ, let w(c); =xwy, ... £wy,, where (7’?’”“1 ey r#w’”)
is a subsequence of ¢ with ¢, = r;. Define

vp : Ep — Z[G)*IRI

by setting

(e) = (" (w(c))y - .., " (w(e):), ...).
It is easy to show that im(t)) C ker(7), where 7 is the map (1.8). Therefore,
1) can be viewed as a map

Y Ep — mo(Kp);

this map is an isomorphism of the Z[G]-modules Ep and 7 (Kp).
Recall (see Appendix, equation A.9) that

(yj, 5€ NPyt jenh

T (sle(X, R)) = y g )
' [y, 5 € IV, (yyr; L, j € J)F]

(1.13)

where Fy = Fx F(y; | j € J). Let f € (y;, j € J)fin (yjrj’l, j € )" with
natural projection map Jy : F; — F. Then f can be written as
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f=Wri) ™ Wkl ) T, us € P

Define the map
¢:sk'(S(X, R)) — Ep

by setting
. _ . O (u O (U
Fllyss G € DT (e G € DB e () 0y (1)

Since f € (y; | j € J)I", clearly the sequence in (1.14) is an identity sequence.
It can be checked that £ is an isomorphism of Z[G]-modules.

Remark. Analogously, there are different ways to define the second homo-
topy module for a given free presentation of a Lie algebra. For a free Lie
algebra F over a field k, with generating set X = {z;}ic; and a subset
R = {r; € F}jc, form the two-sided ideal R as the closure of R in F. Then
one can define the second homotopy module of the Lie algebra presentation
L:=F/R=(x;,i€1|r;, jeJ)asfollows (see Appendix, equation A.10):

(yj, j€ )FN(y; —rj, jeJ)F
l(ijje‘])a(] TJ7.]EJ)l

which clearly becomes an U (L)-module, where /(L) is the universal envelop-
ing algebra of L.

There is also a Foz derivative version of the definition of the second ho-
motopy module for Lie algebras. Let A = A(z; | ¢ € I) be a free associative
algebra with the set of generators {z; };c;. Then A is the universal enveloping
algebra U(F') of F. There is the augmentation map € : A — k, defined as
e(xz;) =0, ¢ € I. Then every element u € ker(e) can be uniquely expressed as

ou ou

U= —x;, — € A.

(91'7, (%vl

m(sk' S(X, R)) =

iel
Analogous to the case of groups, the elements T“ can be Called Fox deriva-

tives. One can extend to the map W : A — A, by setting a =0,7€l.In
analogy with the map 7 defined in (1.8), define the map

Tlie : U(L)&BlRl N u(L)@le’

by setting y y
T (B))jes = Z(Jjﬁ-eﬂj)ie], B € U(L),

jeJ
where J]l-ﬁe is the image in U(L) of the element er € A. Then it is not hard
to see that there exists an isomorphism of U/(L)- modules

ker(71%¢) = m;(sk! S(X,R)).
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Comparison of Different Presentations

Lletl - R—F —-G—1land1 — S —- E — G — 1 be two free presen-
tations of the group G and R/R', S/S’ the corresponding relation modules.
Then, by Schanuel’s lemma (see e.g. [Lut02]) there are free Z[G]-modules P,
@ such that there exists an isomorphism of Z[G]-modules:

R/RoP~5/SaQ. (1.15)

If, furthermore, F = F', then we can take P = Q.
In view of the sequence (1.9), the following statements are equivalent:

(i) m(K) = 0;

(ii) the relation module is a free Z[G]-module, with basis

{rR';reR}.

A presentation satisfying the statement (i) (or, equivalently, (ii)) is called an
aspherical presentation.

Example 1.40
Let

P:<1171,-.-,$n |Tla---arn> (116)

be a balanced presentation of the trivial group and K its standard 2-complex
(a presentation is said to be balanced if the number of generators equals the
number of defining relators). Then, 7 (K) = 1 and the sequence (1.9) has
the following form:

T

0—m(K) =2 572" 57 57 -0,

where the augmentation map ¢ is the identity map. Therefore, m(K) = 0
and the presentation P is aspherical. It may be further observed that the
complex K is contractible.

Problem 1.41 Does there exist a group-theoretical description of the class
of groups which have balanced presentations?

Consider the following transformations on a given presentation
P={(x1,...;xm | 71,...,T0):

(i) Replace any relator r; by riif, where f € Fp, = (z1,...,2m | 0).

(ii) Replace any relator r; by r;r;, where r; is another relator of the given presen-
tation and ¢ # j (and the converse operation).

(iii) Add a new generator ¢ and a new relator ¢ (and the converse operation).
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The transformations (i) - (iii) are called Andrews-Curtis moves. The fol-
lowing problem was introduced by J. J. Andrews and M. L. Curtis in 1965
[And65] and is of great interest in topology as well as group theory.

Problem 1.42 Andrews-Curtis Conjecture: Any balanced presentation
of the trivial group can be transformed by Andrews-Curtis moves into the
presentation (x | x).

Example 1.43
One-relator presentations [Lyn50]. Let (X | ) be a one-relator presentation of
a group G. Then the second homotopy module of its standard complex K is

m(K) ~ (7 — 1)Z[G], (1.17)

where 7 is a root of r in the free group F with X as basis. Further, if r is not
a proper power in the free group F, then my(K) = 0.

Remark. Let a group G admit an aspherical free presentation. Then, it
follows from (1.15) that for any other free presentation1 - R — F — G — 1,
the relation module R/R' is a projective Z[G]-module.

Example 1.44

(M. J. Dunwoody) [Dun72]. Consider the trefoil group G given by the presen-
tation (a, b | a> = b%). By (1.17), this presentation is aspherical. The group
G is known to admit a 2-generator, 2-relator presentation (z, y | v, w), such
that the corresponding relation module cannot be generated by a single ele-
ment. It follows from (1.15) that the corresponding relation module S/S" is
a projective Z[G]-module, which, however, is not a free Z[G]-module [Ber79].
Thus it is possible for a group to have two presentations such that one of
them is aspherical and the other is not.

The following result is due to Gutierrez and Ratcliffe [Gut81].

Theorem 1.45 If K is a connected 2-dimensional CW-complez, and K; and
K5 are sub-complezes such that K = K1 U Ky and K1 N Ky is the 1-skeleton
KW of K, then there is an exact sequence

RNS
(R, 5]

0—>i17T2(K1)€Bi27T2(K2) g)']TQ(K) — —>0,

of Z[w (K)]-modules, where « is induced by inclusion, R is the kernel of
m(KW) — 71'1(K1) S is the kernel of mi(KW) — 711(K>s) and the action of
) =

m(K) ~m(KY)/RS on [ﬁmgl is induced by conjugation. O
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Let P = (X | t) be a free presentation of a group G, and let K be the
standard 2-complex associated to this presentation. Suppose t = rUs, where
r, s are some sets of words over X. Let P; = (X | r), Py = (X | s). It follows
from Theorem 1.45 that there exists a short exact sequence of Z[G]-modules:

RNS ~
(R, S]

0 — Jji(m2(K1)) @ ja(ma(K2)) — mo(K) — 0, (1.18)

where R, S are the normal closures of r and s respectively in the free group
F with basis X, G = F/RS and j; is the homomorphism induced by the
inclusion of the standard 2-complex K; into K,i=1, 2.

The sequence (1.18) can be easily viewed by using the interpretation of
mo(K) in terms of identity sequences [Pri9l]. For an identity sequence ¢ :=
(c1, ..., cm) with ¢; € rUs, choose a subsequence (c,, ..., ¢,) in ¢ with
¢, € r. Then the map

RNS

K:me(K) — R, 5]

(1.19)

is defined by setting
K:iCr Ck ...cp[R, S].

Clearly, cg, ...ck, € R, by construction, but also ¢, ...cr, € 9, since the
sequence (ci, ..., ¢y) is an identity sequence, i.e. ¢;...¢, = 1 in F. In
particular, if P is aspherical, then RN S = [R, S]. It is thus clear from
the exact sequence (1.18) that the study of [f;hg] as a Z[F'/RS]-module is of
interest for the investigation of the second hombtopy modules of the standard
2-complexes.

The structure of the second homotopy module for one-relator presentations
(1.17) gives another kind of exact sequence for second homotopy modules:

Theorem 1.46 [Gut8l]. Let G = (X | N) be a group presentation with re-
lation module N/v2(N). Let K, be the standard 2-complex for a presentation
(X | 1), r € N, and let s, be the root of v in the free group F(X). Then there
is an exact sequence of Z[G]-modules:

0 — @renicma(K,) = m(K) — @penZ[G]/ (s, — 1)Z[G] - N/72(N) — 0,

where o is induced by inclusion and v maps 1+ (s, — 1)Z[G] onto ryo(N) for
eachr € N. O

Applying Theorem 1.46 to the case of two-relator presentations, and using
the sequence (1.18), we immediately have the following result.

Corollary 1.47 (see also [Har91a]). If F is a free group, r and s words in
F, R=(r)f', S = (s)F', then the group [I;OSS] s a free abelian group. O

Consider the following homotopy pushout of topological spaces:
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K(F,1) —— K(F/R,1)

l l (1.20)

K(F/S,1) —— X,

where K(G,1) denotes the classifying space of G and the maps
between the classifying spaces are induced by the natural projections of
the corresponding groups. By Seifert-van Kampen theorem (see [Mas67],
Theorem 2.1) the fundamental group 7;(X) is isomorphic to F/RS. Fur-
thermore, we have:

Theorem 1.48 [Bro84]| The second homotopy module mo(X) is isomorphic

to [Ig‘; as Z|F/RS]-module. [

Remark. The map « defined on page 26 can be obtained as a map between
o terms in the following diagram of homotopy pushouts:

KO K
/ /
K5 K
|
K(F,1) —— | —— K(F/R,1)
/

Example 1.49

Let G be a group, and Y a K(G,1)-space and Y1) its 1-skeleton. Let F' =
7 (Y)Y and R its normal subgroup such that G = F/R. Then the second
homotopy module of the space X obtained from Y by contracting its 1-
skeleton into a single point is R/[F, R], viewed as a trivial G-module.

If F = RS, then the Mayer-Vietoris homology sequence applied to (1.20)
immediately gives the following:

Theorem 1.50 (Brown [Bro84]). There exists the following exact sequence:
RN S 4

[R,.S]
H\(F) — H\(F/R)® H\(F/S) — 0. (1.21)

Hy(F) — Hy(F/R) ® Hy(F/S) —

O
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If F = RS is a normal subgroup of a group FE, then it is easy to see
that the long exact sequence (1.21) is a sequence of Z[E/F]-modules, via
conjugation. In the case when FE is a non-cyclic free group, Hartley and
Kuz'min constructed an exact sequence like (1.21), which gives an analog of
the Magnus embedding (see also 1.10 for details), namely the embedding

R/R < efex ~ Z|E/R*™*E) rR s r —1+4er, r € R E. (1.22)

Theorem 1.51 (Hartley-Kuzmin [Har91a]). There exists the following exact
sequence of Z[E/F]-modules:

0 — Hy(F/R) & Hy(F/S) — w A

A(E/RNS) ®z|E/RNS] Z|E/F] — 0, (1.23)

where W is a free Z|E/F|-module on a basis in one to one correspondence
with a basis of E.

[Recall that A(G), as also g, denotes the augmentation ideal of the integral
group ring Z[G].]

Proof. Let V = A(E/RNS) ®zg/rns) Z[E/F]. Applying to the sequence
0—A(E/RNS)—Z[E/RNS]—-Z—0
the functor ®z1p/pns)Z[E/RS], we get the following exact sequence:
0 — Tor /58l (7, 7|E/RS]) - V — A(E/F) — 0.

Applying the homological functor H.(E/R N S,—) to the augmentation se-
quence

0— A(F/RNS)ZI[E/RNS] — Z|E/RN S] — Z[E/F] — 0,

we conclude that

A(F/RNS)Z[E/RN S]

Tor?[E/RmS](Zaz[E/F]) = H,(E/RNS,Z[E/F]) ~ A(F/RNS)A(E/RNS)’

Observe that the last term is naturally isomorphic to Hy(F/RN S).
To construct the map v : W — V', let us apply the functor ®z5/pns) Z[E/ F]
to the Magnus embedding

0— RNS/y(RNS) — ZIE/RN S|P E) 5 A(E/RNS) — 0,

and define
V= K Qz[E/RnS) idZ[E/F]'
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We thus have the following commutative diagram:

0 0
| |

0 NS () Hy(F) —— Hy{(F/RNS) —— 0
H | |

0 —— im(q) — W L Vv — 0
| |

A(E/F) —— A(E/F)

| |
0 0

(1.24)

where 7 is the Magnus embedding and ¢ is the same as in (1.21). The assertion

then follows from the commutative diagram (1.24) and exact sequence (1.21).
O

Remark.
Theorems 1.45 and 1.48 are generalized for the case of three normal subgroups
in [Bau] and [Ell08]; in particular, the following result is given in [Bau]:

Let K be a two-dimensional CW-complex with subcomplexes K;, K», K3 such that
K = K UK,UKs5 and K; N K, N K3 is the 1-skeleton K of K. There is a natural
homomorphism of 7 (K )-modules

_ RiNRyN R3
[R1, Ry N Rs][Ry, R3 N Ry][Rs, Ri N Ry)’

m3(K)

where R; = ker{m (K') — m(K;)}, i = 1,2,3 and the action of m(K) =
F/RiRyR3 on the right hand abelian group is defined via conjugation in F.

Faithfulness of %

We need the following well-known result.

Lemma 1.52 If z € Z|G] is a nonzero element and (g — 1)z = 0 for all
g € G, then G must be of finite order. OJ

For a group G, denote by §*(G) the subgroup generated by the torsion
elements g € G which have only finitely many conjugates in G. Recall (see
[Pas77b]) that
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(i) 6%(G) is a locally finite normal subgroup of G;

(if) 6 (G) = 1 if and only if G does not contain a nontrivial finite normal subgroup.

An ideal I in the group algebra k[G], where k is a field, is said to be controlled
by a normal subgroup H of G if

I = (k[H] N DK[G).

An annihilator ideal I in k[G] is, by definition, a two-sided ideal such that
there exists a subset X C k[G] with

I = Annyq)(X) == {a € k[G] | X.a = 0}.

Observe that if a k[G]-module M embeds in a free k[G]-module, then
Anngg (M) is an annihilator ideal in k[G]. We need a result, due to M.
Smith [Smi70], about semi-prime group algebras, i.e. group algebras which
do not have any nonzero two-sided ideal with square zero. If k is a field of
characteristic 0, then the group algebra k[G] is always semi-prime ([Pas77b]).

Theorem 1.53 (Smith [Smi70]). In a semi-prime group algebra k[G), in par-
ticular if char(k) = 0, the annihilator ideals are controlled by the normal
subgroup 6 (QG).

As an immediate consequence we have:

Corollary 1.54 If a Z[G]-module M admits a nontrivial homomorphism
into a free Z|G]-module and 6% (G) = 1, then M is a faithful Z|G]-module.

Let F' be a non-cyclic free group and R a proper normal subgroup of F.
Then the quotients v, (R)/Yn+1(R) (n > 1) of the lower central series of R
can be regarded as right modules over the group G := F'/R via conjugation
in F. It has been proved by Passi [Pas75al, using Theorem 1.53, that the
relation module R/v,(R) is always faithful. It had been earlier shown by
Mital-Passi [Mit73] that the faithfulness of relation modules implies that of
all the higher relation modules v, (R)/vn+1(R) (n > 1) as well. We thus have
the following

Theorem 1.55 (Mital-Passi [Mit73], [Pas75a]). If R is a proper normal sub-
group of a non-cyclic free group F, then the F/R-modules v, (R)/Vn+1(R)
(n > 1) are all faithful.

To present the proof of the above result, following the work of Mital and
Passi, we need the basic notions of Fox’s free differential calculus [Fox53].
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Free Differential Calculus

Let G be a group, k a commutative ring with identity and M a right k[G]-
module. A (right) derivation d : k[G] — M is a k-homomorphism which
satisfies

d(zy) = d(x)y + d(y)

for all z, y € G. Let € : k[G] — k be the augmentation map. It is easy to see
that every derivation d : k[G] — M satisfies the following equations:

d(uwv) = d(u)v + e(u)v for all u, v € k[G]; (1.25)
d(A\) =0 for all A € k; (1.26)
d(g™") = —d(g)g~*, for all g € G. (1.27)

Let F be a free group with basis X = {x;};cs. Then, for every ¢ € I, we have
a unique derivation d; : F' — Z[F], called the partial derivation with respect
to the generator z; (also denoted by %), which satisfies

di(z;) 1, for i =j,
i\Lj) =
! 0 for i # j

If d : Z|F] — Z[F] is an arbitrary derivation and d(x;) = h;, then

d(u) =Y hid;(u), for all u € Z[F]. (1.28)

el

Let 1 = R — F % G — 1 be a noncyclic free presentation of a group G,
with R # 1. Extend « to a ring homomorphism Z[F| — Z[G] by linearity.
We need two formulas which are both easy to verify.

Let n, 4 be integers with n > i > 0, and u € !, v € f**"'v. Then, for
arbitrary derivations Dy, ..., Dy,

aDy, -+ Dy(wv) = €D;--- Di(uw)aDy, - - - Dity (v), (1.29)

where € : Z[F| — Z is the augmentation map. Since F' is residually nilpotent,
there exists an integer ¢ > 1 such that

R Cve(F) but R Z yesr(F).

Let 7 € 7(R), s € vj(R), i +j = n. Then, for arbitrary derivations,
Dy, ..., Deno1y41 @ Z[F] — Z[F], we have

aDc("*1)+1 e Dl([rv S]) =¢€Dg--- Dy (T)CVan,l)Jrl cee Dci_»,_l(s)
—€Dej - Di(s)aDyn_1)+1 -+ Dejer(r).  (1.30)
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For all natural numbers n, we have a monomorphism
O 2 1 (R) /yns1 (R) — R/, rynga(R) = — 1+, 7 € i (R)
of right G-modules. Let K; be the set consisting of all elements
aDe(i—1y41--- Di(r) € Z[G]
with r € v;(R) and Dy, -, De(i—1y41 : Z[F] — Z[F] arbitrary derivations.

Lemma 1.56 Anngq)(vn(R)/Vn+1(R)) € Anngg(K,).

Proof. Let z € Anngzg(vn(R)/Yn+1(R)) and let u € Z[F] be a preimage of u
under «. Then, applying 6,,, we have

(r—1)u € fe C Ve for all r € 7, (R).
Successive differentiation shows that
aDm—1)41 - Di(r).2 =0

for all r € v,(R) and derivations Dy, - -+, De(n_1y41 : Z[F] — Z[F]. O

Since f/fr is a free Z|G]-module with basis x; — 1 + fr, it follows that
AnnZ[G](R/’yg (R)) = AnnZ[G](Kl),

and thus Anng(R/72(R)) is an annihilator ideal. Consequently, by Theorem
1.53, the ideal Q Anngig(R/72(R)) of the rational group algebra Q[G]
is controlled by §"(G). It then follows that, to prove the vanishing of
Anng g (R/72(R)), it suffices to consider the case when G is finite. It is,
however, known [Gas54] that, in this case, the Q[G]-module Q ® R/v2(R)
contains Q[G] as a direct summand and so has trivial annihilator. Therefore
Anngq(R/v2(R)) is trivial when G is finite, and hence it is so in general.

We next consider higher relation modules. Let ¢ be the least natural num-
ber such that

Anngq)(Vn(R) /yn1(R)) € Anngg(K5).
If i = 1, then Anngg(vn(R)/Vn+1(R)) = 0, since
Anngq) (K1) = Anngg(R/72(R)) = 0.
Suppose i > 2. In this case we assert that

Yi-1(R) %(1'71)+1(F)- (1.31)
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For, suppose 7;-1(R) C Ye(i—1)+1(F). Choose r € R\, 1(F'). Then there exist

partial derivations d;,, --- , d;, : F' — Z[F] such that
For arbitrary ¢ € v;_1(R) and derivations D¢1, -+, Dei—1)41, we then have

[, t] € vi(R) and therefore
aDegi—1y+1 - Desrdi, -+ diy ([r, t]).2 =0

for all z € Anngg)(Vn(R)/Yni1(R). On successive differentiation, and observ-
ing that t — 1 € f¢~D+1 it follows that

aDei-1y41++ Deyi(t).2 =0,

ie., z € Anngg(K;1). This contradicts the choice of 4, and so our claim
(1.31) is established.

Lemma 1.57

Anng g (Yn(R) /Ynn (R)) € Anngg{aD(r) |r € RNy (F), Dis a derivation}.

Proof. Let r € RN yeq1(F), 2 € Anngg)(vn(R) /i1 (R)), and D : Z[F| —
Z[F] a derivation. Choose s € ¥;—1(R)\Ve(i—1)+1(F). Then there exist partial
derivations d;,, - -+ , d such that ed --d;, (s) # 0. Now [r, s] € v;(R)
and therefore

Te(i-1) Te(i-1) d

aDd di ([, 8]).2=0

Te(io1)

for arbitrary derivation D. It then easily follows on simplification that
aD(r).z=0.0
Let z € Anngg)(vn(R) /1 (R)), 7 € Rand f, ---, f. € F. Then

[l Al o] fe] € RN yen (F).
Therefore, by Lemma 1.57,
aD([---[Ir, fil, -], fe])-2 =0
for every derivation D : Z[F] — Z[F]. Now observe that
aD([---[[r, Al -+ ], fe])) = aD(r)(a(fr) = 1) -+ (a(fe) = 1).

Hence
aD(r)(a(fi) = 1) (a(fe) — 1).z = 0.
It thus follows that

9. Anngq) (7 (R) /yn+1(R)) € Anngg)(R/72(R)).
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Hence
gc. AnnZ[G] ('Vn(R)/ﬁYnH (R)) =0.

If G is infinite, then, by Lemma 1.52; it immediately follows from the above
equation that Annz[G (Y (R)/n+1(R)) = 0.

Finally, suppose G is finite. Let x, y be two distinct elements of the free
basis X of F' and d,, d, the corresponding partial derivations on F'. Since G
is finite, there exists a natural number m such that 2™ € R. By Lemma 1.56
we have

Oédydg_l([' .. [[T, xm]’ mmL . J]”L].Z =0 (1.33)

n—1 terms

for all » € R and z € Anngg)(1n(R)/Yns1(R)). Iterative simplification of the
equation (1.33) yields ad,(r).z = 0. Hence it follows that

Anng ) (Y (R) /n+1(R)) € Anng)(R/72(R)) = 0,
completing the proof of Theorem 1.55. [J

We next note that, in general, the group F'/RS does not act faithfully on
RNS
[R?S]'
Example 1.58
Let F' = (a, b | 0) be the free group of rank 2, R = (a, b~tab, b*), S = (b*)F".
Then S C R and S/[R, S] = (b*[R, S]) is an infinite cyclic group on which
G := F/R acts trivially. Thus Anng¢(S/[R, S]) = g, the augmentation ideal
of the integral group ring Z[G].

Theorem 1.59 (Mikhailov Passi [Mik06c]). Let F' be a free group of finite
rank j > 1. If m is finite, then [RQS is a faithful Z|F/RS]-module.

Furthermore, if F/RN S is finite, then there is an isomorphism of Q[F/RS|-
modules:

RNS

(R, 5]

®Q~Qo®Q[F/RS]®---®Q[F/RS] (j—1terms), (1.34)

Proof. Consider the following exact sequence with the obvious homomor-
phisms:

RN SN (RS) RN S
]

1—

®Q — RS/ (RS) 2 Q —

RS
(R N S)y(RS)

®Q—1, (1.35)
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where the tensor products are over Z. Since 0 RS is a finite abelian

RN S)v(RS)

group, the last term in (1.35) is trivial. It follows that ﬁ{"g] ® Q maps onto

RS/ (RS) ® Q which is a faithful Q[F/RS]-module [Pas75a]. Therefore,

5‘;5] is a faithful Z[F/RS]-module.

Next observe that [RN S, RS] = [RNS,R|[RN S, S| C [R,S]; therefore,
there exists a natural epimorphism

Hy(RS/(RNS)) ~ & %iﬂsgﬁs) RN S[‘Rﬂ %2(Rs)7

where Hy(—) denotes the second integral homology group. In case F/RNS is
finite, then Hy(RS/(RNS)) is finite, and consequently %ﬁé]ﬂ%) is finite.
Thus, from (1.35), we have

RnNS
(R, S|

®Q ~ RS/ (RS)®Q

and the structure as asserted in (1.34) follows from [Gas54]. O

Theorem 1.60 (Mikhailov [Mik05a]). If F is a non-cyclic free group, {1} #
S C R are its normal subgroups, and 6% (F/R) = 1, then S/[R, S] is a faithful
Z|F/R]-module.

Proof. Since F is residually nilpotent, there exists n > 1 such that

S C 'Yn(R)v S ,¢— 7n+1(R)v (1'36)

and so the natural projection of Z[F/R]-modules:

S’YnJrl(R)
:S/[S,R] = —————, 1.37
1 /[ } 'Yn+1(R) ( )
is nontrivial. Let t be the kernel of the natural projection Z[F| — Z[F/R].

S’Yn+l(R>
'Yw,Jrl(R)
which embeds into the free Z[F/R]-module t"/t"*!, we have a nontrivial

homomorphism

Since is a submodule of the higher relation module v, (R)/vn+1(R),
/IS, B — " /&

of Z[F/R]-modules. Our conclusion therefore follows from Corollary 1.54. O

In general, the residual nilpotence of F'/[R, S] does not imply the residual

nilpotence of F//RS. We give an example that requires small cancellation
theory for which the reader is referred to [Ols91].
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Example 1.61
Let F' be a free group of rank 2n+2, n >3, with basis X ={a, b, z1, ... , T2, }.

Consider the words
r=alb, x1][b, x2] ... [b, zp], s =Dbla, Tni1][a, Tnia] ... [a, T24],

and let R = (r)f', S = (s)¥. Then the presentation (X | r, s) satisfies
the small cancellation condition C'(6). Since the relators r, s are not proper
powers in F, the presentation (X | r, s) is aspherical (see [Ols91], Theorem
13.3 and Corollary 31.1). Consequently RN S = [R, S] (see (1.18)), and so
we have the following embedding

F/[R, 8] C F/R x F/8.

Observe that each of F'/R and F/S is a free group of rank 2n + 1. Therefore
F/Rx F/S is residually nilpotent, and consequently so is F/[R, S]. From the
definitions of the relators r and s, it is clear that the elements aRS, bRS of
F/RS lie in ,(F/RS). We assert that aRS and bRS are both nontrivial.

Consider the natural epimorphic image of F/RS defined by the presen-
tation

<a7 b, L1, Tnt1 | a[bv 1’1]7 b[a, xn+1]> = <av Z1, Tnt1 ‘ aHanrla a]7 x1]>

By the Freiheitssatz for one-relator groups ([Mag66] Theorem 4.10), the sub-
group generated by {a,z1} in the group defined by the right hand presenta-
tion is a free group of rank 2. Hence aRS is a nontrivial element of F/RS,
and therefore F/RS is not residually nilpotent.

The foregoing analysis helps to provide some instances in which the resid-
ual nilpotence of F'/[R, S] yields information about the quotient F//RS.
Theorem 1.62 (Mikhailov-Passi, [Mik06b]). If F//RNS is finite and F/[R, S]
is residually nilpotent, then F/RS is a finite p-group.

Proof. By Theorems 1.59 and 1.35 it follows that A“(F/RS) = 0. It follows
from the hypothesis that F//RS is finite; therefore it is a finite p-group (see
[Pas79], p.100). O

Theorem 1.63 (Mikhailov-Passi, [Mik06b]). Let F be a free group of finite
rank, and let R, S be normal subgroups of F such that

(¢) F/RS is finite,

(#) [F, RS] C (RN S)y2(RS) and

(#1) F/[R, S] is residually nilpotent.

Then F/RS is nilpotent.

Proof. The hypothesis implies that F'/RS acts faithfully on [Ilgmg] ([Mik06b],

Theorem 6). The assertion therefore follows from Theorem 1.35. OJ



1.4 k-central Extensions 37

1.4 k-central Extensions

Given a group G, let (,(G) denote its nth centre:
(@) :={9eG|][..lg, z1],ma), ..., ] =1, Vo, €G, i=1,2, ..., n},

for n > 1 and {o(G) = 1. The series {(,(G) }n>0 is an ascending central series,
called the upper central series of the group G. Let

1-NLG5G—1 (1.38)

be an exact sequence of groups. We say that Cz is a k-central extension of
G, k > 1, if the image i(N) is contained in (;(G). In particular, a 1-central
extension is just a central extension.

A natural question to study is the relationship between residual properties
of G and its k-central extensions G. For residual nilpotence this question is
quite nontrivial even for the case of central extensions. In fact, it is not hard

to construct examples of central extensions 1 — N La ~1> G — 1 in which
G (resp. G) is a residually nilpotent group, but G (resp. G) is not residually
nilpotent.

Example 1.64

Let A be a free abelian group of infinite rank with basis {a;};>1, and G; the
2-generated free nilpotent group of nilpotency class ¢ + 1 with generators
zi, ¥i- Let H = A& [[;», Gi. Set B; = [z, vi), ¢ > 1, and let R be
the central subgroup of H generated by elements a;a; ! 38, i > 1. Let
G = H/R.

First let us show that the group G is residually nilpotent. Let R; be the
subgroup in G generated by the central elements 3;, ¢ > 1. Then G/R; is
a direct product of nilpotent groups and hence G/R; is residually nilpotent.
Therefore, 7, (G) C Ry. Let 1 # 2 € v,(G). Then x can be written as

x=0".. gk, (1.39)

for some n > 1 and some integers k;,7 = 1,...,n at at least one k; not equal
to zero. Consider the group

n

Gn)={a;, i=1,...,n) & HGi)/{aiagjlﬁiﬁilll, i <n}.

i=1

There exists the natural epimorphism G — G(n), whose kernel is the sub-
group in G generated by elements x;, y;, ¢ > n. Observe that the image of
x is nontrivial in the group G(n). Since G(n) is nilpotent of class n + 1 it
follows that = ¢ v,.1(G), a contradiction. Hence G is residually nilpotent.

It is easy to see that the group G/A is not residually nilpotent, whereas
the group G/AR; is residually nilpotent.
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The following central extensions thus provide examples of the type asserted
above:
1-A—-G—-G/A—>1,

1— RA/JA— G/A— G/R1A — 1;

for, we have

'Yw(G) =1, ’Yw(G/A) # 1, ’Yw(G/RlA) =

Notation. Let GG be a residually nilpotent group. We say that G lies in the
class jk, k > 1, if for any k-central extension (1. 38) the group G is also

residually nilpotent; we will denote the class ._71 by J.

Groups with Long Lower Central Series

We say that a group H has long lower central series if v,(H) # ~Yo1(H).
The following example shows the existence of such groups, and in fact more
generally, the existence of transfinitely nilpotent groups of arbitrarily long
transfinite lower central series.

Example 1.65 (Hartley [Har70]).
Let a be an ordinal number and A an abelian group with the property that
Axy1 = 0 and Ay # 0, where the series {A4,} is defined by setting Ay =
A, A, = pA, and, for a limit ordinal 3, Ag = mu<ﬁ A,. Let Cp, be the
cyclic group of order p. Then the wreath product W = A1C), is a transfinitely
nilpotent group with v, (W) # 1.

It is clear that for any group G with v,(G) # Yus1(G), G/7,(G) ¢ J. On
the other hand, if G' is a residually nilpotent group not belonging to J and
G is a central extension (1.38) of G which is not residually nilpotent, then
’yw(é) + %JH(CNY') =1, and so G is a group with long lower central series.
Thus examples of groups with long lower central series provide examples of
residually nilpotent groups which do not belong to the class 7, and conversely.
Note that the Stallings-Stammbach five-term sequence ([Hil71], p. 202) gives,
for every group G, the following exact sequence:

Hy(G) = Ha(G/70(G)) = 70(G) /1011 (G) — 1. (1.40)

Therefore, the stabilization of the lower central series at the w-term, i.e.,
Yo (G) = Yu11(G), occurs if and only if the map Ho(G) — Ho(G/v,(G)),
induced by the natural projection G — G/~,(G), is an epimorphism.

The following example of a finitely-presented group G with ~,(G) #
Yw+1(G) is due to J. Levine [Lev91]; it is the first such example:
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Example 1.66
Let G be the group given by the following presentation:

1

t,x,y, z | |x,yl =1 taet "z =1 tyt " =y ", 2 x|z, t] =1).
1 lr=1 ! ! 1

Then 7,(G)/Yw+1(G) = Zs.

The following example is due to Cochran and Orr [Coc98]. It gives a nice
illustration of homological methods used in the construction of groups with
long lower central series.

Example 1.67 [Coc98]. Let G = (a, b, ¢ | aba™'b = ¢3 = 1). Then v,(G) #
rYw+1(G)'

Proof. It is easy to see that the element b is a generalized 2-element: e
Yn(G), n > 1. Therefore, ¢ being an element of order 3, the nontrivial element
[b, ] lies in the intersection 7, (G) of the lower central series. On the other
hand, the group

H:={(a,b,c|abab=bc]=c=1)

is residually nilpotent by Example 1.23 (case p = 3). Therefore, 7, (G) =
([b, )€ and G/7,(G) = H.

Let us compute the second integral homology group of H. Note that H is
an HNN-extension of the group Hy; = (b, ¢ | [b, ¢] = ¢ = 1) ~ Z @ Z3 over
the cyclic subgroup generated by element b. Therefore, we have the following
Mayer-Vietoris exact sequence

0> Hy(Z®Z3) > Ho(H) =72 — -+,

showing that H>(H) contains the cyclic subgroup Zs ~ Hy(Z @ Zs3). Now
observe that the group G is the free product of the one-relator group

(a, b| aba b =1)

and the cyclic group (c | ¢ = 1). Therefore its second integral homology
group Hy(G) is trivial. The assertion thus follows from the sequence (1.40).
O

Example 1.68 [Coc98].

Let p, g be different primes, X,, the 3-manifold, obtained from S* by (p, p, 0)
surgery on the Borromean rings. Consider the connected sum M of X, with
g-lens space (or any other 3-manifold with fundamental group isomorphic
to Zg). In [Coc98] it is proved that the fundamental group of M has the
following presentation
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WI(M) = <£E, Y, z, 8 | [iﬂ, y] =1, P = [ya Zﬁl]a yp = [(t, Z],Sq = 1>7

and vy (11 (M)) # Y1 (m (M)).

Let F be a free group with basis x1, xa, x3, r4. A striking result of C. K.
Gupta [Gup73] is that the free centre-by-metabelian group

F/([F, F], [F, F], F]
has 2-torsion. More precisely, it has been proved that the element
w=[ler?, 23", (23, wlller”, 277, (22, @s]lller”, 237, [24, 22])-
[[]’21’ x;1]7 [1‘1, .133]][[33271, xi;l}v ['rlv x4”[['r3717 xll]a [xlv 1'2]]
of F' is such that w ¢ [[F, F], [F, F], F], whereas w? € [[F, F], [F, F], F].
We need the description of torsion in the second integral homologies of
free abelian extensions given by Kuz’'min.

Theorem 1.69 (Kuz'min [Kuz87], [Kuz06, Cor.8.6, p.235]). If F is a free
group and N its normal subgroup, such that F/N is 2-torsion free, then

tor(H2(F /[N, NJ)) ~ Hy(F/N, Zs),
where for an abelian group A, tor(A) denotes the torsion subgroup of A.
[For a more general result, see [St687]. ]
From Theorem 1.69, it follows that for a free group F' of rank > 4, the
group F/[[F, F], [F, F], F] contains the abelian 2-group

rank(F)
Hy(F/IF, F), o) =28 )

thus it follows that there is a 2-torsion in the free centre-by-metabelian group
F/[[F, F], [F, F], F].
Example 1.70 (Mikhailov [Mik02]). The group

G= <CL, b ‘ [av bs] = [CL, b, a]2 - 1>

is such that v,(G) # Ywr1(G).

Proof. First note that 19(G)* C ~3(G); therefore, [a, b, a] C 7,(G). Let F
be the free group with basis a, b, and N the normal closure of the elements
a, b in F. Then the group
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H:=G/{a, b, a))¥ = (a, b] [a, b)] = [a, b, a] = 1)
is a free abelian extension of the cyclic group Zs:
1— N/[N,N]— F/IN,N|(~ H) — F/N(~Z3) — 1.

Note that H is residually nilpotent. Therefore 7,,(G) = ([a, b, a])©. Consider
the homomorphism 7 : Hy(G) — Hy(H) induced by the natural projection
G — H. By Theorem 1.69 we have

tOF(HQ(H)) S H4(F/N, ZQ) = 0,
i.e.,, Hy(H) is a free abelian group. Therefore the element
e := [a, b, a][[N, N], F|

is not in the image of 7 in case it is not trivial in Ho(H). Suppose the
element e is trivial, i.e., [a, b, a] € ([a, b%],]a, b, a, f],f € F)¥. Then
[a, b, a] € (b%,[a, b, a, f], f € F)¥. By symmetry we conclude that

[a, b, a], b, a, b] € (a®, b*, y4(F))";

therefore, v3(S) = 74(S) for the group S = (a, b | a® = b* = 1) ~ Z3 * Zj.
However, the group S is residually nilpotent, and not nilpotent. We thus
have a contradiction. Consequently 7 is not an epimorphism and hence

Y(G) # Ywi1(G). O

Problem 1.71 Does there exist a finitely-presented group G with v,(G)/
Yo11(G) infinite cyclic?

Problem 1.72 Let G be a group of Example 1.70. Consider the group H =
G/Yws1(G) * Z. Is it true that Yo (H) # Yar1(H) for a < w??

Baer Invariants

As seen in the preceding section, group homology plays a role in the inves-
tigation of residual nilpotence of central extensions. In the case of k-central
extensions a similar role is played by Baer invariants [Bae45] which are de-
fined as follows:

Let G be a group and

1-N—-F—-G-—1 (1.41)

a free presentation of G. Then the abelian group
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— NN 7n+1(F)

M(n)(G) : N, F

(1.42)

where
[N, oF] =N, [N, n1F] =[N, ,F], F], forn>1,

does not depend on the choice of the presentation (1.41); the group M(")(G)
is called the nth Baer invariant of the group G. That the group M) (G) does
not depend on the choice of a presentation (1.41) follows from the fact that
it is the first derived functor of the functor G — G/v,(G) on the category Gr
of groups (see Appendix, Example A.16, for details). Note that the invariant
MW(@) is the Schur multiplicator of G, and is isomorphic to Hy(G), the sec-
ond integral homology group of G; this is the reason that the Baer invariants
are sometimes called generalized (or n-nilpotent) multiplicators. Baer invari-
ants have been studied by J. Burns and G. Ellis ([Bur97], [Bur98], [E1l02]),
and several other authors.

A direct analog of the Stallings-Stammbach five-term sequence is the fol-
lowing exact sequence, which can be proved by an immediate application of
the presentation (1.42).

Theorem 1.73 Let k > 1, G a group and N a normal subgroup of G. Then
there is the following exact sequence of groups:

M*(G) - M®(G/N) — N/[N, 1G] — G/v:1(G) — G/Nyps1(G) — 1.

In particular, for k> 1, n > k+ 1, there exists the following exact sequence
of abelian groups:

MIHG) = MBNG /() = 1 (G) [ 1mik(G) = 1. (1.43)
We need the following result.
Theorem 1.74 (Ellis [EN02]) If G is a group such that Hs(G) is a torsion

group, then M (G) is also a torsion group for alln > 1.

For a proof of the above theorem, see Proposition 1.139 or Theorem 5.14.

Generalized Dwyer Filtration

For any k > 1, m > k+ 1 and group G ~ F/N, define the generalized Dwyer
filtration
k k
M®(@G) =¥ (@) 2 p(@) 2 ...

by setting
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For k = 1 this is the filtration of the second integral homology group Hy(G)
defined by Dwyer [Dwy75]. In view of (1.42), it is easy to show that the terms
of the generalized Dwyer filtration can be expressed as

(N 0 ym (F))[N, £ F] N N ym(F)

k) (@) = = L k>1, m>k+1.
o (C) N, oF] N, o1 N (F)’ P21 ™2
(1.44)

Remark. Note that the analog of the classical Dwyer filtration, i.e., {<p£}) (@)}

can be naturally defined for homology of topological spaces. Let X be a

topological space. Define cp&,?(X ) to be the kernel of the composite map

Hy(X) — Hay(mi (X)) — Ha(m1(X)/ym-1(m1(X)))- (*)

Recall that, for every topological space X, we have a natural map X —
K (m (X),1); the first map in (*) is the one obtained by applying the functor
H, to this map. The second map in (x) is induced the natural projection

T (X)/Ym-1(m1(X)).
We may mention that, in the case when X is a 4-dimensional topological

manifold, the filtration {goﬁ,?(X )} plays an important role in the surgery
theory ([Fre95], [Kru03]).
From (1.44) we immediately have the following:

Proposition 1.75 If m > k+ 1 > [ + 2, then, for any normal subgroup N
of a free group F, there exists the following short exact sequence of abelian
groups:

0 — W (F/IN, ktF]) — o3 (F/N) — o7 (F/N) — 0.

We now give some results from [Mik07a] which extend results from
[DwyT75].

Theorem 1.76 Let f : G — H be a group homomorphism which induces
an isomorphism G/vg11(G) — H/vg1(H) for some k > 1. Then for any
m >k + 1, the following statements are equivalent:

(i) f induces an isomorphism M®)(G)/o\¥)(G) — M® (H) /oW (H).
(44) f induces an isomorphism fu, : G/vm(G) — H/vm(H).

Proof. It follows from Theorem 1.73 that, for any m > k + 1, there exists
the following commutative diagram:

ME(G) /) (@)= MP(G/ym-i(G) — Ymk(G)/m(G) — 1

| | |

M® (H) /o) (H)=——>= MW (H/vmk(H)) ——= Ym-k(H)/ym(H) — 1
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induced by f. The assertion then follows immediately by induction on m >
k + 1 with an iterated application of the above diagram. [

Corollary 1.77 Let G/vc41(G) be a free nilpotent group for some ¢ > 1 and
suppose that M) (G) = 0. Then MF)(G) =0, k <ec.

Proof. Let {g;}icr be elements in G such that {g;Ve+1(G)}ier is a basis of
the free nilpotent group G/7.41(G). Consider the homomorphism f : ' — G,
where F is a free group with basis {f;}icr, given by setting f; — g;,7 € I.
Then f induces an isomorphism F/7y.:1(F) ~ G/v.+1(G) and an epimor-
phism

M(F) /ol (F) = MO(G) /i (G), k= e+ 1.

Proposition 1.76 implies that f induces an isomorphism F/~, (F) ~ G/v,(G)
for all n > 1. Since M(¢"Y(F) = 0, we again apply Proposition 1.76 to get
ME(G) = <p§:71)(G), k > c. Now the needed statement follows from the
epimorphism M(©)(G) — ¢£C*1>(G) (see Proposition 1.75). O

Theorem 1.78 Let _
1-N-G2aG—-1 (1.45)

be a k-central group extension for a given k > 1. Then for any m > k + 1
there exists the following exact sequence of abelian groups

Pl (G) 5 l(G) = N N (@) = 1, (1.46)
where the homomorphism px is induced by the epimorphism p.
Proof. Consider free presentations of groups from (1.45):

P

1 — N G G — 1
H H |
1 —— R/S F/S —— F/R —— 1,
where F' is a free group and
[R, xF] € 8. (1.47)

It follows from the presentation (1.44) that the homomorphism px can be
viewed as a map

o OGN E)S wF] (B O ym(F))[R, 1F]
' [57 kF] [Ra k?F] 7

induced by the inclusion S — R. The cokernel of px is naturally presentable
as
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(R N ym(F))[R, o F]
(S N 'Ym(F))[Ra kF]-

coker (p*) ~

Define a homomorphism

(RN (F))[R, 1 F) RO )
I (S N Y (F))[R, 1F) — R/SNym(F/S) = = N Ay (G)
by setting

fir(SNy(F)R, xF]— 1S, r € RN~y (F).

The k-centrality condition (1.47) then implies that f is an isomorphism. Thus
the exact sequence (1.46) is established. OJ

Absolutely Residually Nilpotent Groups

Definition. A residually nilpotent group G is called absolutely residually
nilpotent if, for every integer k > 1 and k-central extension

15N—>G—G—1, (1.48)

the group G is also residually nilpotent.

Theorem 1.78 makes it possible to give simple conditions under which
residual nilpotence is preserved under k-central extensions.

Proposition 1.79 Let G be a group such that wg)(G) =0 for some k > 1

and m > k + 1. Then, for any k-central extension (1.48), the group G is
residually nilpotent if and only if the group G is residually nilpotent.

Proof. By Theorem 1.78, applied to the k-central extension (1.48), we have

N Ny (G) = 0; hence, for any [ > m, there exists the natural isomorphism
Y(G) ~ v (G), which immediately implies the assertion. O

The above Proposition immediately yields the following

Corollary 1.80 IfG is a residually nilpotent group with M) (G) = 0 for all
n > 1, then G is an absolutely residually nilpotent.

We will prove later (see Proposition 1.139 or Theorem 5.14) that if, for a
given group G, Hy(G) is torsion-free and Hy(G) = 0, then M™(G) = 0 for
alln > 1.

Example 1.81 Let G be a group given by the following presentation:
G={a,bcl|la=][c", allc b]).

Then G is absolutely residually nilpotent group.
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Proof. It has been shown by Baumslag that the group G is residually nilpo-
tent [Bau67]. Observe that Hi(G) is torsion-free and Hy(G) = 0. Hence
M™(G) = 0 for all n > 1 and therefore, by Corollary 1.80, G is absolutely
residually nilpotent. [J

Theorems 1.74 and 1.78 also provide simple conditions for the residual
nilpotence of a given k-central extension of a group G to imply the residual
nilpotence of the group G itself.

Proposition 1.82 Let G be a finitely presented group with Ho(G) finite.
Then for any k-central extension

IHNHéHGHL

k > 1, the residual nilpotence oféY implies the residual nilpotence of G.

Proof. Consider the inverse limit of the short exact sequences

1= NNym(G) = 1m(G) = 1n(G) — 1, n > 2.
By (Appendix, Proposition A.34) we get the inclusion
10(G) = i (N 17 (G)). (1.49)

Since G is finitely presented and Hy(G) is finite, M™(G) is finite for all

n > 1, by Theorem 1.74. By Theorem 1.78, N N~,(G),n > k + 1 are also
finite, hence the pinl term in (1.49) vanishes, and consequently G is residually
nilpotent. [

Free k-central Extensions

Let G be a group given by a free presentation
l1-N—-F—-G—1 (1.50)

For a given k£ > 1, consider the following induced free k-central extension of
G:
1 — N/[N, F] — F/[N, +F] — G — 1.

Clearly we have the following short exact sequence:
1 — M™(G) = v (F)/[R, 1F) = mer(G) — 1,

and hence the group i1 (F)/[R, F] is an invariant of the group G, i.e.
it does not depend on the choice of the presentation (1.50) for G. (In fact,
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the group vi41(F)/[R, F] is the 0-th derived functor of the endofunctor
G — 7+1(G) on the category Gr of groups, see Appendix, Section A.13). Thus
it follows that the residual nilpotence of the group F/[N, F| depends only
on the quotient group F//N ~ G, and not on the choice of the presentation
(1.50). More precisely, we have the following result.

Proposition 1.83 Let G be a residually nilpotent group with the presenta-
tion (1.50). Then
Yo(F/IN, kF)) = (] #0H(G)

m>k+1

for all k > 1.

Proof. Since the group F/N is residually nilpotent, we have
Yo (F/[N, F]) € N/[N, o F].
For every n > 1, we have the inclusion
Vo (F/[N, kF]) € va(F/[N, kF]) = w(F)[N, F]/[N, £ F].

Using the presentation (1.44) of the generalized Dwyer filtration terms, we
conclude that

Y(F/IN, R F) () @(@).

m>k+1

On the other hand, the presentation (1.44) gives the inclusion
i (G) € (F/IN, 1 F)), k> 1,m >k +1,

which implies that for every & > 1

() ©5(G) Cyu(F/IN, F)),

m>k+1

and the proof is complete. [J

Denote by J the class of residually nilpotent groups G, such that
F/|N, F] is residually nilpotent for any presentation (1.50), and let 73 = J.
It is clear that the class jk defined on page 38 is contained in the class Jj.
The converse, however, is not true (see Example 1.85).

For any ¢ > 2 and arbitrary normal subgroup N of a free group F, there
exists a canonical homomorphism

Ne - F/[’YC(N)’ F] - Mc+1,Z(F/N)>
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called the Gupta representation, where My z(F/N) denotes the group of
(c+ 1) x (¢ + 1) matrices over a certain ring (for a complete description of
this ring see [Gup78]).

Proposition 1.84 Let p be a prime. Suppose that the group F/N is p-torsion
free, AY(F/N) =0 and Hy(F/N, Z,) = 0. Then AY(F/[v,(N), F]) =0. In
particular, F/v,(N) € J.

Proof. On invoking [Gup87a, Theorem 3.1] it follows that

A%(F/[p(N), F) € Alkermp)Z[F/[v,(N), FJ]. (1.51)

Stohr [St687] has shown that, for any normal subgroup N of F, the ker-
nel kern, of the Gupta representation is contained in the torsion subgroup
of F/[y,(N), F]. The torsion subgroup of F/[y,(N), F], however, lies in
Yo (N)/[vp(N), F]. In the case when F'/N is p-torsion free, Stohr [St687] has
given a complete description of this torsion [Har91b]:

tor(vp(N)/[vp(N), F]) >~ Hy(F/N, Zy),

where Z,, is viewed as a trivial F'/N-module. The hypothesis Hy(F/N, Z,)=0
therefore implies that F/[v,(N), F] is torsion free and kern, = 0. The as-
serted statement thus follows from (1.51). OJ

The following example shows that the inclusion JcCJis proper.

Example 1.85
Consider the group

G={a,bl| [V’ a =]a, b, a] =1).

It has already been observed that G ¢ J (see Example 1.70).
Note that G is a free abelian extension of the cyclic group of order three:

1— N/I[N,N] — F/[N,N] (=~ G) — Z3 — 1,
where F = (a, b), N = (b*, a, a’, a”"). We have

(i) A¥(F/N)=A%(Zs3) =0
(ii) Hy(F/N, Zy) = Hy(Zs, Zy) = 0.

Therefore, by Proposition 1.84, F//[[N, N|, F] is a residually nilpotent group
and hence G belongs to the class J. O

Proposition 1.86 Let G be a residually nilpotent group and
1-N->G->G—1 (1.52)

a k-central extension with v,(G) # 1 and
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il ) () —
lim' 4 (G) = 0. (153)
Then G ¢ Jy.

Proof. By Theorem 1.78, for every m > k + 1, there exists the following
exact sequence:

e 2 oF)(G) = N Nym(G) — 1. (1.54)

Applying the inverse limit functor, we have the following exact sequence

0= () mltm)— [) ¢W(G) = NNy(G) — lim'im(t,). (1.55)

m>k+1 m>k+1

The epimorphisms w%)(é) — im(¢,,) induce the following epimorphism of
}iﬂll—functors:

lim' o) (G) — Lim'im(t,);
thus, in view of our hypothesis, we get li_m1 im(t,,) = 0. Since Nﬂ%,(é) #0,
it follows from (1.55) that (,,>x41 gpss)(G) # 0. Hence G ¢ J, by Proposi-
tion 1.83. O

Proposition 1.87 Let G be a finitely-presented group with v,(G) # Ywi1(G)
and Hy(G) finite. Then, for any k > 1 and any free presentation

1> R—F— G/v,(G)—1,

the group Tl := F/[R, xF] is not residually nilpotent. Furthermore, if
Hy(G/v,(G)) is finite, then for any free presentation

1—-8—FE—1/v.[) — 1,

the group E/[S, 1E] is not residually nilpotent for 1 <1< k.

Proof. Let H = G/7,+%(G). The projection f : G — H induces isomor-
phisms f,, : G/v,(G) — H/~v,(H) for all n > 1. Therefore, by Theorem 1.76,
we have the following isomorphisms

MW(G) /o H(G) =~ MP(H) /o)) (H), m > k + 1. (1.56)

Since Hy(G) is finite, Theorem 1.74 implies that M ¥)(@G) is also a finite group.
Thus for any & > 1 the filtration @%)(G) stabilizes from some stage my,

say, onward:
50572 (G) = (@) for all m > my,.
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Isomorphism (1.56) implies that the generalized Dwyer’s filtration of the
group H must also stabilize:

k
o) (H) = %) (H). (1.57)
Consider now the k-central extension
11— 'Vw(G)/%JJrk(G) — H — G/VM(G) -1, (1'58)

in which, because of our hypothesis, v, (G)/vw+k(G) # 1. The stabilization
(1.57) gives
lim' (%) (H) = lim' %) (H) = 0;

thus we can apply Proposition 1.86 to the k-central extension (1.58). Conse-
quently we have

[ #W(G /(@) # 0;

m>k+1

therefore, Il is not residually nilpotent by Proposition 1.83.
Suppose now that the group Ho(F/R) is finite. Consider the following
epimorphisms

V(YA Hk — Rl = Hk/'}/erl(Hk)y |l = 1, ey k.

Since m; induces isomorphisms on lower central quotients, Theorem 1.76 im-
plies that there are isomorphisms

MO /W () ~ MO(R) /oY (R)), m >1+1. (1.59)
In view of Proposition 1.75, we have an embedding
o () € ™ (F/R), 1> 1.

Since by assumption Hy(F/R) is finite, Theorem 1.74 implies that M +%)(F/R)
is finite, and hence @;Q (ITx) is finite for any { > 1. Thus, for any 1 <[ <
k, gogl) (IT;) stabilizes from some finite step and it follows from (1.59) that

@&Q (Ry) also stabilize from some finite step; hence
lim' () (R) =0, 1 <1<k (1.60)
Consider now the [-central extension:
L — 3o (k) /Y1 (k) — Ry — g /v () — 1. (1.61)

Since F/R is residually nilpotent, v,x(IIx) = 1, and hence the fact that
the group IIj is not residually nilpotent implies that v, (R;) # Yw+1(Ry). In
view of the Proposition 1.86, applied to the extension (1.61), the condition
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(1.60) implies that (0,51 gogfl) (I /v, (I1x)) # 0. The asserted statement thus
follows from Proposition 1.83. O

We next give an example of a finitely-presented residually nilpotent group
H such that, for every integer £ > 1 and every free presentation

1-R—F—H-—>1,

the group F/[R, 1 F] is not residually nilpotent.

Example 1.88
Consider the free product of the fundamental group of the Klein bottle and
the cyclic group of order 3:

G={a,b,c|aba'b=c"=1).

As shown in Example 1.67, 7, (G) = (b, )¢ # 7,:1(G). Since the homolo-
gies of a free product are equal to the sum of homologies, we conclude that
Hy(G) = 0. Thus, by Proposition 1.87, we see that the finitely-presented
group

H:=G/v,(G) = {a, b, c| aba™'b=c*=[b, ] = 1),

which is an HNN-extension of the abelian group Z & Zs, is an example of a
group with the property that for every integer k > 1 and every free presen-
tation

l1-R—F—H-—1, (1.62)

the group F/[R, . F] is not residually nilpotent.

Remark.

For all integers k > 1, the groups Il := F/[R, . F| arising from (1.62)
are finitely-presented transfinitely nilpotent, but not residually nilpotent
groups. It follows from Mayer-Vietoris exact sequence of homologies of HNN-
extensions that Ho(H) ~ Zs, and hence, by Proposition 1.87, for 1 <1 < k,
and any free presentation

1—=8—FE—T/v,[) — 1,

the group E/[S, | F] is not residually nilpotent.

One-relator Groups

For the analysis of the generalized Dwyer filtration for one-relator groups, we
will use the generalized Magnus embedding which we first recall.
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Generalized Magnus Embedding

Let F be a free group with basis X. For a given integer m > 2, denote
by €, the ring of polynomials Z[\; ;11(X)] over independent commuting
indeterminates A; ;41(z), 1 <i<m—1, z € X.

Define a ring homomorphism

19 ... Qn

01 ...0,
¢ Z[F] —

00 ... 1

from the integral group ring Z[F] to the ring M,, () of m x m matrices
over (), by setting

0 1 Igs(x)... 0

Um @ T — , x e X.
0 0 o T Asim(®@)
0 O ... 0 1

The homomorphism u,, is a particular case of the generalized Magnus em-
bedding studied in [Gup87c]; its kernel is equal to f”, the mth power of the
augmentation ideal of the group ring Z[F:

ker(p,) =™, m > 1. (1.63)

For m = 2, we get the simplest case of the Magnus embedding of the free
abelian group in the ring of uni-triangular 2 x 2 matrices.

Consider the multiplicative subgroup of GL,,(),,) generated by elements
tm(x), © € X. It follows from (1.63) that this subgroup is isomorphic to
E/ym(F):

F/ym(F) ~ (pm(z), © € X).

Thus we have a matrix representation of the free nilpotent group F/v,,(F).

Remark. It may be noted that, for m > 3, the sub-representation to
(m — 1) x (m — 1) matrices, obtained from ., by deleting the first row
and the first column (or the mth row and the mth column), coincides with
the representation fi,,_1, where the ring Q,, 1 is the ring Z[\; ;+1(X)], ¢ =
2,...,m—1(resp. Z[\;,i1(X)],i=1, ..., m—2).

Lemma 1.89 Let m > 3 and
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1bigbiz... bim

01 boz... by
palf) = |0

00 0 ... 1
for some f € F. Then

00... 0 big...bjm—1,m

pn((f =y = [P0 00

00... 0 0

Proof. Induct on m > 3 and use the preceding Remark. [J
Proposition 1.90 Let

u € er(F) \’Ym+1(F)a m>1, (164)

and f € F be such that
[u, f] € Ymsa(F). (1.65)
Then

(1) f € y2(F) in case m > 2;
(i) w = f*d with k € Z and d € v (F), in case m = 1.

Proof. This is a particular case of ([Mag66], Cor. 5.12(iii)). We give below
a proof using the generalized Magnus embedding.
Consider the images of elements v and f under the generalized Magnus
map fly, t2:
100...0 a1,m+1 A1, m+2
010...0 0 a2, m+2
bme2tur— [001...0 O 0

000 .- .. .. 0 O 1

1big big ... by

foms 0 1 bog... bomyo
00 O 1

Since ker(pm+2) = Yms2(F), the condition (1.65) is equivalent to the

condition

frm2 (W) 2 () = frms2(f) 2 ().
After multiplication of matrices, and comparing the (1, m+ 2)-entries, we see
that the condition (1.65) is equivalent to the following:

b12 a2, m42 = @1, m42 bmt1, m+2- (1.66)
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Since u ¢ Ym+1(F) and f ¢ v2(F'), we have

bia #0, bpy1,2 #0, a2 mi2 #0, a1, me1 #0.

For any i =1, ..., m+ 1, we have b; ;11 € Z[\; i11(X)]. Since the indeter-
minates Aj2(X) do not enter into the construction of the element ag ,,+2 and
indeterminates Ay,+1,m+2(X) do not enter into the construction of aj 41, we
can conclude that there exists z € Z[\; ;+1(X)], ¢ =2, ..., m, such that

a2, m+2 = b1, mi22, @1,m41 = bi2z. (1.67)
If a1 m+1 can be written as a polynomial
a1 m+1 = F()\I,Z(X)a cee 7)\m,m+1(X))ai = 13 R L 23

then the element as 42 is a polynomial of the same form, but over another
set of indetrminates, i.e.

a2m+2 = F (A2, 3(X), oo, A1, ma2(X)).
Then (1.67) implies that
z=byzz1, 21 € Z[Nii1], 1 =3, ..., m.
Repeating the same argument m times, we get

a1, my1 = € babaz ... by 1, (1.68)

a2, m+1 = C-ba3 ... by 10yt my2, € € Z. (1.69)

By Lemma 1.89, we have that the element (t,,12(f) — 1)™ has the following
form:

00... 0 b12 . bm,m+1 *
00... 0 0 b23...bm+17m+2
(s (f) =)™ = 100... 0 0 0
00... 0 0 0
Thus the matrix
B:= ;U’m+2(u) —1-c (;um+2(f) - 1)m (170)

consists of zero elements, with the possible exception of the (1, m + 2)-entry:

00... 0«

m 00...00
B=pmou—1—c(f-1)") = ,

00...00
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a € Z[A;, i+1(X)]. It follows from (1.63) that
u—1—c(f—1)"¢efmth (1.71)

Case (i): u € Y (F) \ Ym41(F),m > 2. Going modulo 1(F) in (1.71), we
have:

c(fr(F) = 1)™ € A™H(E/va(F)).
Therefore f € v (F).

Case (ii): m =1, u ¢ y2(F). Then (1.71) has the form:
ufic —-1le€ f27
but then we get u = f*d, d € v (F), k=c. O

Theorem 1.91 (Mikhailov[Mik05a],[Mik07a]). Let r be a non-identity ele-
ment of the free group F, and let R be the normal closure of r in F. Then
for k =1, 2, there exists a natural number m (which depends on k and r),

such that g0<k) (F/R) =0.

k+m

Proof. Let us first consider the case k = 1. In this case the required natural
number m can be taken to be the one for which

7 € Y (F) \ Y1 (F).

Observe that the group R/[R, F] is infinite cyclic. If m = 1, then the asserted
statement is a well-known fact. In fact, in this case we have the following short
exact sequence

0 — Hy(F/R) — R/|R, F|(~Z) — Ry (F)/v(F) — 1.

Since F/7v2(F) is torsion-free and r ¢ v, (F), it follows that Rys(F) /72 (F) is
an infinite cyclic group; therefore, Hyo(F/R) = 0.

Suppose m > 2. Then Hy(F/R) = R/[F, R] ~ Z and we have the following
exact sequence of abelian groups:

0 — @0 (F/R) — Ha(F/R)(= Z) 2 5 (F) Y1 (F),

where the homomorphism A is induced by the inclusion r € ~,,(F'). Since the
abelian group ¥, (F)/vm+1(F) is torsion-free, it follows that

P\ (F/R) = 0. (1.72)

Consider next the case k = 2. Suppose that r € v(F) \ i1 (F), | > 1.
Then, by the case k = 1, which we have already proved, from (1.72) we

conclude that goﬁr)l(F/R) =0, ie.
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ROy (F) = [R, FI Ny (F). (1.73)

Every element of [R, F|/[R, F, F] can be expressed in the form [r, f][R, F, F]

for some f € F. Thus, it follows from (1.73) that for any m >1, ngQ(F/R) #0
implies the existence of f € F', such that

[7‘, f] € Ymr2(F), [Tv .ﬂ ¢ [R7 F, F] (1.74)

Since for any f € vo(F) we have [r, f] € [R, F, F], (1.74) implies that

[ & n(F). (1.75)

If I > 2, the case (i) of Lemma 1.90 implies that for m > [ the condition
(1.74) implies f € 72(F), thus, in view of (1.75), we get o\",(F/R) = 0.

Now let r ¢ 72 (F'). If there exists f € F'\ v(F) such that [r, f] € v3(F),
then, by case (ii) of Proposition 1.90, the following equation has a solution:

r=f*d, k€Z, dcy(F). (1.76)

If kK = £1, then [r, f] € [R, F, F], which is not the case. Thus we have k #
—1,0, 1, and therefore, F'//Rv,(F') has torsion. The torsion in F/Ry,(F) is a
cyclic group of order N (> 1), say ; denote its generator by wR~,(F), w € F.
Thus

r=wy, yey(F).

From (1.76), we then have f = w™d, for some Ny > 1, dy € 72(F). Therefore
[, f1 = [r, wdo] = [r,w™] = [Ny, w™] mod [R, F, F].

Let ¢ > 2 be such that y € v,(F) \ v¢+1(F). By Proposition 1.90 (case (i)),
we see that if [y, w0] € v,42(F), then w™ € 45 (F), which is not the case by
construction. Thus (1.74) implies that m < ¢ and therefore we get

P (F/R) =0. 0

Remark. It is easy to see from the proof of Theorem 1.78 that if the element
r € F is such that F//Rys(F) is torsion free, then for the number m satisfying

7 € Y (F) \ Yms1(F), and k =1, 2, we have go(ys)Jrk(F/R) =0.
The following example shows that the condition on torsion is necessary.
Example 1.92 Let G = (a, b | aba™'b = 1), then M (G) # 0.

Proof. Rewrite the relator as r = b?[b,a] and denote by F the free group
with basis {a, b} and R the normal closure of  in F'. Then [r, b] € RN~3(F).
Suppose that [r, b] € [R, F, F]. Then

[b, a, b] € [R, F, F] C (b*,yu(F))F.
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Making the same construction with a change of symbols a and b, we conclude
that [a, b, a] € (a®,v4(F))F. This means that in the group

H={a,b|a®>=0b"=1),

the elements [a, b, a] and [b, a, b] lie in the fourth term of the lower cen-
tral series. However, these elements generale v3(H) as a normal subgroup;
consequently v3(H) = ~4(H). This is a contradiction, since H is residually
nilpotent, but not nilpotent. We thus conclude that [r, b] ¢ [R, F, F|. Hence
M (G)#£0.0

Lemma 1.93 NLet 1 —>~N —~ G5 G — 1 be a k-central extension. Then
[Wﬁl(’yw(G)L kG] - %}(G)'

Proof. Let « € v,(G) and g € G be such that 7(g) = x. Then for all m > 1,
we can write

g = fmTm, for some f,, € Vm(é)7 Tm € N.

The k-centrality condition [N, ké] = 1, implies that, for any ¢1, ..., gr in
G, and m > 1, we have

Ty 91y - 9] € 1 (G).

Therefore [g, g1, ... , gr] € 1w (G). O
Theorem 1.94 (Mikhailov [Mik05a]). Let k > 1, G a one-relator group and

1-N->G5G6—1 (1.77)

a k-central eztension with G residually nilpotent. Then G is also residually
nilpotent.

Proof. Suppose that G is not residually nilpotent. Let = € v, (G) and g € G
be such that m(g) = 2. By Lemma 1.93, [¢, 1G] C 7., (G) = 1. Consequently
[z, yG] = 1. Due to the fact that x was an arbitrary element of v, (G), it
follows that

Yotk(G) = 1. (1.78)

It follows from (1.78) that G has a nontrivial centre. To see this, note that
Yotk-1(G) lies in the centre of G. Suppose that ~,1x—1(G) = 1, then the
previous term in the transfinite lower central series lies in the centre. In
the case all terms v,1(G), I > 1 are trivial, then 1 # ~,(G) lies in the
centre of G.

The remaining part of the proof follows by the scheme of the proof of
the main theorem in [McC96]. We have that G is a one-relator group with
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nontrivial centre. Therefore it follows from [Pie74] that G can be defined by
one of the following presentations:

G={ay,...,an |d"=ad, ... a7} =alm1), (1.79)

where p;, ¢; > 2, and (p;, ¢;) =1, i > j; or

G={a,ay,...,an|auna " =a,,d" =ad', .. a" =al), (1.80)
where Dis G = 2,P1+ . Pm-1=0G1 - m—1 (pzaqj) =1,i>j.

Consider first the case when the group G is given by the presentation
(1.79). Then G is an amalgamated free product of cyclic groups and contains
subgroups

Gi = <Cll', Qi1 | afi :a;ﬁl), 1= 1, ey m — 1.
Since the group G is transfinitely nilpotent by (1.78), subgroups G; are also
transfinitely nilpotent. If for some 1 < 4 < m—1, the pair p;, ¢; is not a pair of
powers of some prime, then [a;, a;11] € 73(G;), and we have a stabilization of
the lower central series of G;, and transfinite nilpotence for G; is equivalent
to commutativity, which is not possible for p;, g; > 2. Thus, for any 1 <37 <

m — 1, the numbers p; and ¢; are powers of a prime: p; = P, ¢; = Pit’i. If
s1 ty
m = 2, we have the residually nilpotent group G = (a1, as | afl = afz ).
Hence we can assume that m > 3. The condition (p;, ¢;) = 1, ¢ > j implies
that P; are different primes for different . Consider the subgroup H in G
generated by elements af) > and aéD '. The subgroup H is not abelian by the

construction of a free product. We have the following congruences in H:

[a7?, a5")" = [a°", a3"] = [03”,a5") = 1 mod y3(H),
(af?, )™ = [af?, af'™] = [af?, af' ] =1 mod s (H),

which imply that v (H) = ~3(H). Hence, for m > 3, transfinite nilpotence of
G is not possible. We thus have a contradiction in this case.

Finally, let us consider the case when G has the presentation (1.80). In this
case the group G is an HNN-extension of the group given by the presentation
(1.79) with some additional conditions on coefficients p;, g;. As we have seen,
transfinite nilpotence of the base group of the HNN-extension is possible only
in the case m = 2. Thus G has the following presentation

G =(a,ar, as | aaia™" = ay, al’”" =af")
for some prime P. However, such a group is residually nilpotent (see, for
example, [McC96]), which is again a contradiction. O

In the reverse direction we have the following
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Theorem 1.95 (Mikhailov [Mik07a]) Let G be a one-relator residually nilpo-
tent group and _
1-N—-G—-G—1 (1.81)

a k-central extension, with k € {1, 2}. Then G is residually nilpotent.

Proof. By hypothesis, the group G has a free presentation
1-R—F—G—1,

where R is the normal closure in F' of a single element r € F. By Theorem
1.91, there exists a natural number m such that

‘Pgﬂrk<G) =0.

Theorem 1.78, applied to the k-central extension (1.81) then implies that

NN ’7m+k(G) =1
hence G is residually nilpotent. OJ

We proceed next to generalize Theorems 1.91 and 1.95 to free products of
one-relator groups. For this we need more detailed analysis of the generalized
Magnus embedding.

Theorem 1.96 Let G;, i =1, ..., n be a family of one-relator groups and
G = Gy % -* Gy, their free product. Then, for k € {1, 2}, there exists m such

that o\¥(G) = 0.
Proof. Let G;, i =1, ..., n be defined by the presentation
1- R, — F;, — G; — 1,

where the subgroups R; is the normal closure in F; of the element r; € F;.
Then the group G has the free presentation

1-R—F—G—1,

where F = Fy % ---x F,, R={(r, ..., m,)F.
Let us first consider the case k = 1. Let I; (i = 1, ..., n) be natural
numbers such that
i €V, (Fl) \ 7lri+1(Fi)7 (182)
and | = max;(l;). We assert that cpg}gl(G) = 0. Suppose that @EBI(G) £ 0.
Then there exist kq, ..., k, such that

Rk ey (F), i ek ¢ (R, F).
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We can then choose r; (1 < j < n) such that rfj ¢ [R;, F;]. Consider the
image of the element rfj under the natural projection d; : F' — F;. We have
d(rfj) € vi41(F;) \ [R;, F;], and consequently cpﬁ)l(Fj/Rj) # 0. On the other
hand, by Theorem 1.91, we have gogi)l(Fj/Rj) = 0. This is a contradiction,

showing that we must have @E}r)l (G)=0.

Next let us consider the case k = 2. By elementary commutator calculus, it
is easy to show that if for some m > 3, gpgi)(G) # 0, then there exist f; € Fj,

such that:

[r1s fil o [rns fol € Y (E) \ ([R, F, F] Oy (F)). (1.83)

In view of Theorem 1.91, we can assume that n > 2. Consider first the case
when n = 2. Let

w = [r1, fillre, fo] € v (F), [r1, fillre, fo] € (R, F, F]. (1.84)

We can then clearly assume that fi, fo € v2(F'), because otherwise the con-
sideration can be reduced to the case n = 1, which follows from Theorem 1.91.
Let fi = 919293, 91 € F1, g2 € Fy, g3 € 1(F), fo = guagsg6, 91 € F1, g5 €
Fi, gs € »(F). If [r1, g1] ¢ [R1, F1, F1], then projecting the element [ry, g]
on F| by the natural projection d; : F — F|, we get di(w) € v, (F}). But by
Theorem 1.91, there exists mg, depending on 71, such that 4,05,220 (Fi/Ry) =0;
then necessarily, m < mg in (1.84). Thus, we can assume that

1€ B\ (FaNy(F)), fre Fi\ (F1Ny(F)). (1.85)

Suppose l; # ls, where [; are defined as in (1.82). We can assume without
loss of generality that l; > l5. Then for m > [, (1.84) implies that [ro, fo] €
Vi1 (F). If Iy > 1, then, by Lemma 1.90 (case (i)), we have fy € v2(F'), which
contradicts (1.85). If I; = 1, by Lemma 1.90 (case (ii)), we have rod = £, d €
Y2 (F); but, in view of (1.85, this is also impossible since ro € Fy, fy € F}.
Thus it is enough to consider the case I} = .

Consider the Magnus embedding (4, 4+2. By definition, we then have

100... 051,41 81,1,+2
010...0 0 52542
Mi42:m1— 1001...0 O 0
000...0 O 1,
100... 01,41 t1 142

010...0 0ty
ras [001...0 0 0

000...0 O 1



1.4 k-central Extensions 61

Lqiz i3 -+ quu+2 1 pia p13 -+ Pri+2
fi 01 ga3... q21y42 fy i 0 1 pa3... P42 7
00 O ... 1 00 0 ... 1
for some
Stn41 € LA i (X)), i=1, ..., 1y,
So 42 € LN, i1(X1)], =2, ..., L+ 1,
t,n41 € LA i1 (X9)], =1, ..., 1y,
to. 1,42 € Z[\;, z+1(X2)]7 =2, ..., +1,
Gij EZ[ 11+1( 2)]a i= s+ 1,
Pij € Z[Ni iv1(X1)], i oyl + 1

where X; and X5 are bases of free groups F} and Fj respectively. Then

100...0a

010...00
fi, 42 W o ;

000...01

where

O = q1282, 1,42 — S1,L,+1G0+1 1 +2 T P12t2i+2 — iy 4100 +1 142

Therefore, in view of (1.63), w € ~,42(F) if and only if o = 0. Since
q12521,+2 — t11,41P1,+11,+2 does not depend on A12(X1) A 414,42(X32), condition
(185) implies then that 0 7’5 P12 € Z[/\12(X1)], 0 7é Q111,42 € Z[/\ll-H l1+2]7
and it follows that = 0 if and only if

1252142 — ti1PL+1 442 = 0, (1.86)
and
piatag 12 — S1, 414 +105,4+2 = 0. (1~87)

Since q12 t1l1+1 S Z[/\ii-‘rl (XQ)], S25,+2 Pli+11,+2 € Z[Aii+1(xl)]7 it follows from
(1.86) that Cyq12 = Catyy,+1, C1 Cy € Z. By the Remark on page 52, we have
C1qo3 = Catay,+2. Then (1.87) implies that there exist C3, Cy € Z, such that
Csq23 = Cyq,411,+2. This is possible only in the case [; = 1. We get

Tlcl = f202 mod 7o (F)

&t = mod y(F).

Since any free abelian group is torsion free, we can assume that C; and Co
are of coprime order. Then we have
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w? = [r1, f1 Nra, fo ]E [r1, 7"20][7"2, r7']=1 mod [R, F, F].

From the fact that C; and C5 are of coprime order it follows that w €
Y (F)\ (v;(F) N [R, F, F]) for some j > 3, if and only if w € ~;(F) \
(%(F)N[R, F, F]). Then

= [/, Rl fi] € 735(F).

We have
e =[f1, fo, Ai)¥1for f1, fo]F mod v (F),

for some k # 0. Then

e=lfi, fol, FE£,%] mod 7u(F). (1.88)

Since f1 € Fy, f1 € Fi, [f1, f2] ¢ v3(F), Lemma 1.90 (case (i)) implies that
fEf% € %(F). But this is possible only in the case f; € 4o(F). Thus, in the
case r; & y2(F), i =1, 2, (1.84) implies that m < 3. The case n = 2 is thus
proved and the following holds:

If 1 € Fi, 79 € Fy and there exists m, which depends on r; and 79,
such that [r1, fi][re, f2] € Ym(F) for some fi, fo € F, then [r1, fi][r2, f2] €
[R, F, F).

Now let n > 3. We shall prove the statement by induction on n, assuming
that for n — 1 the statement is proved. Suppose that for a given m, there
exist fi,..., fn, which satisfy (1.83). We can assume that f; ¢ v»(F'). Then,
for fi ¢ (F;)¥ for almost all j = 1,...,n, excepted maybe one of them, i.e.
for all j; # ja:

h ¢ < Jl> N <Fj2>F'

It follows from the fact that (F}, )7 N (F;,)* C v2(F). Then there exists j # 1,
such that f; ¢ (F;)*". Considering the projection

dAj:FHFl*ukaj,l*FjH...Fn,

we get that d;([r1, fi]...[rn, fn]) is an element from d;(R), where d;(R) is
the normal closure of elements 7, ..., 7j_1, rj11,  in d;(F). It is easy to

see that (1.83) implies
dj([ri, fil - [ras fa]) € Y (di(F))\ (v (d;(F)) O [dj (R), Aj(F)vdAj(lz‘)])')
1.89

This reduces the problem to the case n — 1, which is proved by inductive
assumption, i.e., there exists m, depending on 71, ..., r,, such that (1.89)
impossible. Induction is complete and thus the statement is proved. [J

As a consequence of the foregoing result, we have the following generaliza-
tion of Theorem 1.95.
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Theorem 1.97 Let G be a free product of one-relator groups and
1o N->G5G—1

a k-central extension (k =1,2). Then G is residually nilpotent if and only
if G is residually nilpotent.

Proof. Suppose the group G is a free product of n one-relator groups with
n > 1. The case n = 1 is already covered by Theorem 1.95. Suppose n > 1.
If G is a residually nilpotent, then the residual nilpotence of G follows from
Theorem 1.96 and Theorem 1.78.

Next suppose G is a residually nilpotent group and z € ~,(G), 7(g) =
r,9 € G. Then, by Lemma 1.93, [g, ké] = 1; hence [z, 1G] = 1. Tt follows
that [z, yG] = 1. Since any nontrivial free product has trivial centre it follows
that x = 1 and hence G is residually nilpotent. OJ

In view of the preceding results it is natural to raise the following

Problem 1.98 Generalize the preceding results to the case of k-central ex-
tensions with k > 3.

In the case (k > 3) the analysis of the generalized Magnus embedding
looks much more complicated and we leave this problem open.

Para-free Groups

Let F be a free group. Recall that a group G is called F-para-free (or simply
para-free) if it is residually nilpotent and there exists a homomorphism F —
G which induces an isomorphism F/v,(F) — G/v,(G) for every natural
number n. Such groups have been studied by G. Baumslag ([Bau67], [Bau69]).
Call a group G to be weakly para-free if G /v, (G) is para-free. Weakly para-
free groups can be easily described in terms of the Dwyer filtration.

Proposition 1.99 Let G be a group with G/~ (G) free abelian. Then G is

weakly para-free if and only if Ha(G) = (1,55 @%)(G).

Proof. Choose a homomorphism f : F — G, with F free, which induces
an isomorphism on abelianizations. Then the assertion follows from Theorem
1.76. O

Example 1.100 (Baumslag [Bau67]).
Let G be the group given by the following presentation:

G={a,bc|la=Ic" deb).
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Let F be a free group with generators x1, xo. Consider the homomorphism
f:F — G, defined by f: 21 +— b, 9 — c. Clearly f induces an isomorphism
F/v(F) — G/v(G). Since Hy(G) =0, f induces isomorphisms

F/yn(F) = G/7(G), n > 2,
by Theorem 1.76. Hence G is a weakly para-free group.

In general, it is clear from Proposition 1.99 that if G is a residually nilpo-
tent group with G/v5(G) free abelian and Hy(G) = 0, then G is para-free.
The converse statement, namely that Ho(G) = 0 for a para-free group G is
false in general (see Theorem 1.126). Whether the converse holds for finitely
generated groups is an open problem (see[Coc98]).

Problem 1.101 (Para-free Conjecture) If G is a finitely generated para-
free group, then Hy(G) = 0.

The following result provides an equivalent formulation of the Parafree
Conjecture.

Proposition 1.102 Let G be a para-free group. Then Hy(G) = 0 if and only
if G is absolutely residually nilpotent.

Proof. First suppose that Hy(G) = 0. Then M*)(G) = 0 for all n > 1 by
Theorem 5.14. Hence G is absolutely residually nilpotent by Corollary 1.80.
Conversely, let G be an absolutely residually nilpotent para-free group. Let

F/R be a free presentation of G. Then v, (F/[R, F]) ~ (1,22 @%)(G) =0 by
Proposition 1.83. Therefore Hy(G) = 0 by Proposition 1.99. O

Theorem 1.103 Let G be a para-free group and k > 1. Then M™(G) =0
if MED(G) = 0.

Proof. Let f : FF — G be a homomorphism which induces isomorphisms
fn @ F/y(F) — G/v.(G), for all n > 1. Suppose that M*(G) = 0.
Since f induces isomorphisms on lower central quotients, it also induces
isomorphisms

MO(F) ) (F) — M(@) /o (@),

for all ¢ > 1, k > ¢+ 1 by Proposition 1.76. Hence M(?)(G) = gogf)(G) for all
c. Now the assertion follows from the epimorphism M*+)(G) — gogil(G) =
M®)(G) (see Proposition 1.75). O
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Milnor’s p-invariants

Let L be a link in the three-dimensional sphere S3, i.e. L is an embedding of
certain number, say n, of circles:

f:8'u---ust — 85

Let T(L) be the tubular neighborhood of im(f) in S®. The group G(L) =
71 (8% \ T(L)) is called link group of L. Given i, 1 < i < n, let T(L;) be
the tubular neighborhood of the ith component of im(f). For any point xy €
S3\ T(L), connect it with an arbitrary point in OT(L;) by a path p, then
transverse a closed loop in T'(L;), which has linking number 1 with the ith
component of im(f) and return to zy by p~'. Such a loop then defines an
element in the fundamental group G(L) with the base point x, which is
called (the ith) meridian of L. Clearly this element depends on the path p,
but all meridians are conjugates in G(L). The ith longitude I; is the element
of G(L) determined by the the same path p and the loop in T'(L;) whose
linking number with ith component of im(f) is zero; any such pair (meridian,
longitude) constitutes a set of homological generators of Hy (9T (L;)).

There is a natural homomorphism, called a meridional homomorphism
f + F — G(L), where F is a free group of rank n (with generator set
{y1, .-+, Yn}). It maps the generators to the corresponding meridians of L.
The collection of meridians determines a presentation of the quotient group
G(L) /3 (G(L)) [Mil5T]:

G(L)/(G(L)) ~
(@1, ooy | [z, L] =1, i=1, ..., n, ve(F(z1, ..., z))), (1.90)

where xz; = f(y;), l; is the element in F(z1, ..., z,) representing the image
of the ith longitude in G(L)/~,(G(L)).

J. Milnor introduced link isotopy invariants, the so called f-invariants,
which detect whether a meridional map induces an isomorphism

fo: Fly(F) — G(L) /v (G(L))-

Suppose the longitudes of L lie in the kth lower central series term of G(L).
Consider the Magnus embedding

w:ZF(xy, ..., xn)] — Z[a1, - ., anll,
with non-commutative variables a1, ... , a,, defined by

przri—1l+a;, 1<i<n,

-1 2
prztel—a;+al —al+....
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Then fi(iy, ..., ig, j)-tnvariant is the coefficient in Magnus embedding of the
Jth longitude:
M(lj):1+ Z ﬂ(ih"';ikaj)ai.~--aik+...
(ilau-,ik)ESk

The j-invariants are not only isotopy invariants, but are also concordance
invariants. Let L; and Ls be two n-component links in S%. Recall that a link
concordance between L, and Ls is an embedding:

H:(| |8 xI—8xI,

=1

such that H(x,0) represents the first link Ly, H(x, 1) represents the second
link Ls. In such a situation links L, and L are called concordant. Let L, and
Ls be concordant links and H a concordance between them. Then the map
71 (S% — Ly) — 7 (S x I\im(H)) induces isomorphisms of first homology H;
and epimorphisms of second homology Hs. Hence, there are isomorphisms of
lower central quotients of fundamental groups of L; and L.

The link L has all g-invariants of length < k trivial if and only if the
meridional map induces isomorphisms f,, : F/vu11(F) — G(L)/vk+1(G(L))
[Mil57]. This is an interesting class of links which is still not fully understood.
For example, all slice links, i.e. links which are concordant to trivial links
have trivial fi-invariants. It is clear that for any such link L, the group G(L)
1s weakly para-free.

A natural question that arises is the transfinite extension of ji-invariants
[Mil57]. One of the versions of this question can be formulated as follows
[Coc9s]:

Problem 1.104 Is it true that for any link L with trivial g-invariants,
Yw(G(L)) = w1 (G(L)) ?

It follows directly from the para-free property of links with trivial f-
invariants that Para-free Conjecture, together with the exact sequence (1.40),
implies a positive answer to the above problem, and thus provides a topolog-
ical application of this conjecture.

1.5 Nilpotent Completion

For any group G, the nilpotent completion of G is defined to be the inverse
limit of the tower of natural group epimorphisms

= G/m(G) = - = G/(G) = G/ (G),
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We denote it by Z..(G):
Zoo(G) = limp=G /7 (G).
We have the natural map
h:G— Zy(G), (1.91)
defined by setting

h:g— (972(G), 973(G), ...), g€ G,

which clearly is a monomorphism if and only if G is residually nilpotent.

The following result is due to Baumslag and Stammbach [Bau77].

Proposition 1.105 Given a group G, let P be a subgroup of Z(G) such
that h(G) C P. Then the following statements are equivalent:

() h:G — P induces isomorphisms
hi: G/7i(G) = P/yi(P), i > 2.
(it) h: G — P induces an isomorphism
ha : G/72(G) — P/72(P).
(413) The map P — Z+(G) — G/ (G) induces a monomorphism

P/ya(P) = G/72(G).

The above Proposition is a direct consequence of the fact that a homo-
morphism induces epimorphism of lower central quotients if and only if it
induces epimorphism on the corresponding abelianizations.

Let F' be a free group of infinite countable rank. Let X be a free basis of
F. Enumerate X as follows

X ={z1,1, 2,1, 2,2, -+, Th,1y -« Th ky Thtl 1 -« J-
Consider the element
A= (A2(F), Ays(F), ...) € Zuo(F),
where

Mo=1, Ap = [ma1, @2,9)[@3,1, 3,2, ®3.3] . [Tk, 1, -0y Toyk], k> 2.
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It is proved in (Baumslag-Stammbach [Bau77], Bousfield-Kan [Bou72]) that
the element A ¢ v2(Z(F')). Hence we have

Theorem 1.106 For the nilpotent completion map
h:F — Zy(F) (1.92)

the induced map

F/7(F) = Zoo(F) [72(Zoc(F))

18, in general, not an epimorphism.

Orr’s Link Invariants

Let L be an m-component link in S® such that all the ji-invariants of L are
zero. [Vanishing of fi-invariants of L is equivalent to the fact that for the group
G = (5% \ L) the meridian homomorphism F},, — G induces isomorphisms
of lower central quotients, i.e., the group G/, (G) is para-free.] Then there
exists a map p : S*\ L — K(Z(G), 1) = K(Zx(F), 1). Consider the

commutative diagram

um Stx st L ym g8t

rl sl (1.93)

SI\L " K(Zx(F), 1),

where p is the projection of torus to the wedge of circles which maps meridians
to circles, r is an embedding of torus as boundaries of the tubular neighbour-
hood OT(L), s is induced by the homomorphism F,, — Zy(F),). The cone
of the map 7 is the 3-sphere S%. Denote by K, the cone of the map s. Then
the diagram (1.93) implies the existence of the map

f:8 = K,,

whose homotopy class 0(L) € m3(K,) is, by definition, the Orr’s invari-
ant of L. This invariant vanishes for homology boundary links (see Cochran

[Coc91]).

Problem 1.107 Is it true that (L) = 0 for any link L with zero fi-
invariants?

Problem 1.108 Is it true that m;(K,) is uncountable for i > 2%

We shall show below (Theorem 1.126) that the group Ha(Zo(F)) is un-
countable for any free group F of rank > 2 (Bousfield’s theorem [Bou77));
thus the group m(K,) is also uncountable.
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Some Subgroups of Nilpotent Completion

Theorem 1.109 (Baumslag-Stammbach [Bau77], Bousfield [Bou77]). For every
group G, there exists a subgroup G C Z(G) such that, under the map (1.92),
h(G) C G and h induces isomorphisms

hi: G/7i(G) — G/%(G), i > 2,

with the following universal property:

For any group homomorphism f : G — H, with H residually nilpotent, which
induces isomorphisms f; : G/vi(G) — H/v;(H),i > 2, there exists a unique map

f:H — G such that fof=h:G— .

Proof. Let U be the set of subgroups U of Z(G) which contain h(G) and
are such that the induced maps

hi: G/vi(G) = U/v(U), i > 2

are isomorphisms. Let Uy, Uy € U, and let W be the subgroup of Z.(G),
generated by U; and Us. Clearly h(G) C W. Consider the amalgamated free
product Wi = Uj #p(g) Uz. Then we have an exact sequence of homology
groups

Hl(h(G)) — Hl(Ul) D Hl(UQ) — Hl(Wl) — 0,

which enables us to conclude that the natural map h:G — Wi induces
epimorphism of abelianizations:

Ry : G/72(G) — Wi/ (Wh).

Since the map hy can be viewed as the composition of 7L2 with the natural
epimorphism Wy /yo(W1) — W/v2(W), we conclude that h : G — W induces
epimorphism hy : G/72(G) — W/v(W) and hence W € U. Hence the set U
is directed and we can define

G = @UEMU-

We assert that the group G has the desired property. First observe that G €
U. Let H be a residually nilpotent group with a homomorphism f: G — H
which induces isomorphisms f; : G/v;(G) — H/v;(H), i > 2. Then H can
be viewed as a subgroup of Z,(G) which lies in U, and the obvious map
f: H — G meets the requirement of the Theorem. [J

Theorem 1.110 ([Bou77]; see also [Bau77]). If G is a finitely generated
group, then G = Z(G).

In particular, if F' is a free group of finite rank, then its nilpotent comple-
tion Zx(F) is para-free.
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Proof. By Proposition 1.105, it is enough to show that the map
0 Zo(G)/12(Zc(G)) = G/72(G)
is a monomorphism; i.e., we have to show that any element
A= (M7(G), a73(G), ...) € Zo(G), Ai € %(G)

lies in 12 (Z(G)).
Let {z1, ..., x,} be a set of generators of G. We define by induction a
series of elements ugm €@, i>1, k> 1 such that

ug?l = ugk) mod v;11(G), 1 <k <n, i>1;

i.e., an element
B = ()" 7(@), (@), )
of Z4(G) with the property:

A=W, k()] W™, h(z,)],

ul

where h is the natural map (1.91). Observe that element Ay modulo 73(G)
can be written as

Ao = [ugl), x1] ... [ugn), ] mod v3(G)
for some elements u<1’“> € G, 1 < k < n. Suppose we defined elements
ugk), 1<k<n, 1<1i<t,such that
ulF = ugm mod v;+1(G), 1 <k<n, 1 <i<t-—1,
A=, 2] u, 2] mod 4i (G), 1< <t

A1 = [ui”, x1]... [ui"), xn] mod Yi2(G).
Observe then that we can find elements vy, ..., v, € G such that

Pr— [ugl), xq]... [u§”>, p]lvr, 1] - - [Vn, 2] mod Yy 3(G). (1.94)

We set ul®) = u™vy, 1<k <n. Then (1.94) implies

Atp1 = [Ugl, r]. .. [Uﬁ)p r,]  mod y12(G),

which completes the construction of the elements u(*) (i=1, ..., n), thereby
establishing the Theorem. [J

For a free group I’ with basis X of infinite cardinality, one more interesting
subgroup F' of the nilpotent completion Z,(F) was introduced in [Bau77].
It is defined as the direct limit
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F = hl)l(YcX7 Y ﬁnite)ZOO(F(Y))'

It is easy to see that the group Fis para-free, hence there are the following
inclusions: o
FCFCFCZ(F).

It was shown in [Bau77] that the inclusion F' C F is proper.

We next recall a construction which comes from topology and has proper-
ties similar to the one considered in the present section.

Vogel Localization

For a finite CW-complex X, the Vogel localization [Le 83] EX has the
following properties:

(i) EX is the inductive limit of finite subcomplexes
X=XocXjCcXpoC...,

such that X, /X is contractible, i.e., the inclusion X C X, is a homological equiv-
alence and 71 (X,,) is the normal closure of the image of m(X);

(ii) for any pair (K, L) of finite subcomplexes with K/L contractible, any map
L — EX can be extended uniquely (up to homotopy) to a map K — EX.

The theory of Vogel localization was developed by LeDimet for applications in
high-dimensional link theory [Le 88] (see also [Coc05]). Consider the following
group: R

F~m(EK(F, 1))/7.(m(EK(F, 1))).

Clearly, the property (i) of Vogel localization implies that the map F' — a
induces isomorphisms of lower central quotients; hence F' is F-para-free and
there is a chain of inclusions

FCFCZ.(F).

1.6 Bousfield-Kan Completion

The first derived functors of the lower central quotient functors are the same
as Baer invariants (see Appendix, Example A.16). The question of studying
the derived functors of the nilpotent completion functor thus arises naturally.

For a commutative ring R and a simplicial set X, Bousfield and Kan
defined the simplicial set R, X, now called the Bousfield-Kan completion,
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having natural R-localization properties [Bou72|. For example, in the case of
a simply connected simplicial set X and R = Z,, the simplicial set R, X is
homotopically equivalent to the pro-p-completion of X in the sense of Sullivan
[Sul71]. One of the main properties of the Bousfield-Kan completion

Ry : X — R X,

is the following result:

If f:X — Y is a map of two simplicial sets, then f induces isomorphisms
H.(X, R) — H.(Y, R) of reduced homology if and only if it induces the weak
homotopy equivalence Roo X ~ Ry Y.

We consider only the case of R = Z, i.e., Z-completion. One of the major
results in the theory of Z-localized spaces is the “group-theoretical” con-
struction of the functor Z.,. It can be defined with the help of R-nilpotent
completion in the following way.

Theorem 1.111 (Bousfield - Kan[Bou72]). For a given simplicial set X, de-
fine the functor o
Zoo : X — W(Z(GX)).

Then we have a weak homotopy equivalence
ZoX ~ Z(X).

[For the definition of the operator W see Appendix, Section A.8.]

The properties of Bousfield-Kan completion make it possible to identify
the classical K-theory functors with the derived functors of the nilpotent
completion of general linear groups. To show this, let us first recall the basic
definitions.

For a connected CW-complex X with a base point xj, one may obtain
a new CW-complex X by attaching 2-cells and 3-cells to X, so that the
following properties hold:

(i) The map X — X is a homology equivalence.

(i) The homomorphism 7 (X) — (X ™) is the quotient homomorphism 7 (X) —
m(X)/P(m1 (X)), where P(m (X)) is the perfect radical, i.e., the maximal perfect
subgroup, of 7 (X).

Such a space X is unique up to homotopy. Given a ring R, K-theoretical
functors K;(R), i > 1 can be defined as
K;(R) :== m;(BGL(R)"), i > 1.

Recall that a space X with a base point x( is called an H-space if there
is a “multiplication” map p : X x X — X with p(xzg, o) = xo, such that
the maps « — p(x, xy) and © — p(xg, ) are homotopic to identity. We
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next recall the following natural properties of Bousfield-Kan completion and
Quillen’s plus-construction:

(i) For an H-space X, the integral completion is the weak homotopy equiva-
lent to X:
X~7Z.X.

(ii) For any ring R, the plus-construction of the classifying space of its general

linear group BGL(R)" is an H-space.

Theorem 1.112 (Keune [Keu]). Let R be a ring with identity. Then
CnZOO(GL(R)) = KnH(R)v n>1,

where K, s the classical K-theory of R.

[For the definition of the left derived functors £,, see Appendix, Section A.13.]

Proof. Consider the following commutative diagram

BGL(R) —— BGL(R)*

! !

Z+BGL(R) —— Z,.BGL(R)",

where g is the Bousfield-Kan completion of the plus-construction map. Since
plus-construction is a homology equivalence, g is a weak homotopy equiva-
lence. The fact that BGL(R)" is an H-space implies that the right vertical
map is also the weak homotopy equivalence. Therefore,

Ly Z(GL(R)) = mn(W Zoo(GW (GL(R)))) =
Ts1(Zw BGL(R)) = i1 (BGL(R)Y) = Kpni1(R).

That is, the derived functors of the integral nilpotent completion functor
define K-theory of rings. O

The derived functors of the nilpotent completion functor, besides their
K-theoretical meaning, play important role in topology. The celebrated the-
orem of Barratt-Kahn-Priddy-Quillen [Pri] says that there exists a weak ho-
motopy equivalence:

K2, )T ~Q8°,

where QS is a space defined as a limit of loop spaces ©™S™ such that its
homotopy groups 7,(QS") are naturally isomorphic to the stable homotopy
groups of spheres, i.e.,

7, (QS) = 71';?, n > 1.
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Proposition 1.113 ([Bou72], p.207). The derived functors L,Z(3x) of
the nilpotent completion for the infinite symmetric group Y are the stable
homotopy groups 7T;?+1 of spheres.

Proof. The proof repeats the proof of Theorem 1.112. Consider the following
commutative diagram

KXx, 1) — Ko 17"

l l

ZoK (25, 1) —2— Z K(2s, 1),

where g is the Bousfield-Kan completion of the plus-construction map. Since
plus-construction is a homology equivalence, g is a weak homotopy equiva-
lence. The fact that K (., 1)7 ~ QS" is an H-space implies that the right
vertical map is also a weak homotopy equivalence. Therefore,

7Tn+1(ZOOK(EOO7 1)) = 7TTL+1(K(Z<>07 1)+) = 7TSJrl'

That is, the derived functors of the integral nilpotent completion functor
define stable homotopy groups of spheres. [J

The natural inclusion f : 3., — GL(Z) induces a map between derived
functors of nilpotent completions, which is identical to the well-known map

= K.(2)

between stable homotopy groups of spheres and K-theory of integers (see
[Qui)).

We conclude with a mention of the derived functors of the p-adic com-
pletion functor (p-adic completion means the inverse limit over all finite p-
quotients). Let p be a prime and

7° .G — G,

be the p-adic completion functor. What can one say about its derived func-
tors? This question was considered in [Bou92]. One can find the following
beautiful and surprising properties of these derived functors in [Bou92]:

1. Let 33 be the symmetric group of degree 3. Then there is a short exact sequence:

0— T 18 ®Zy — L, 73 (23) — Tor(m,(S?), Z3) — 0.

2. For the infinite symmetric group Yo, L£,Z5%(Xs) is the p-torsion part of the
(n + 1)th stable homotopy group ;.
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Problem 1.114 What can one say about the derived functors of the functors
G — lim G/6;(G) (prosolvable completion) and G +— G (Vogel localization)?

1.7 Homological Localization

General Idea of Localization

Let € be a category and R a set of morphisms in €. Recall that an object
X € €is called R-local if, for every morphism f : A — B from R, the induced
map

Mor(B, X) — Mor(A4, X)

is a bijection. Denote by loc(R) the class of fR-local objects in €. For an
object Y € €, by an R-localization of Y we mean a morphism ¥ — Z in R
such that Z is R-local.

The concept of colocalization can be defined analogously. An object X € €
is called R-colocal if, for every morphism f : A — B from ‘R, the induced map
Mor(X, A) — Mor(X, B) is a bijection. We denote by coloc(R) the class of
R-colocal objects. For an object Y € €, by an R-colocalization of Y, we mean
a morphism Z — Y in R such that Z in fR-colocal.

The (co)localization concept plays an important role in modern algebra
and topology. A lot of important theories, such as algebraic K-theory, or
motivic homotopy theory, can be defined via localizations. A well-written
interesting survey about (co)localizations is [Dwy04]. We present here two
illustrative examples of applications of localizations.

Example 1.115

Let € be a category of pointed CW-complexes. For a given W € €, con-
sider the trivialization map W — pt. The localization in € with respect to
the map W — pt is called a W-nullification. For a given CW-complex X,
n-dimensional sphere S™ and the localization map with respect to the map
S™ — pt, i.e., S"-nullification, is homotopically equivalent to the (n — 1)th
stage of Postnikov tower for X.

Example 1.116

(Berrick-Dwyer [Ber00]) Let W be a CW-complex. Then, for any space X, the
W -nullification is homotopically equivalent to the plus-construction X * if and
only if W is acyclic and there is a nontrivial homomorphism m (W) — GL(Z).
In [Ber00] such complexes W are called spaces that define algebraic K-theory.

Example 1.117

As an application of the cohomological approach to the dimension subgroup
theory, in Chapter 2, we shall describe the quasi-variety of groups with trivial
nth dimension subgroup as a suitable set of local objects.
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HZ-tower

We will now consider the transfinite version of nilpotent completion, the
so-called HZ-localization, due to Bousfield. This is a localization in the cat-
egory of groups with respect to homomorphisms which induce isomorphism
on abelianizations and epimorphism on the second homologies. We construct
a tower of group homomorphisms, which have certain special properties, con-
nected with transfinite lower central series and homology.

Let G be a group. Define the initial terms of the tower as the trivialization
and abelianization:

m: G—>T1G, TlG: 1,
9 G — TQG, TQG = G/’}/Q(G)

Suppose for a given ordinal number o we have constructed the homomor-
phism 7, : G — T,G such that the induced map

Hi(na) : Hi(G) — Hi(ToG)

is an isomorphism. The homomorphism 7, induces a map of classifying
spaces:
Mo : K(G, 1) - K(T,G, 1). (1.95)

Consider the cylinder Cj;, of the map 7, and the homology Hs(7,), which is
defined as the relative homology

Hy(na) == Hy(Cy,,, K(G, 1)).

One has the following long exact sequence of homology groups of the pair

(Ch,, K(G, 1)) :
+ = Hy(G) — Hy(ToG) — Hy(na) — Hi(G) = Hi(ToG) — -
Since the map H (1) is an isomorphism, therefore
Hj(ng) = coker{ Hy(G) — Ho(ToG)}.

The cohomology H?(n,) can be defined in analogy with (1.95) as relative
cohomology. Denote by k, the fundamental class in Hom(H(14), H2(na)) =
H?(Na, Ha(ns)). The natural map

B H2(77aa Hy(na)) — HQ(Tan H>(1a))

determines the element 3(k,) € H*(T,G, Hz(n,)). Identifying cohomology
classes with homotopy classes of maps between Eilenberg-MacLain spaces:

Hz(TaGa HQ(na)) = [K(TaG’ 1)a K(H2(77a>7 2)]?
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we have a map ((ky) : K(T.G, 1) — K(Hy(na), 2), uniquely defined by 7,
up to homotopy, such that the following diagram is commutative:

K(Gv 1) - PK(HQ(na)7 2)
| |7 (1.96)
K(T.G, 1) 250 K(Hy (), 2),

where p is the path fibration with the fibre the loop space QK (Hs(n4), 2).
Taking the induced principal fibration over K (T, G, 1) and applying the fun-
damental group functor, we obtain the required diagram:

G —— G

ST

e, T.G 1,

1 —— Hy(na) —— TonG

where the bottom row is a central extension.

In the case of a limit ordinal number «, suppose we have already defined
homomorphisms 7, : G — T,G for all ordinals 7 < «. Consider the limit
homomorphism

he : G — liLnT<OéTTG

and define T,G to be the maximal subgroup of liLnT<aTTG, which contains
im(hy) and is such that the map h, : G — T,G induces an isomorphism
H(hy) : H(G) — H,(T,G). This is the required homomorphism

Na * G - TaG (g 1i_HlT<aTTG)
Thus we get the following transfinite tower of group homomorphisms:

id

G — G G

S ol

.G " TG " T.G =

L i G — ...

Ta+1G — ...

which is called the HZ-tower of the group G. The HZ-localization of G is the
inverse limit of this H Z-tower:

L:G— L(G) :=lim,T,G. (1.97)

The functor L, constructed above, has the following properties:
(i) L induces isomorphism
Hy(L) : Hi(G) — H\(L(G))

and epimorphism
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therefore, it induces isomorphisms
G/ m(G) = L(G)/vn(L(G))

for all finite n > 1.
(if) L(G) is transfinitely nilpotent for any group G.

(iii) There exists a canonical homomorphism
L(G) = Z(G),

where Z,(G) is the free nilpotent completion of G, which is an epimorphism with
kernel ~,,(L(G)) in the case of a finitely generated group G.

(iv) For any ordinal number «, there is a natural isomorphisms

ToG = L(G) /7a(L(G))- (1.98)

Problem 1.118 Is it true that for every group G, the kernel ker(L) is equal
to the intersection of the transfinite lower central series of G¢

This problem is related to some other questions of localization theory (see
[Rod04]).

The class of HZ-local groups is the smallest class, containing the class of
abelian groups, which is closed under central extensions and inverse limits
[Bou77]. The HZ-localization L : G — L(G) of a given group G can be com-
pletely described as a map, which induces an isomorphism H; (L) : H,(G) —
H;(L(@)), and an epimorphism Hs(G) — Hy(L(G)) with the target group
L(G) HZ-ocal. In particular, for any HZ-local group, the HZ-localization is
the identity homomorphism.

We next present an illustrative example of a method for constructing HZ-
local groups with transfinitely long lower central series or, equivalently, with
transfinitely long HZ-tower.

For a given ordinal number 7, denote by 91, the class of groups G with
v+(G) = 1. For elements a, b in a given group G, the left-normed Engel
elements [a, ;b] are defined inductively by setting

la, ob] = a, and [a, b] = [[a, _1)b], b] for i > 1.

Example 1.119

Let F = {(a, b|®) be the free group of rank 2, H; = F/v(F), i > 2,
and H = [[,., Hi, the unrestricted direct product of the groups H;. Let
z; = [a, (i_2>bT € F, y; = x;7vi(F) and h; the element in H with its ith entry
yi, and identity everywhere else. Consider the group G = H/K, where K is
the subgroup generated by the elements hihjfl, i, 7 > 2. We claim that:

G is an HZ-local group in N, 11 with v,(G) = H<h1> # 1.

>2
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Observe that h; K € v,(G), @ > 2. Let N = [];.,(h;) and

h:(y:{cl’yé:Z?"'7y£€fLM/7"')7 szZ,

an arbitrary element of N. Let n > 1. Since ;K € 7,(G), 2 < i < n,
therefore
hE = (1, ..., 1,y L )K  mod 7,(G).

Note that y¥ = [y; 1, b¥]y:(F) for all i; therefore, modulo 4, (H) we have:

(1, 1,y ) =
L o Loy, s o)y (Lo 1,00, )] (L, o, 1 bR, )] = 1.

Hence hK € 7,(G) for all n and so N/K C ~,(G). Clearly H/N ~
[1,~s Hi/(y:). Since H;, i > 2, is nilpotent it follows that H/N is residu-
ally nilpotent and HZ-local. Therefore 7,,(G) = N/K which is non-identity
(in fact, it is uncountable), and furthermore, since N is central in H, it follows
that v,41(G) = 1 and G is HZ-local.

Recall that the HZ-local groups have the following properties:

Limit property: If 7 is a limit ordinal and f : G — H is a homomorphism
between HZ-local groups which induces an isomorphism fo @ G/vo(G) —
H/~vo(H) for every a < 7, then f induces an isomorphism f. : G/v+(G) —
H/~.:(H) ([Bou77], §3.16).

HZ-closure property: If 7 is a limit ordinal and G is an HZ-local group,
then G/v:(G) is an HZ-closed subgroup of lima<;G/va(G) ([Bou77],
Theorem 3.11).
[A subgroup H C G is called HZ-closed in G if whenever we have subgroups
H C W C G such that the induced map Hy(H) — H; (W) is an epimorphism,
then H = W]

We observe next that the subgroup G of the nilpotent completion (see
Theorem 1.109) can be described as a quotient of the HZ-localization of G.

Theorem 1.120 For every group G, L(G) /v, (L(G)) ~ G.

Proof. Let p be the natural projection L(G) — L(G)/~,(L(G)) and ¢ = poL.
It is clear that ¢ induces an isomorphism G/, (G) ~ L(G) /v (L(G)) for all
n > 1. Therefore by the property (ii) of h : G — G (Proposition 1.105), there
exists a monomorphism 6 : L(G) /v, (L(G)) — G such that 6 o ¢ = h. Clearly
0 must induce an isomorphism

Hy(L(G) /7w (L(G))) — Hi(G).



80 1 Lower Central Series

From the HZ-closure property of the group L(G) it follows that the group
L(G)/7w(L(G)) is HZ-closed in lim,, G/, (G). Therefore ¢ is an isomorphism.
O

Homology of Nilpotent Completion

Let G be a simplicial group. Then one can define two natural objects, con-
nected with nilpotent completion: 7y(Zx(G)) and Zy (m(G)). Also one can
observe that there is a natural map from the first object to the second one.
The fibration exact sequences together with properties of lower central series
of groups give the following result.

Proposition 1.121 ([Bou77], Lemma 5.4). For every simplicial group G,
there is a natural short exact sequence of groups

L — 1! 71 (G/7(6)) = m(Zeo(@) = Zoa(m(G)) = 1. (1.99)

Note that for a free simplicial resolution F' — G of a group G, the groups
m1(F /v, (F)) are Baer invariants. Therefore we get the natural example, when
the ml—term in (1.99) vanishes.

Example 1.122

Let G be a finitely-presented group with Hy(G) finite. Then
lim! M™(@) =0,
p—

by Theorem 1.74, hence, for any free simplicial resolution F' — G there is the
following natural isomorphism:

70(Zoo (F)) = Zoo Q).

Let G be a group and F' — G a free simplicial resolution of G. Then for a
given ordinal number «, the map 7, induces the map

Na i F' = L(F)/7a(L(F))
of simplicial groups. This map induces the natural homomorphism

T0(7a) : G = 7o(L(F))/va(L(F)).

First consider the induced map of homology groups

Hy(mo(na)) + H2(G) — Ha(mo(L(F) /va(L(F))).
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Lemma 1.123 For any ordinal number «, there exists the natural epimor-
phism
Yo (L(F0)) /Y1 (L(Fy)) — coker(Ha(mo(1a)))-

Proof. Consider the first quadrant spectral sequence associated with the
simplicial group L(F)/va(L(F)) (see A.18). It has the initial terms E} :

Eyo=1Z, Ey, = Hi(F,), B} y = Hy(L(F,) /7a(L(F})))

At the next step, we get the following terms Ef,’q:
E}y=0,p>0, El, = H,(G).
Since Ef | = Ef9, we get the following exact sequence
0 — Hy(G) — Hy(W(L(F) [7a(F))) = Eg — 0. (1.100)

The natural epimorphism

Yo : Hy(W(L(F)/7a(F))) = Ha(mo(L(F)/va(F)))

can be viewed as a part of the following commutative diagram:

Hy(G) Hy(W (5 5y) Eds (1.10)
Hy(mo( %IZ(LT}» )) == Ha(mo( %L(%“)) )

The snake lemma applied to the diagram (1.101) implies the chain of
natural epimorphisms

E§72 — Egy — coker(Hs(mo(na)))-
Now observe that

Ef y = Hy(L(Fo) [va(L(Fb))) = Ya(L(F)) /Yar1(L(Ep)). O

Corollary 1.124 Let G be a finitely presented group with Hy(G) = 0 and
[+ Fy — G an epimorphism with Fy a free group of finite rank. Then the
induced map

Hy(f) : Hy(Zso(Fo)) — Ha(Zo(G))

s an epimorphism of the second homologies of nilpotent completions.
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Proof. Consider free simplicial resolution F' — G with the zero-th term Fj
equal to the free group from the statement of Corollary. Lemma 1.123 implies
that there is the following epimorphism:

Hy(Zoo(F)) = 7o (L(FY)) /Vorr1 (L(Fp)) —
coker{ Hy(G) — Hy(mo(Zoo(F)))} = Ho(mo(Zso(F))).

It follows from the previous example that my(Z(F')) is naturally isomorphic
to the nilpotent completion Z,(G) and the assertion follows. O

Proposition 1.125 ([Bou77], Proposition 4.3). Let G be the fundamental
group of the Klein bottle:

G = {a,b | aba”'b=1).

Then Hy(Z.(G)) is uncountable.

Proof. The group G is a metabelian group and, for any k > 2, there exists
the following commutative diagram with exact horizontal maps:

1 —— Zoppr —— G/(G) Z 1
T T H (1.102)
1 —— Zpo —— G/n(G) L L

where the subgroup Zsi-1 is generated by element b;(G) i = k, k+1. Consider
the inverse limit over k. Using the fact that limiZQk = 0, we get the following
—
exact sequence:
1 — Zg) — Zo(G) = Z — 1, (1.103)

where Z) is a group of 2-adic integers. The Hochschild-Serre spectral se-
quence for extension (1.103) gives the following short exact sequence for all
k> 1:

Since Zy) is torsion-free uncountable, tensoring it with Q we get the un-
countable Q-vector space with uncountable second homology. Hence
Hy(Z, Hy(Z3))) is uncountable and the needed statement follows.

Furthermore, one can easily show that Hy(Z.(G)) = Ho(Z, Hy(Z3))). The
action of the infinite cyclic group Z on Zy) is given by:

zo(z1, oy ... ) = (27, 25ty o), 2 € Lo,

where z denotes the generator of Z. For the group Z the augmentation ex-
tension
0—-3—ZZ)—Z—0
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is a free resolution over Z. By definition, we have
Hi(Z, L) = ker{3 ®z7) L) > L)},
g:aQ@uwr aow, a €3, weE Lpy).

The augmentation ideal 3 is a principal ideal in Z[Z], generated by the element
(1 — 2); thus every element from 3 ®z(7 Z() can be presented uniquely as
(1-2)®w, w € Zp). Then q: (1 —2) @ w — w? in Z). Since Zs) is torsion
free, therefore the kernel of ¢ is trivial and Hy(Z.(G)) = Ho(Z, Hy(Z3))). O

Theorem 1.126 (see [Bou77], Proposition 4.4). Let F' be a finitely generated
non-cyclic free group. Then Hy(Zo(F')) is uncountable.

Proof. Construct epimorphism F' — G, where G is the fundamental group
of Klein bottle and apply Proposition 1.125 and Corollary 1.124. [

Theorem 1.126 shows that the transfinite lower central length of the HZ-
localization of a free group of finite rank is greater than the first limit ordinal,
ie.

Yoo (L(F)) # Y1 (L(F)).

The following problem thus arises naturally:

Problem 1.127 What is the transfinite lower central length of L(F) for a
free group F'?

Transfinitely Para-free Groups

As a generalization of the notion of para-free groups, we define, for a given
ordinal number 7, a group G to be 7-para-free if there exists a homomorphism
F — G, where F is a free group, which induces an isomorphism

L(F)/7-L(F) ~ L(G) /7 L(G);
here L : G — L(G) is the HZ-localization functor [see 1.97]. Note that, in
view of the limit property of HZ-local groups, the following holds:
A group G is w-para-free if and only if it is weakly para-free.

There exist groups which are w-para-free but not (w + 1)-para-free.

Example 1.128

If F is the free group of finite rank, then its nilpotent completion Z,(F) is
w-para-free but not (w + 1)-para-free. The fact that Z. (F') is para-free has
already been mentioned (Theorem 1.110). Suppose Z.(F) is (w+1)-para-free,
i.e., there exists a homomorphism f : F — Z(F), where ¥ is a free group,
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which induces an isomorphism L(F)/v,11L(F) ~ L(Zo(F)) /Vo11 L(Zoo (F)).
Observe that Z.(F'), being inverse limit of nilpotent groups, is residually
nilpotent and HZ-local and so L(Z.(F)) = Z.(F). Thus

L(Zo(F)) /101 L(Zo(F))) = Zoo(F) [Ye41(Zoo(F)) = Zoo(F).

Therefore L(F)/v,+1L(F) is residually nilpotent and so v, L(F) = v,4+1L(F).
Since L(¥) is transfinitely nilpotent, it follows that

YL(F) =1 and L(F) ~ Z(F).

This, however, is not possible since Ho(L(F)) = 0 and Hy(Zw(F)) is un-
countable by Theorem 1.126. Hence Z (F') is not (w + 1)-para-free.

It follows directly from the construction of H Z-localization that:

If G is a group such that Hi(G) is free abelian and Hy(G) = 0, then G is T-para-free
for every ordinal number T.

We call a group G to be a globally para-free group if it is T-para-free for
every ordinal number 7. The following problem, which may be compared
with Para-free Conjecture, then arises naturally:

Problem 1.129 Is it true that if G is a globally para-free group, then
Hy(G) =07

1.8 Crossed Modules and Cat!-Groups

The category Ho,, of homotopy n-types consists of connected CW-complexes
X whose homotopy groups m;(X) are trivial in dimension > n + 1. There
is a natural map p, : Top — Ho,, where Top is the category of topological
spaces and p,,(X) is the nth stage of the Postnikov tower for X € Top. It is
well-known that the category Ho, is equivalent to the category Gr of groups.
The corresponding equivalence map p; : Top — Ho; is the usual classifying
space functor
p X — K(m(X), 1), X € Top.

In the case of the category of homotopy 2-types, there are a lot of algebraic
models. The following categories are equivalent and present the algebraic
models of the category Hos [Lod82]:

Category CM of crossed modules;

Category Cat! of cat'-groups ;

Category SGr(1) of simplicial groups with Moore complex of length 1;
Category Cat(Gr) of internal categories in the category of groups;
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Here we consider the equivalence between categories CM, Cat! and SGr(1).

A crossed module is a triple (M, 9, G), where G and M are groups, G acts
on M (we denote the action as gom for g € G, m€ M), and 0: M — G is
a group homomorphism such that the following conditions are satisfied:

CM1: d(gom)=gd(m)g " (g€ G, méeM);
CM2: mnm ' =0(m)on (m,nc M).

Sometimes a crossed module (M, 9, G) is also called a G-crossed module.

A morphism (f,h) : (M,0,G) — (M',d,G’) between crossed modules
consists of a pair of group homomorphisms f : M — M', h : G — G, such
that the following diagram is commutative:

M%M’

8l B’l

¢ "
and f(gom) = h(g)o f(m), g € G,m € M. Thus, we have a category, which
we denote by CM (the category of crossed modules). Analogically we can
define morphisms in the category of G-crossed modules (for a fixed acting
group G3), which we denote CMg.

Example 1.130

(i) Let G be a group, and H its normal subgroup. Then the natural inclusion
i : H — G defines the structure of a crossed module (H, i, G), where the
action of G on H is by conjugation.

(ii) Let G be a group and i : G — Aut(G) the group homomorphism, which
maps ¢ € G to the inner automorphism = +— gzrg~', = € G, of G. Then the
triple (G, 4, Aut(G)) is a crossed module.

(iii) (Quillen). For any fibration

rLe2x, (1.105)
the induced map on fundamental groups
s m(F) — m(FE)

defines the structure of the crossed module (7 (F), i, m1(F)). This crossed
module is called the fundamental crossed module of the fibration (1.105).
(iv) (Baues-Conduche [Bau97], see Lemma 3.2). Let G be a simplicial group

with face maps 9; : G, — Gp—-1, 0 < i < n, and (N,(G), 9,,) its Moore

complex. Then the homomorphism 0, (G) induces an exact sequence of groups

0 — 70(G) — coker(Fps1) 2 ker(Fp_1) — mn1(G) — 0.
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The triple (coker(9,11), 07, ker(0,,_1)) has a natural structure of a crossed
module.

For more examples, see the recent paper of Martins [Mar].

Free and projective objects can be naturally introduced in the categories
CM and CMg. A crossed module (M, 9, G) is called a free crossed module
with a basis {m,} C M, if the following condition holds:

For any crossed module & : M' — G’, any subset {m/,} C M and a homomorphism
f: G — G, such that f(9(mg)) = & (ml,), there exists a unique homomorphism
h: M — M’ such that h(m,) = m/, and the pair (h, f) is a morphism of crossed
modules.

A free G-crossed module, i.e., a free object in the category CM, is defined
in a similar manner.
A G-crossed module (M, 0, G) is called G-projective, if for any epimor-
phism
f = (f, ld) : (Ml, 81, G) — (MQ, 82, G)

and any G-homomorphism

h:=(h,id): (M, 9, G) — (Ms, 05, G),
there exists a morphism

q:=(g,id) : (M, 9, G) — (M, 01, G),

such that fg = h (product of morphisms means composition).

The characterization of free and projective G-crossed modules was given by
Ratcliffe [Rat80] (Ratcliffe’s results and many other results from the crossed
module theory can be found in [Dye93]). We will use the following equivalence
(see, for example [Dye93], Theorem 2.3). For a G-crossed module (M, 9, G)
the following conditions are equivalent:

(i) (M, 9, G) is a projective crossed G-module;

(ii) the abelianization Mgy, = H;(M) is a projective Z[coker(d)]-module and the
homomorphism Hy(M) — H,(im(9)) is trivial.

A crossed module (M, 0, G) is called aspherical, if O is injective. If fur-
thermore, 0 is an isomorphism then the crossed module is called contractible.
Let (X, Y) be a pair of topological spaces. Then the boundary map

0:m(X,Y)—-m((Y) (1.106)

defines the structure of a crossed module. J. H. C. Whitehead [Whi41] proved
that any free crossed module can be realized topologically as (1.106) for the
case when X is obtained from Y by adding only 2-cells.

In the case of topological pairs (X, X)), where X is the 1-skeleton of a
space X, we have X(1) homotopically equivalent to the wedge of circles and
71 (XM) a free group. In this case there is the following exact sequence:
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0 — m(X) — m(X, X)) - m (X)) - 7 (X) — 1. (1.107)

The motivation for the definition of aspherical and contractible crossed mod-
ules directly follows from this sequence. The natural functor

Hoy — CM
which provides an algebraic model for Ho, is given by
X — (m(X, XW), 9, m (X)), (1.108)

For a given space X, the crossed module defined by (1.108) is called the
fundamental crossed module of X. The functor

B:CM — Top,

which can be viewed as a classifying space functor, was defined by Loday
[Lod82]. For a given crossed module (M, 9, G), the space B(M, 9, G) has
the following homotopy groups

mB(M, 9, G) = coker(0),
mB(M, 0, G) = ker(0),
>

mB(M, d,G) =0, i>3,

and has the property that the second stage of Postnikov tower po B(M, 9, G)
is weakly equivalent to (M, 9, G) in CM. It is shown in [Lod82] that such a
functor can be constructed by taking the geometric realization of the diagonal
of the bisimplicial set NN L(M, 9, G).

There is the equivalent description of the category CM in terms of the
so-called cat!-groups. Recall that a cat!-group consists of a group G with
two endomorphisms s, t : G — G, satisfying

ss = s, st =t, ts = s, [ker(s), ker(¢t)] = 1.

Example 1.131

In analogy with the concept of the fundamental crossed complex for a given
fibration, the concept of the fundamental cat'-group can be naturally defined.
For a given fibration (1.105), consider its pullback

Exx E= {(61, 62) ceExFE | p(el) :p((iQ)}.
It is easy to show that there is a natural isomorphism of groups
’/T1(E Xx E) ~ 7T1(E) X 7T1(F).

Let s and ¢ be the a compositions of the projection of E x x E on the first
and second coordinates respectively with the diagonal embedding. Then
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(E XX Ea S, t) = (7T1<E)7 i*v ﬂ_l(F))
is a cat!-group, called the fundamental cat!-group for the fibration (1.105).

Theorem 1.132 (Loday [Lod82]). The categories CM, Cat' and SGr(1) are
equivalent.

We will define the equivalence maps between these categories omitting the
details of the proof. For a detailed proof the reader can refer, for example, to
[Lod82].

Equivalence map F : CM — Cat' can be constructed by setting

F:(M, 8, P)es (M P,s: (m,p) —p, t: (m, p) o 8(m)p).  (1.109)
Its inverse F~!: Cat! — CM is constructed by setting
F . (E, s, t) = (ker(s), tlier(s), im(s)),

where the action of im(s) on ker(s) is by conjugation.
For a space X, the cat'-group defined as

X = (m(X, XW) s (XD,

St (m> p) =D, t: (mv p) = a(m)pv me 7T2(X7 X(l))ﬂ pe WI(X(U))
(1.110)

is called the fundamental cat'-group of X. We will denote it by £(X).
The equivalence map P : SGr(1) — CM can be constructed as follows:

P:.Gw (NGl, d1|NG17 N()G), G e Sg’l‘(l)

For the construction of its converse P~! : CM — SGr(1), we define the
notion of the nerve of a given crossed module. Given a crossed module M =
(M, 9, G), its nerve E(M) is the simplicial group

E,M)=Mx(-x(MxG)...) (nsemi-direct products),

do(my, ..., mp, g) = (Ma, ..., My, g),

di(my, ..., mp, g) = (M1, ... ,MMyi41, .., Mp, g), 0<i<n,
dp(my, ...y mp, g) = (M1, ..., mp_1, O(My)g),

si(ma, ooy mp, g) = (ma, ..., my, 1, mipq, my, g), 0<i<mn,

for m; € M, g € G. It can be directly checked that the Moore complex of
E(M) is exactly the crossed sequence ker(9) — M — G, thus the nerve can
be viewed as a functor

E:CM — SGr(2),
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where SGr(2) is the category of simplicial groups with Moore complex of
length < 2. The required map can be defined as

P M sk E(M)).

Peiffer Central Series for Pre-crossed Modules

If M and G are groups such that G acts on M:
g:mw—gom, geG, me M, (1.111)
0: M — G is a group homomorphism which satisfies
d(gom)=gdm)g™', g€ G, me M,

then the triple (M, 9, G) is called a pre-crossed module. Clearly any pre-
crossed module (M, 9, G) which satisfies the additional condition:

mnm ™t =d(m)on, m,n € M,

has the structure of a crossed module.

Example 1.133
Let G and H be groups such that G acts on H. Then the natural epimorphism

fHxG—-G

defines the pre-crossed module (H x G, f, G), which is not a crossed module
in the case when G is non-abelian.

For elements m, n € M, define the Peiffer commutator
(m, n) = mnma(m) on".

Then a pre-crossed module (M, 9, G) is a crossed module if and only if every
Peiffer commutator is trivial.

For two subgroups M, My of M, let (M, Ms) denote the subgroup of M,
generated by all commutators (mq, ma), m; € My, my € My. The Peiffer
central series [Bau90] P, := P,(M, 0, G), n > 1, of the pre-crossed module
(M, 9, G) is defined inductively by setting

P =M, P,= [] (P Pj), n>2

i+j=n
It is easy to see that

Pn = <Pn,1, M><M, Pn71>; n Z 2.
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The pre-crossed modules with P trivial play a central role in the theory of
homotopy 3-types (see Baues [Bau91]).
For n > 2, the quotients P, /P, are abelian groups. The action (1.111)
defines a Z[coker(9)]-module structure on the abelian group P, /Py, 1, n > 2.
Another interesting series {Q,, },>1 in the the pre-crossed module (M, 9, G)
is defined as follows:
The action (1.111) again defines a Z[coker(d)]-module structure on the
abelian group Q,/Qn+1.

Remark. In analogy with the concept of crossed module, the crossed module
of Lie algebras can be defined. This is a triple (M, 9, L), where M, L are Lie
algebras, 0 : M — L is a homomorphism of Lie algebras, L acts on M and
the following conditions are satisfied:

(1) (gom) =[g,0(m)], g € L, m € M,
(1) O(b)oc=[b, ], b, c € M.

The concept of cat!-Lie algebra can be naturally introduced. The same type
of constructions as in the case of groups show that the categories of crossed
modules of Lie algebras, cat'-Lie algebras and simplicial Lie algebras with
Moore complex of length one are equivalent [E1192].

First k-invariant of a Crossed Module

For a given space X, the pair (m(X), m(X)) is not a complete set of in-
formation to determine the corresponding 2-type. That is, it is possible to
construct two spaces X and Y, such that there is an isomorphism of groups
m(X) =~ m(Y) and of Z[m]-modules 7 (X) ~ my(Y), but the corresponding
2-types p2(X) and po(Y) are not the same. To complete the set of alge-
braic invariants which determine the 2-type, define the cohomological class
k(X) € H3(m(X), m (X)), called the first k-invariant of X (or the first Post-
nikov invariant of X).

Let (M,0,F) be a crossed module with F a free group. Choose a set-
theoretical section s : coker(d) — F of the map h : F — coker(9), i.e.,
h o s = ideker(9)- Consider the corresponding 2-cocycle

W(q1, ¢2) = s(q142) " 's(q1)s(q2) € D(M), q1, g2 € coker(D).

Since F is free, we can choice the homomorphic section ¢ : (M) — M,
such that d ot = idyar). Let v(qi, g2) = t(W(q1, q2)) € M. Now define the
3-cocycle
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w(q, g2, a3) = v(@2, 3) " 0(a1, @203) 0(@162, G3)V(a@1, @2)" P € ker(0),

with ¢q1, g2, g3 € coker(9). It can be shown that the image of w(qi, g2, ¢3)
in H?(coker(d), ker(d)) is independent of the choice of sections s and t.
The corresponding element k(M, 8, F) € H?(coker(9), ker(9)) is called the
k-invariant of (M, 0, F).

Now, for a given space X, the first k-invariant can be defined as a
k-invariant of the fundamental crossed module of X:

k(X) = k(m(X, XW), 9, m (X))

Now the set (m(X), m2(X), k(X)) completely determines the 2-type of X.
That is, two spaces X and Y have the same 2-types po(X) ~ po(Y) if and
only if there is an isomorphism of groups 7 (X) ~ m(Y), an isomorphism
of Z[m]-modules 75 (X) ~ m(Y) and the corresponding k-invariants coincide
E(X) =k(Y).

In the case of the trivial first k-invariant, the corresponding 2-type of a
space is equivalent to the product of Eilenberg-MacLain spaces: po(X) =~
K(m(X), 1) x K(m(X), 2).

Example 1.134

(Arlettaz, Baues-Conduche, [Bau97]). Let X be a space and Q*(X) the path
component of the double loop space. Then k(2?(X)) = 0 and hence there is
a homotopy equivalence:

po(Q(X)) ~ K(m3(X), 1) x K(my(X), 2).

It is known that any abstract 2-type, i.e. a set (my, mo, k), where m; is a
group, m a Z[m]-module, k € H3(my, m), can be realized by 3-dimensional
complex [Mac50]. That is, there exists a 3-dimensional connected complex
X with m(X) = 7, ma(X) = m9, as modules over m(X) and k(X) = k €
H3(m(X), m(X)). However, not every 2-type can be realized by a connected
2-dimensional complex. The set of necessary and sufficient conditions for
the triple (1, 9, k) to be realizable by a 2-dimensional complex is given in
[Dye75].

Homology and Lower Central Series of Crossed
Modules

There are different ways to define (co)homologies in the above categories.
G. Ellis defined homologies of the given crossed module (M, 9, G) as H.B
(M, 0, G) [EN192]. Tt directly follows from the definition of the classifying
space of a crossed module that, for any crossed module (M, 9, G), there
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exists a fibration
K (ker(9), 2) — B(M, 9, G) — K(coker(9), 1)
and hence, the spectral sequence
H,(coker(0), Hqy(K (ker(0), 2))) = HpiqB(M, 0, G). (1.112)

For the computation of the homology groups H,(K ker(9), 2) one can use
the functorial method given by the Dold-Puppe spectral sequence (A.32) (see
also [Bre99]).

Clearly a similar spectral sequence exists with coefficients in a given
Z|coker(9)]-module N.

Proposition 1.135 If (M, 9, F) is a projective crossed module, F a free
group, N a Z[coker(d)]-module, then the map

d3 = —Nk: Hy(coker(9), N) — H,_3(coker(d), ker(d) ® N)

18 an isomorphism for alln > 4.

Proof. Consider the following central extension of the free group im(9) :
1 — ker(9) - M — im(9) — 1. (1.113)

Since H(im(9)) = 0, we have ker(9) N (M) = 1; therefore we have the
abelianization of (1.113):

0 — ker(9) — Myp — im(9)qp — 0, (1.114)

which can be viewed as a short exact sequence of Z[coker(d)]-modules. The
module im(9); is exactly the relation module of the group coker(d), given by
presentation F'/im(9). Therefore, the Magnus embedding gives the following
exact sequence of Z[coker(d)]-modules:

0 — ker(9) — My, — W — Z|coker(9)] — Z — 0, (1.115)

where W is a free Z[coker(d)]-module with a basis in 1-1 correspondence
with a basis of F. Then the map — Nk can be viewed through the functor
H,(coker(9), — ® N), applied to the sequence (1.115). The required isomor-
phism follows from the dimension shifting principle. J

Corollary 1.136 Let (M, 0, F) be a projective crossed module with F free.
Then H3B(M, 0, F) = 0.

Proof. The assertion follows from the spectral sequence (1.112), Proposition
1.135 and the fact that Hy(K (A4, 2)) = 0 for any abelian group A. O
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In the work [Car02] the authors show that CM is a tripleable category
over sets and define homology of crossed modules as cotriple homology in the
sense of Barr-Beck [Bar69]. Homologies in the sense of [Car02] are functors
H, : CM — Ab(CM) from the category CM to the category Ab(CM of
abelian crossed modules. That is, for any crossed module (M, 9, G), we have

H.(M, 9, G) = ((H.(M, 9, G), h,, kH.(M, 9, G)),

where £H.(M, 0, G), kH.(M, 0, G) are abelian groups with trivial action
of kH.(M, 9, G) on EH.(M, 0, G). We shall use the following properties of
these homologies:

1. [Gra00]. For any crossed module (M, 8, G) there exists a natural long exact
sequence

--— H,WB(M, 9,G) — {H,(M, 9,G) — H,(G) - H,B(M, 0, G) — ...
(1.116)
2. 5-term sequence for crossed modules [Car02].
Let
(N, py R) = (Q, p, F) — (T, 0, G)

be a short exact sequence of crossed modules. Then there exists a long exact sequence
of abelian crossed modules:

_ N
[F, N][R, Q]
H(Q, u, F) — H\(T, 8, G) — 0 (1.117)

HZ(Q7 12 F)_>H2(T7 av G)_>( s My R/[F7 R])_>

Define the lower central series {v;(G, M)};>1 for a crossed module 9 :
M — G by induction: v1(G, M) := M and ~;;+1(G, M) is the subgroup of
M, generated by elements

[g, m] == (gom)m™', m €~ (G, M), g €G. (1.118)

Denote the intersection of the series {v;(G, M)};>1 by v.(G, M). A crossed
module (M, 9, G) is called residually nilpotent if ~,(G, M) = {1}. We will
use the standard notation v;(G), 1 < i < w, for the lower central series of a
group G.

Define Baer invariants of a crossed module (M, 9, G) as

B®(M, 0, F) = ker{d, : M/11(G, M) — F/y1(F)}.
For any crossed module (M, 9, G) there exists the following exact sequence:
Hy(G)— Hy(B(M, 0, G)) — M/v2(G, M) — G/72(G) — Hi(coker(9)) — 0.

In particular, if Hy(G) = 0, for example if G is free, then BN (M, 9, G) =
Hy(B(M, 9, G)).
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Theorem 1.137 (Mikhailov [Mik07b]). Let (M, 9, F) be a crossed module
with F' free, Hy(coker(9)) torsion free and Ho(B(M, 0, F)) = 0. Then for all
n>1,

B™(M, 8, F) = 0.

Proof. The proof is by induction on k. Suppose B*)(M, 9, F) = 0 for some
k. Consider the following short exact sequence of crossed modules:

(Vk(Fv M)v O, IVk(F)) - (Mv 9, F) - (M/'yk(Fﬂ M)v 8;27 F/’Vk(F))ﬂ
where 0} : M /vy (F, M) — F/v,(F) is induced by 0 : M — F. It induces the
following epimorphism, coming from the 5-lemma analog for crossed modules
(1.117):

Hy(M /e (Fy, M), 0, F/vi(F)) = (v (F, M)/ve1(F, M), O, v (F) /A1 (F)).

That is, we have the following commutative diagram:

0 —— ker(hs) LEHz(M/’Yk(FvM)a Op, F/yw(F)) —— Hy(F/v(F))

| d |

0 —— ker(9;) —— Vi (Fy M)/ Vi1 (F, M) — W (F) /1 (F),
(1.119)

where s is an epimorphism. Hence ¢ is also an epimorphism.
Since we have the following exact sequence

0 — ker(9}) — B**(M, 8, F) — B®(M, 8, F),

and commutative diagram (1.119), for the inductive step it is enough to prove
that ker(hg) = 0. In view of sequence (1.116), ker(hy) can be presented as

ker(hs) = coker{ H3(F'/yn(F)) — H3(B(M /v (F, M), Ok, F/y(F))}-

Note that the assumption of induction implies that ker(9y) = B*) (M, 9, F) =
0, hence

B(M/vi(F, M), Ok, F/v(F)) = K(coker(9)/vi(coker(d)), 1)
and
ker(hg) = coker{ H3(F /v, (F)) — Hs(coker(9)/vi(coker(9)))}.  (1.120)

Since Hj(coker(0)) is free abelian, there exists a subgroup H in F', such
that the restriction of the homomorphism 0:

Ol : H — coker(0)
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induces isomorphism of abelianizations
H/~9(H) =~ coker(9)/v2(coker(9)).

Observe that Hs(coker(d)) = 0, since Hy(B(M, 9, F) maps epimorphically
onto Hs(coker(9)). Therefore, 9|y induces isomorphisms of quotients

H/~n(H) ~ coker(9) /vy (coker(d))
for all n > 1. Hence we have the following commutative diagram

H.(H/vn(H)) ——— H.(coker(d)/1(0))

l I

H(H/H Ny (F)) ——  H(F/7(F)),

where the upper horizontal map is an isomorphism. It implies that the natural
map H,.(F/yn(F)) — H.(G/v.(G)) is an epimorphism for all n > 1 and
therefore, ker(hs) = 0 by (1.120). O

Theorem 1.138 If (M, 0, F) is a crossed module with F' free, Hy(coker(9))
free abelian and Ho(B(M, 0, F')) =0, then ker(0) = v, (F, M).
Proof. It is clear that

ker(9)
ker(9) N, (F, M)

Cker{M/v,(F, M) — F/v,(F)}, n>1. (1.121)

It follows from Theorem 1.137 that B™ (M, 9, F) = 0, i.e. the kernel (1.121)
is trivial and ker(9) € ~, (F, M) for all n > 1.

If m € v (F, M), then m is presented as the product of the elements
of the form (gos)s™!,s € M,g € F. But 9((g o s)s™!) = [g, 9(s)], due
to CM1. Therefore d(m) € v (F). By induction we conclude that d(m) €
W (F), m € v,(F, M) for all n > 1. The residual nilpotence of F' then
implies that m € ker(9) for m € v, (F, M), and the result is thus proved. OJ

Proposition 1.139 (Mikhailov [Mik07b]). Let (M, 0, F) be a crossed module
with F free group and HyB(M,0,F) ® Q = 0, then B®(M,0,F) @ Q = 0
forallk > 1.

Proof. The proof is by induction on k. Suppose B¥) (M, 9, F) ® Q = 0,
for some k > 1. The diagram (1.119) and arguments used in the proof of
Theorem 1.137 imply that the completion of the inductive step follows from
the fact that the group

ker(hy) = coker{ H3(F/yn(F)) — H3B(M/vx(F, M), Oy, F/v(F))}

consists of torsion elements.
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The fibration

K(B<k)(M7 9, F), 2) = B(M/v(F, M), Oy, F/y(F))
— K (coker(0) /i (coker(9)), 1)

defines the following spectral sequence
E} = Hy(coker(d) /vy (coker(d)), H,K(B® (M, 0, F), 2)) =
It is well-known that for any abelian group A,
HIK(A7 2) = 07 HQK(A7 2) = Aa HSK(Aa 2) = 01
therefore the spectral sequence (1.122) implies the following exact sequence:
H) (coker() /v (coker(d)), B¥ (M, 8, F)) —

Hs B(M /v (F, M), O, F/v(F)) — Hs(coker(0)/k(coker(0)))
— Hy(coker(d) /i (coker(d)), B®(M, 8, F)) (1.123)

We have B*) (M, 9, F)®Q = 0 by induction hypothesis. Therefore, tensoring
the sequence (1.123) by Q, we get the natural isomorphism

H3B(M /v (F, M), 85, F/v(F)) ® Q =~ Hj(coker(d) /v (coker(d))) ® Q.
Thus we have
ker(hs) ® Q = ker{H3(F/~3(F)) — Hs(coker(9)/~x(coker(d)))}.

The next step is the same as in the proof of Theorem 1.137: we choose a
subgroup H in F' such that there is an isomorphism of Q-modules:

fle : H®Q — coker(9) ® Q.

The Q-version of Stallings Theorem then implies that f|g induces isomor-
phisms of Q-localizations

H/v(H) ® Q ~ coker(9) /v (coker(9)) ® Q.

Now the same argument as in the proof of Theorem 1.137 implies the required
statement, namely ker(hs) ® Q = 0. O

The definition of the lower central series for a crossed module (M, 0, G)
can be extended to transfinite ordinal terms; more precisely, for an arbitrary
ordinal number «, by transfinite induction we define v,41(G, M) to be a sub-
group in v, (G, M), generated by elements [g, m], m € v,(G, M), g € G. For
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a limit ordinal 7, we define v, (G, M) to be the intersection (), , Va(G, M).
A crossed module (M, 9, G) is called transfinitely nilpotent, if v,(G, M) =
{1} for some ordinal number a.

The exact sequences (1.116) and (1.117) imply the following commutative
diagram:

HgB(M7 87 G) — gHQ(M7 8, G) EE—— Hz(G)
H3B(%) 8) G/'YW(G)) €H2(7w(%{ M) 37 G/’Yw(G)) HQ(G/VN(G))

! ! !

R (<)Y et (<)

! !

0 0

ker(d.,) ——  Yu(G, M) /w1 (G, M)

(1.124)

In the case of a free group G = F', we get the following exact sequence:

HgB(M, 87 F) - H3B(M/WW(F7 M)» 57 F) - ’YW(F, M)/’Yw+1(F7 M) - 07
(1.125)

which implies the following

Proposition 1.140 If (M, 90, F) is a projective crossed module, F a free
group, then there is the following isomorphism

H3B(M /v, (F, M), 9, F) ~ 7, (F, M) /o1 (F, M). (1.126)
Furthermore, if HyB(M, 9, F) = 0 and Hy(coker(9)) is free abelian, then

Hj(coker(9)) =~ v, (F, M) /Y1 (F, M). (1.127)

Proof. By Proposition 1.135, H3B(M, 9, F)) = 0. The isomorphism (1.126)
follows from the exact sequence (1.125). Now suppose HyB(M, 9, F) = 0
and Hj(coker(0)) is free abelian. Theorem 1.138 then implies that the
crossed module (M /v, (F, M), 0, F) is aspherical and coker(9) = coker(d);
consequently, B(M /~,,(F, M), 0, F) is the classifying space K (coker(d), 1)
and the required isomorphism follows from (1.126).

Obviously, one can get (1.127) immediately from Theorem 1.138 and
Hopf’s sequence (the sequence obtained by abelianization of the crossed mod-

ule together with an application of the functor Hy(coker(9), —). O
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Faithfulness and Residual Nilpotence

It follows from CM2 that ker(9) is a central subgroup in M, therefore ker(9)
has the structure of a Z[coker(9)]-module.

Theorem 1.141 (Mikhailov, [Mik06a]) Let F be a free group and (M, 0, F)
a non-aspherical projective F-crossed module. Then coker(0) acts on ker(0)
faithfully.

Proof. As noted in the proof of Proposition 1.135, ker(9) N (M) = 1;
therefore we have an exact sequence (1.115) of Z[coker(9)]-modules.

Suppose g € coker(d) is such that g o x = x for all z € ker(9). De-
note by E the cyclic subgroup in coker(9) generated by g. By hypothesis,
the crossed module (M, 9, F) is projective; therefore, using Ratcliffe’s char-
acterization [Rat80] of the projective modules, we conclude that Mg, is a
projective Z[coker(9)]-module, i.e. there exists a Z[coker(d)]-module N such
that My, @ N is a free Z[coker(9)]-module. Since ker(9) is embedded into the
free Z[coker(0)]-module My, & N, we conclude that g — 1 has a nontrivial
annihilator in Z[coker(d)] and, therefore, g is of finite order in coker(9).

Applying the homology functor H,(F, —) to the sequence (1.115), con-
sidered as a short exact sequence of Z[coker(9)]-modules, and using the fact
that

H;(E, Myy) =0, Hy(E, W) =0, i > 1,

we get
H;(E, ker(0)) ~ Hyy3(E, Z), i > 1. (1.128)

Let ¢ = 27, then (1.128) implies that
Hyj(E, ker(0)) ~ E

On the other hand, by assumption, ker(9) is a trivial Z[E]-module, and so
we get
Hy,(E, ker(9)) =0, j > 1, (1.129)

due to the fact that ker(d) is free as an abelian group (it is embedded in
My, @ N). Therefore FE is a trivial group, so ¢ = 1 in coker(d). Hence the
action of the group coker(9) on ker(9) is faithful. O

Corollary 1.142 Let X be a nonaspherical two-dimensional complex. Then
m1(X) acts faithfully on mo(X).

Remark. It may however be noted that for a two-dimensional complex X the
module m2(X) is, in general, not faithful. For example, let X be the projective
plane P2. Then my(PP?) = Z is annihilated by the element 1 + z € Z[m (P?)],
where x is the nontrivial element of 71 (P?) = Z,.

We now give an application of Corollary 1.142 to the study of residual
properties of some groups.
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Proposition 1.143 Let Fy be a free group with generating set {x;, y; | © €
I,jeJ}, {rj}jes a subset of F = F(x; | i € I) and let R the normal closure
of this subset in F'. Suppose

(i ldeN"nlyrit |G e N # Ly 1deN™, (yyrs' 1€ )7, (1.130)

and f € F 1is such that

[f, 2] € [{y; | € YT (yyrit |5 € YT,
forallz e (y; | je J)yb ﬁ(yﬂ}l | je ).

Then f € R.

Condition (1.130) always holds in case group F/R has cohomological di-
mension greater than two.

Let H=Fy/[(y; | j € J)I, (yjrj_l | j € JYI1]. If, furthermore, F/R is not
residually solvable, then

6 (H) # 0o (H).
Proof. Consider a free presentation of a group F/R:
(i, i€l |ry, jed). (1.131)

The explicit structure (1.13) shows that the condition (1.130) is equivalent
to the nontriviality of m (sk' S(X, R)). Identifying 7 (sk' S(X, R)) with the
second homotopy module of the standard two-complex, constructed for the
presentation (1.131), we get the fact that the action of G' on m;(sk' S(X, R))
is faithful, by Corollary 1.142; and the first statement follows.

Now let g € §,(F/R). Then we conclude that

g, z] € 6w (H), w € (y; | j € 1) n(yr;t [ e

Hence, the faithfulness implies that d,(H) # 1. On the other hand, we have
the following exact sequence

1 —m(sk' S(X,R)) - H— F x F;

therefore, §,41(H) =1. O

Example 1.144
Let F' be a free group with generator set z, y, z, t. Define its normal sub-

groups:
R=(z,t)f', S = (27 tafz?, z])¥.

Then
6w(F/[R7 S]) 7é 6w+1(F/[R7 SD
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We next observe that simply connected simplicial groups provide examples
of residually nilpotent groups.

Proposition 1.145 Let G be a free simplicial group with 7o(G) = 1. Then
G/ Bn(G) is residually nilpotent for n > 1.

Proof. By Theorem 5.27, we have
7i(1(G) =0, s> 2", j<n.

Therefore, the simplicial map G — G/7,(G) implies isomorphism of homo-

topy groups:
T (G) = ™ (G/7:(G)), s = 2"

Hence, Z,(G) N vs(Grn) C B, (G). Therefore,
Vi(Gn/Bn(G)) = %i(Gn/Zn(G)), i = s, (1.132)

The group G,/Z,(G) is a subgroup of the direct product of free groups
G/ ker(0) C Gp-1, 0 <t < n; therefore, G,,/Z,(G) is residually nilpotent.
The equality (1.132) implies that G,, /B, (G) is residually nilpotent. OJ



Chapter 2
Dimension Subgroups

Let Z|G] be the integral group ring of a group G and let g be its augmentation ideal.
For each natural number n > 1, D,,(G) = GN (1 + g") is a normal subgroup of G
called the nth integral dimension subgroup of G. It is easy to see that the decreasing
series
G=Di(G)2Dy(G)2D ... 2D,(G) D ...

is a central series in G, ie., [G, D,(G)] C D,41(G) for all n > 1. Therefore,
Yn(G) € Dy (G) for all n > 1, where v, (G) is the nth term in the lower central
series of G. The identification of dimension subgroups, and, in particular, whether
Yn(G) = Dy (G), has been a subject of intensive investigation for the last over fifty
years. It is now known that, whereas D, (G) = ~v,(G) for n = 1, 2, 3 for every
group G (see [Pas79]), there exist groups G whose series {D,,(G)},>1 of dimen-
sion subgroups differs from the lower central series {7, (G)}n>1 ([Rip72], [Tah77b],
[Tah78b], [Gup90]). The various developments in this area have been reported in
[Pas79] and [Gup87c]. In the present exposition, we will primarily concentrate on
the results that have appeared since the publication of [Gup87c]. We particularly
focus attention on the fourth and the fifth dimension subgroups. We recall the de-
scription of the fifth dimension subgroup due to Tahara (Theorem 2.29) and give a
proof of one of his theorems which states that, for every group G, D5(G)® C 5(G)
(see Theorem 2.27). The proof here is, hopefully, shorter than the original one.

2.1 Groups Without Dimension Property

Given a group G, we call the quotient D,,(G)/v,(G), n > 1, the nth dimen-
sion quotient of G. In case all dimension quotients are trivial, we say that
the group G has the dimension property. We begin with examples of groups
which do not have the dimension property.

Example 2.1 (Rips [Rip72]).

The first example of a group without dimension property was given by
E. Rips. Following the notation from [Rip72|, consider the group G with
generators

R. Mikhailov, I.B.S. Passi, Lower Central and Dimension Series of Groups, 101
Lecture Notes in Mathematics 1952,
(© Springer-Verlag Berlin Heidelberg 2009
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ap, a1, az, as, bla b23 b37 c
and defining relations

Bt = blf = bt =0 =1,
[b2, b1] = [b3, bi] = [b3, ba] = [c, b1] = [c, ba] = [c, b3] =1,
= B2, alt = b2, aff = b, af = Wb,
la1, ag) = bic?, [as, ag] = bac®, [as, ao] = bsc®,
[az, a1] = ¢, [a3, a1] = CQ, las, as] = 64»
[bla al] = 645 [b27 a?} = 0167 [b57 a3} = 0647
[bi,a;]=1ifi#3, [c,a;]=1fori=0, 1, 2, 3.
Then 74(G) = 1 while the element
]128[

32 128

[a1, as]"®[a1, a3]*[as, a3]*™ = ¢

is a non-identity element in Dy(G).

Example 2.2 (Tahara [Tah78a]).

The above example was generalized by Ken-Ichi Tahara as follows:
Let Gk,; (k > 2, | > 0) be a group with generators zi, xs, =3, £4 and
defining relations

w%kHH - [os, x3}72k+L+4 (2, mﬂ’QkHH,
mgkﬂ _ [xl’ x3]2k [irl, x4]72k—1 [x% $3]3-2k+3,
$§k+2 - o, mﬂzk (o, x4]2k—2 (s, 322}5,2&“7
xfk = [z, x2]2k71[x2, :c3]2k [x1, x3]2k72,

[zs, zo]! = [z1, @2, @3], [0, 3" = [0, @3, @3], [w3, T2]% = [21, @4, w4],

(@2, @3, T1] = 22, T3, T2] = [T2, T3, T3] = [0, T3, 4] = 1,
(@1, T2, 1] = 21, T2, @3] = [21, T2, a] =1,
(@1, 23, 1] = [x1, T3, 2] = [21, T3, Ta] = 1,
(@1, @4, 1] = [21, T4, T2] = [@1, T4, T3] = 1.

Then .
w = [z9, 23)* € Da(Gr,1) \ 74(Gr 1)

The case k = 2, | =0 is exactly the example due to Rips.

We continue the above constructions of groups without dimension prop-
erty by constructing a 4-generator and 3-relator example of a group G with
Dy(G) # ~v(G) and, for each n > 5, a 5-generator 5-relator example of
a group G with D,(G) # v,(G). Our motivation for constructing these
examples is to develop a closer understanding of groups without dimension
property and also to look for simpler, and in a sense minimal, examples of
such groups.
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Example 2.3 Let G be the group defined by the presentation

(21, T2, 73, T4 | T[24, T3] [24, 2] = 1,
%G[m, 9:3]4[:1:4, x1]71 =1, $g4[z4, x2]74[x4, 1:1}72 =1). (2.1)
Then w = [x1, ¥32][z1, 2§22, 23%%] € D4(G) \ 14(G).

To prove the above statement, we need the following lemma:

Lemma 2.4 Let II be a group. If 1, x2, 3 € II and there exist §; € yo(II),
j=1,...,6 and n; € 3(II), such that

32 128

3264 o128 64
=&, IQ =&, Ty T3 = 547717 Ly 55 72, I1 ) =&

then )
w = [z, 237)[x1, 25'][x2, 23™] € Dy(T0).

Proof. Since y»(II) C 1 + A?(II), we have
l—w=oa; +ay+a3 mod A'(II),

where oy = (1 — [21, 23%]), aw = (1 — [y, 231, a3 = (1 — [z, x%)?s]). Now,
working modulo A*(II), we have

=1 -2 (1 —zy) — (1 —21)(1 — 23%)
=1 —a23)(1—x1) —32(1 —21)(1 — 22) + (322) (1 —21)(1 — x)?
=(1—a3)(1—x) — (1 —2)(1 —x9) (since x] € o(I0)).

Similarly, we have

@ =(1—a8) (1 —z) — (1 —28)(1 — a3),
a3 = (1 —z)(1 —29) — (1 — 23)(1 — x3).

Therefore,
s taz=(2—a3 — 21— 21) 4 (@ — 22)(1 — z0)+
(29" + 2% =2) (1—a5) = (1-&im) (121 +H(1-& 1) (1-22) + (15 172) (1—23) =
(L=m)A —z1) + (1 —=m)(1 —z2) + (1 —m3)(1 — z3)+
(1= =&)+ (1 =&)L —&) + (1 - &) (1 - &%) =0
and hence w € Dy(IT). O
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Proof of Example 2.3. Modulo v4(G), we have

w3225t = [y, 21 (23, 24)* [24, 71)% (24, T0)* = [, 2] [24, 1) 24, D) =EL1,

with & = [23, 4]*[z4, 2] € 12(G), m = [z4, 11]* € 13(G);

o722y = (14, 23] za, 2[4, 21 24, 2] =

(4, 25]"0 [, 2] [, 21]" = &3%ms,
with & = [z4, 3] € 12(G), 12 = (24, 22]"%[z4, 21]* € 13(G);

$IG4$5128 — [.234, $2]16[m4’ 333]32[334, x1]78[1,4, x3}32 —_

(4, 2] [24, 23] (24, 21]7° = 3 € 13(G).
By Lemma 2.4, w € Dy(G). It remains to show that w ¢ v4(G). We shall
construct a nilpotent group H of class 3, which is an epimorphic image of G
with nontrivial image of w.
The construction of H is a slight simplification of the construction of
Passi and Gupta (see [Gup87c], Example 2.1, p.76). Let F be a free group

with generators (x1, 2, 3, 24). Define R; to be the fourth term of the lower
central series of F, i.e., Ry = v4(F). Define

RQ = <R17 [xia Zj, J?k] % <Oé, ﬂ7 7>R1 for all i) .ja ka 064,671, ﬁ47713 74>a
where o = [$4, xs3, 56'3], ﬁ = [.’1747 x2, $2]7 Y= [1’4, Xy, .'171],
Ry = (Ry, [4, 3]"0™, [24, 2)"°B°, [m4, 21]"77,
(23, 22)" 987, [23, 21]'a 2, [22, 21]' 7YY,
Ry = (R3, c1, ¢2, c3),
where

= lel[m’ .7(,'3]2[.%'47 -T2]7
Cy = I%G[I47 903]4[954, w1

cs = 25wy, 2] Hay, 1] 72
We set H = F'/Ry.

Clearly, the group H is a natural epimorphic image of G. Hence it remains
to show that the element

wy = [r1, $:2)’2] [1, 5034][%27 wzls%]

is nontrivial in H.
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We claim that [R;11, F] C R;, ¢ =1, 2, 3. This is obvious for i = 1, 2. We
show it for 4 = 3. Working modulo R3, we have:

[er, z1] =1,

e, o] = [w1, za]![z4, T2, @3] = [71, T2]'B =1,

[e1, x3] = [z1, 23]} [z4, T3, 23)° = [21, 23]%a® =1,
ler, xa] = [a1, za]'[z1, 24, 11]? = [0, 2]y 7 =1,
[c2, @1] = [wa, 1] 0wy, @1, 2] T = Byt =1,

[ca, xa] =1,

[c2, x3] = [z2, 23)'0[w4, @3, 23]* = B 1ot =1,

[c2, 4] = [22, @ 4]1 [x2, x4, 12]8 [12 334]165 8= =1,
[e3, 21] = [3, 21]% 24, @1, 1] 2 = 0Py 2 =1,

[Cs, 172] = [l’s, 962} 4[334, T2, Iz] = [Irs 132](’45 ! =1,
[e3, 3] =1,

[e3, 24] = [z3, 24]% (23, T4, 23]%2 = [m3, 74]Ha 32 = 1.

Clearly, Ry/ Ry is cyclic of order 64, generated by the element a. We claim
that the element « has order exactly 64 in H. Suppose o® € Ry, s > 0 and s
is not divisible by 64. Then R,/Rs has a torsion element «*, since o e R,.
We have the following group extension:

1 — R3/Ry — Ry4/Ry — Ry/Rs — 1.

Hence at least one of two groups: R3/Rs or R,/R3 has a torsion. Since
[Ry, F] C Rj, every clement of Ry/R3 can be written as c/'ch?chs for
some integers hi, ho, hg. Clearly it is a free abelian group of rank 3, since
Ry/Ry N y(F) is free abelian, which is an epimorphic image of Ry/R3. The
same argument works for the quotient Rj3/Ra, since all commutators which
we added to Ry to get Ry are of the form [z;, 2" qi;, qij € y3(F), hij € Z,
but commutators [x;, x;] are basic commutators in F, i.e., they are linearly
independent modulo v3(F"). Hence both Rs/R3 and R3/Ry are free abelian
and the element « has order exactly 64 in H.

Finally, note that wy = a3 is nontrivial in H; hence the element w does
not lie in 1(G). O

Example 2.5 Let G be the group defined by the presentation

(x1, T, T3, T4 | 2t = &1, 230 = &,
PR = ) g Pl 6 (l6eS 1) (2.9)
where
€1 = [x9, m4][xs, 24)?, & = [24, 21][23, 24]*,
&4 = w3, 24]*[24, 22][24, 1], & = [24, T3]

Then w = [z1, 232|[x1, 254]|[2, 73%¥] € Dy(G) \ 74(G).
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Proof. By Lemma 2.4, w € D,(G). Note that the group H occurring in the
proof of Example 2.3 is a natural epimorphic image of G. Indeed, the first
two relations of G are also among the defining relations of H (due to relators
¢1,¢2), and therefore we only need to check the other three. In H,

I§2I§4 = [174’961]2[%7504]8[5047Il]Q[I4,I2]4 = [3537564]8[5047171]4[154@2}4 = 5511;

$f32$§28 = [$4,9€3]16[$4,$2]8[$4,901]4[90479€2]8 =
[$4,903]16[554,%2,332}78[%47$1,$1] 2 [1104,903] [$4,$1,$1} t=

}16 __ ¢16.

=385

[$4, z3

32

Y23, 24]* [24, 71)% 3, 2] =

1065 = [z, 4]

[24, T2, To)* (24, 21, 21) [0, 73, 23] = [24, 23, 23] = 1.

Thus we have an epimorphism 6 : G — H, xz; — x;,1 < 1 < 4. It is shown
in the proof of Example 2.3, that wy = 6(w) is nontrivial in H, which is
nilpotent of class 3. Hence w ¢ 74(G). O

Example 2.6 Let

2 7
I = (21,2, 23,51 - .-, Yo | ) = H[y2i+lay2i+2]7 xéﬁ = H[ZUQiHa Yital,
i=0 i=3
11 4
wylay = (H[ZU%H,?J%H]) sy P = [yos, yas] sy Moy 1 = 1), (2.3)
i=8

Then w = [z, 23%][z1, 254 [x2, 23] € Dy(I1) \ v4(I0).

Proof. By Lemma 2.4, w € Dy(IT). Consider the group II' = II % Z, where
Z is an infinite cyclic group with generator z, say. It is easy to see that
there exists an epimorphism 6 : II' — G, where G is the group considered
in Example 2.5 and 0 maps x; — x;,1 = 1,2,3, z — x4. Clearly, for such an
epimorphism 0, 8(w) ¢ v4(G) by Example 2.5, and therefore w ¢ ~4(II). O

Example 2.7 Forn > 5, let

4 16
G(n) = <$17$2»$3,y17---7y10n | T :51 x26:£2
32 64 32,128 _ (16 —64 —128 64
—53 Ty T3 4,(n)» 1 T2 5,(n)>’ (2.4)
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where

isin) = W@i-2)n+15 Y2i-2ma2]) - - - [Y2in—1,Y2in), 1 <0 <5,

Then w = [z1, 23| [x1, 23] (22, 23%] € Dy(G(n)) \ 74(G(n)).

Proof. Observe that there exists an epimorphism G(n) — II, II being the
group considered in Example 2.6, which maps z; — x;,7 = 1,2, 3. The asser-
tion thus follows from Lemma 2.4. O

The same principle can be used to construct more examples of groups
without dimension property. The following example is a base for a later con-
struction in Theorem 2.14.

Example 2.8 Let k > 9, and G the group given by the following presenta-
tion:

(w1, 22, 23,24 | 2f[z, 23] [24, 0],
- 1 ok -
5 2y, 23] g, 2] 23 [, 2] Oy, ] Y. (2.5)

2k+1

Then [I17I556][I1,I§k][l‘2,I3 | € Dy(G) \ 14(G).

Example 2.9 Let

r>t>2, k>q+r,
s>1+3, ¢g>s+r+2

and G the group with generators x1,xs,x3, x4, x5 and relators

2f = [eg, ] w ) o]
w3 =l o]? " fwa, @] [, @)
23 = [wa, o) g, 2] g, s

ri = [ac4,;v1]2H (24, 9]~ o [x47:r3]’2q75.

Then, for

s+r k -2 k+1 +t k+3
w=[on,23 ey af a3’ azal e, a3" lzs, 25 ),

we have
w € Dy(G) \ 1(G).

. 1 s k q
Proof. Since 27,23 ,23 , 22" € 73(G), we have

6
1l—w= Z(l — ;) mod g°,

i=1
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where
o =[w1,23 ], o = (w28 ], ay = [, 22,
oy = [xg,xgkﬂ], oy = [xz,mgw], g = [x5,x§k“].
Clearly, we have
l—op=01—a2")1—z) — (1 —a2)(1 — 25"
= (- x?”)a—xl)_25+r(1_3;1)(1—x2)+( s;>(1_x1)(1 et
=(1—a3 H1—2)—(1—27"")(1—2) mod g
l—ay=(1—af)1—a) = (1—a?)(1 —23) mod g*
l—as=(1-22" Y1 —-2) - (1 -1 -25) mod g*;
1l—ay=(1- z2k”)(1 —x9) — (1 — x%k‘ )(1 —x3) mod g*;
l—ay=(1—a2" )1 —29) —(1—22"")1 —25) mod g;
l—ag=(1- :Eg)kﬂ)(l —x5)—(1— ng)(l —23) mod g
Hence
l—w=(1-22"" 222" )1 —z) + (1 — a2 22 a2 (1 — 2o)+
1= a2 2 e — ) + (1 — 272 2 22 ) (1 - 25) mod gt

In the group G, we have:

95+ ok o9q+t—2 ol—2 L t—1+
x; Tmé wéq = [m,ml]z [x4,x3] [aruualcr]zg "
_ol—1 5—3 _ 983 +t—7
(4, 21]) 2 g, )2 [, 5] w212 [y ) g, ) 2T =
—t—1 _9s—3 . —3 _ t-7 —t-—1
TS R o e T e T e O K P LA

725+7‘ 2k+1 2q+t 52

oy wk 2t = [y, w0)? e

(x4, 333]728” 1 (24, 5]

ol 52 4 . e s
[9347$1] 2 [x4,x2]2 [$4,x5]2'1 [:E4,$1]2 [14,502] 2 [$4,x3] ga-stt _
_2q+t—5[ q—4

(24, 563]_25“71 (x4, 3] x4, 965]25”4 [24, iCs]z

_9k _ok+l _ok+3 k—r—2

o 2 _9l-r—l+k-s
Ty" Ty Ty = [24, T2

(4, 23) 2" (g, 25)2" s, 1]

[x4’ xS]Qk—Z [$4, m5]72k—t [x47 x1]72l7t+k7q+3 [ ]2s—t+k—q+2 [1'4’ x3}2k—2 _

] _9l-r+k—s [

Ly, T2

_9l—t+k—q+3 k—r—2 ]25—t+k—q+2

(24, 71 T4, 11 (24, 29]> " [4, T2
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.’L‘1—2f1+t72$2_2’1+t .’1?5’”3 = [1‘4, l‘ﬂzqﬁ’““ [.7347 xg]—2q+t—3 [1‘4, xS]Qq—Q
[x4’$1]72l472+q“75 [554@3]2%“3 [74, $5]72{H [m,xl]?m [24,22])* [:E4,x5]2‘?’2 =
[$4, Z‘Q]zq“”**‘ [.134, 332]25 [334, $1]‘I+l+tfsfr72[x4’ 331]2”2,
Hence,
! s
l—w=(1—n7 )1 —21)+(L—n )1 —a2)+
(1—n3)(1 —a3) + (1 —ns)(1 —x5) mod g,
where
m = len ol e aa) T e 2] [, 2] 2
—1-5 s—t—14+r—1
[1’47 1,5]2‘1 [ZL’47 {175]2 ,
T2 = [I4a I3}72T71 [$47 x3]72‘1+t7575 [1‘4’ I5]2r7t [1’47 :175]2(175747
_olrtkes ltth_gtd o o
3 = [1'4,.’151] o [-T-/laxl] an q+d[$4’x2]2 " 2[3)4, 1'2]23 t+ q+2€73(G),
Ny = [1’4, x2}2‘1+t7n4 [:E47 $2]25 [1.4’ xl]q+l+t75—r72[x47 1’1]2H2 c ’ys(G)
Therefore,

l—w=0-n)1-22)+1-n)1-22)=0 mod g".

The proof that w ¢ ~v4(G) is by the same principle as that in the proof of
Example 2.3.

Let F be a free group with generators 1, x2, x3, 24, x5. Define R; to be the
fourth term of the lower central series of F, i.e., Ry = v4(F). Define

Ry = (Ry, [z, x5, 2] ¢ (o, 8,7, 0) Ry for all 4,5, k,
anfqﬁfl, 624*5771’ 7284571, 52l>,

where o = [x4, 23, 3], B = |24, T5, T5], ¥ = [24, T2, T2], 0 = [24, 21, 71];

ko ok— o os
R; = <R27[$4,$3}2 OZQ ' [z, 5] B2 [24, 29] 2 p
(24, 21]2 0% (g, 5] 2" (g, 0] 02 37
s _os—t-1 ol olr2
[963,11] ,[fﬂs,@]? ﬂQ 7[»’55,331] 5 [ffz,fﬂﬂ ’ ’YQ )s

R4 - <R37617CQ7C3764>7
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where
o= a7 oy, w0 T, ws)? g, w7
co =1y S[m,xl]?l g, ws]) 2 ey s
[554,171] 2 l[I475172]2573[$4,935]2M§
- ngq [wg, 21]% (g, 2] 2" g, s 2

We set H = F/Ry.
Clearly, the group H is a natural epimorphic image of G. Hence it remains
to show that the element

s+r 2q4t2 k+1

k+3
Jlwr, 23 w1, 23" s, 23 3

t
Wy = [xlvxg Hx%x?ﬂ ][x5,a?3 }

is nontrivial in H. We claim that [R;11, F] C R;, @ = 1,2,3. The proof is
straightforward. In analogy with Example 2.3, one can show that v3(G) is
cyclic of order 2F with generator «, but wy = a?"". Therefore, wy # 1 and

w ¢ v4(G). O

We next discuss examples of groups without dimension property in ar-
bitrary dimension. First examples of groups without dimension property in
higher dimensions were constructed by N. Gupta [Gup90].

Example 2.10 (Gupta [Gup90], [Gup91a]). Let n > 4 be fized and let F be a
free group of rank 4 with basis {r, a, b, c}. Set xy = yo = z0 = r, and define
commutators x; = [x;_1, a], y; = [yi-1, 0], 2i = [zi-1,¢], i = 1,2, .... Let
&, be the quotient of F with the following defining relations:

. 22n 1 o 271,}2 4 2 on —4 on 2 o -2 -1 .
(Z) r =1 a = Yn—3%n-3> b* = Lp-_3%n-3, C = Tp_3Yn—3;
- _ 4 4.
(“) Zn—2 = Yn_—95 Yn-2 =Ty _9;
(Z“) Tpna1=1, yp1=1, 2p1 =1;

() [a, b, gl =1, [b, ¢, g] =1, [a, ¢, g] =1, forallg € F;

(

7

[-rza b] 1a [xia C] = la [yw CL] = 17 [yu C] = 17 [Zia a] = 17 [Z“b] = 17
1;

I\/S,

7

(vi) [z, z;]=1, [z, y;] =1, [m6, 5] =1, (i, yi]=1, [y, 23] =1, [z, 25] =1,
1,5 >0.

Let 2n—1 2n—2 2n—3
g9=la, 0" o, " [, "

Then g € Dp(Gn)\7n(65).
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Example 2.11 For every integer n > 0, there exist integers k > I, such that
for the group &,, defined by the presentation

1 k
<l’1, X2, X3, T4, T5 ‘ x%gl == 17 Ig 52 - 15 mg 53 - 1

(25, na), 1) (s, naal, @3, 23)? =1, 672 = 1),
where
& = [[xs, nwa], 23 [[T5, nT4), T2)[T5, np174)%,
& = [[z5, nzal, $3]QHH$5, nTa, 11]71[%, n+1£84]2,
& = [[#5, na), 2272 [[5, na], 21] 7%,

the element w, = [z1, x%lﬂ][xl, m%k][xg, x%kﬂ] € Dyin(B) \ Varn(B,).

To prove the above assertion we need some technical lemmas. The
following lemma is a generalization of Lemma 2.4.

Lemma 2.12 Let II be a group and n > 4 an integer. If x1, xo, x3 € II are

such that there exist & € v (1), i =1, ..., 4, satisfying
gl’ xQ - 627 2l+1 zk — 63, _2l+1 2k+1 — il, {L‘%kxgkurl _ 1
then

w=[z1, 23 [z1, a3 |[za, 23] € Dy (10),

provided k, | are sufficiently large integers.

Proof. Since 1 —x € A" 2(II) for = € ~,,_o(I), we have

1—w=a;+a+ a3 mod A"(II),

where a; = (1 — [:cl,(xg)m]), = (1= [z, 23']), a3 = (1 — 29, 22""']). Now,
working modulo A™(II), we have

=(1-af )1 -x) ~ (L—a)(1-a3")

=(- 3 )L =) = 21— a)(1 - )+

-1 2l+1 ;

(D)7 ) =21 — a9)h
2

7

i=

Note that, for sufficiently large | and ¢ < n, the integer (21;1) is divisible
by 4™. Hence, for such an integer [, we have



112 2 Dimension Subgroups

n-l I+1 )
> -1 (%, ) -a) € Ana),
and "
21— )1 —my) = (1 — 2 )(1 —z5) mod A™(II).

Therefore,
a=1—23"1—z)— (1—2¥")(1=2) mod A™(II).

Assuming k to be large enough so that (Qki“) is divisible by 2! for i < n, we
have

ay = (1—a2 )(1—a1) — (1 —a? ) (1 — a3),
=(1-af )1 —a) — (1 —a3 )1 — ).

Therefore, mod A™(II),
o)+ o+ as

=@2-a3" —ad) (1 —2) + @ =) —22)+

(@ + 23" —2)(1 — a3)
1= —z)+ (1= &)A—m9) + (1 — 2?23 )1 —a3)
=(1-&)A-&)+1-8&)01-&)
=0,

and hence w € D, (IT). O

Lemma 2.13 Let k > [+ 2,1 > 4, be integers and G the group defined by
the presentation

4 2t 2k
<x17 T2, T3, T4, T5 | xlgl = 1a Ty €2 = 1 T3 53 =1
2)6 1+1

(24, 21) [, 3, 23] =1, 72 =1

[.234, L, 334]:1’ =1, ...,4>7

)

where

61 = [$4, $3]2[$4, xQ] [:1743 $5]2,

=2 —
& = [334, !E3]2 9[5647 331] 1[3347 565]27
-2 i)

& = [x4, o] % 14, 7]

Then the element w = [x1, 23 [z, 22" |[xo, 23] does not lie in 74(G).
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Proof. We shall construct a nilpotent group of class 3 which is an epimorphic
image of the given group G and is such that the image of the element w is
nontrivial.
Let F be a free group with basis {1, ..., x5}. Consider the following four
types of relations:
Ry = 74(F)7

R2 - <R1 U {[l‘la Zj, xk] : (Z7 j) k) 7é (47 17 1)a (4a 27 2)7 (47 3a 3)}a a2kilﬁ_la
521727_17 74>a where a = [.’I}4, Zz3, 1‘3]7 ﬁ = [1‘4, Z2, .'172], Y= [J;4a Z1, .’El]. Now
define R3 to be the product of Ry and the normal closure in F of the following
words:

k k— 1 1—
T4, .%'3]2 062 17 [$47 x?]Q ﬁz 17

L _9l-2
$4,$1]4’Y2, [$3a Z2]2 @ ? )

T3, .'L'1]4Oé_2, [.’I}Q, $1]4ﬁ_15
]Qk—l+2a72k—l

8
=S
8

5 45
5, T, @ # 1.

8

Finally, let R, be the product of R3 and the normal closure in F' of the
following words:

1 = xy[2g, 3] (24, 2] 24, 25)°,

1 -2 _
¢y = a3 [z4, 23?24, 21] 24, T5)%

-2

k _ _
c3 :xg (T4, 20|72 [, 21] %

We claim that
[Ri+1, F] g Ri, for i = 17 2, 3.

This is obvious for ¢ = 1, and 2 and it remains only to check for i = 3.
We note that, modulo Rj3, we have:

[c1, z1] =1,

o1, o] = [@1, o] [z4, @3, @3] = [71, T2]'B =1,

[cr, @3] = [m1, 3] [ms, x5, 23]* = [0, T3]*0? = 1,

ler, m4] = (@1, @] [z1, T4, 1) = [21, md]"Y* =1,

[c1, z5] =1,

[c2, z1] = [z2, Il}Ql [z4, z1, 1] 7! = /32%2771 =1,

[c2, zo] = 1,

[ca, 3] = [22, 3:3}2l [x4, z3, :E;;]Qli2 = [z, :v;;]QL 2 = 1,
[e2, @] = [w2, @] [m2, @4, @o)* ' = [mo, ma]? B2 =1,
[c2, z5] = 1,

k k-1
les, z1] = [m3, 21]% (w4, 1, 7] 2 =a® y2=1,
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k ol— k— 1—
[e3, 2] = (23, @2)2" [24, o, o] 2 " =2 B2 =1,
[cs, 23] =1,

k k— k  ok—
[c3, @a] = [m3, 242" [w3, T4, 23)2 " = [23, 4] 0@ =1,
[Cg, 1‘5] =1.

Clearly, v3(F)/Ry is a cyclic group of order 2* generated by the element a.
To see that o has order exactly 2¥ in the group F/Ry, as in the case of the
proof of Theorem 2.5, we note that the groups R3/Rs and R,/Rj3 are free
abelian. Hence, the relation a® € Ry, s > 0 implies that s is divisible by 2*.
As a consequence we get that a has order exactly 2% in F//R,. Hence, modulo
Ry, the word w = [z, 22 [z, 22 |1, 22 = a2 =B =42 # 1.

We claim that F'/Ry4 is a natural epimorphic image of the given group G.
The first three relations of G hold in F/R4 by construction. The relation

(24, 21]Y w4, 23, 23]> = [24, 21]*9? holds modulo R3. Now, modulo Ry, we

have

2k:72 2k71+1

TS

= (w4, 23] [, 2] [, 252" [, @) g, 1) g, a5
_ ["I/‘47 x3]2ka2kfla2k+l74 [x47 x1]72k7l+1 [(1’/'47 x2]2k72

k+l-4 5 _ 9k-3 k—-1-2
=a¥" B =1.

The relations [z4, z;, 4], ¢ € {1, 2, 3, 4}, clearly lie in Ry. Hence F/Ry is
a natural epimorphic image of G and the image of w is nontrivial in F/Ry.
Therefore, w ¢ v4(G). O

Proof of Example 2.11. The case n = 0 is exactly Lemma 2.13. Assume
that the result holds for some n > 0, i.e., wy, ¢ Y41n(®,). We shall prove it
for n+ 1, i.e., that wyp41 & Y51n (Bni1).

Consider the quotient &) = &,,/v41n(&,)N,, where N,, is the normal
subgroup in ®,,, generated by all left-normed commutators [y1, ..., ys),
s > 3, such that there are at least two entries with y; = x4. The auto-
morphism of the free group of rank 5, given by

Ty — Xy,
T2 — T2,
T3 — I3,
Ty = Ty,

Ty = T5T4

can be extended to an automorphism of & ; this follows from the fact that this
automorphism preserves all relations. This automorphism defines a semidirect
product H,, = &/, x(z), where x acts as the described automorphism. Clearly,
we have [z, 2;] =1, i =1, 2, 3, 4 and [z5, 2] = 24 in H,, and H, is nilpotent:
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Ys4n(Hy) = 1. Evidently the natural map f : &/, — H,, is a monomorphism.
However, it is easy to see that H,, is an epimorphic image of &, 1, which
sends wy 41 to f(wy,). Hence, wy,41 can not lie in 54y (Spiq). O

We next make somewhat more complicated constructions, working on the
same principles as above, and show that there exists a nilpotent group of
class 4 with nontrivial sixth dimension subgroup.

Theorem 2.14 There exists a nilpotent group G of class 3 with
GN(1+AMp(G)ZIG +¢°) # 1.

Proof. Let F be a free group with basis {1, z2, 23, 4, x5}. Let Ry := y4(F).

Define

R2:<R17 [xia Lj, xk]¢ <Oé, 67 v, 6>R1 for all i7 ja kv 61667 (64 57 68771778%

where § = [1’47 T5, ‘rS]a o = ['T47 T3, 1.3]7 ﬁ = [274, X2, .’L'Q], Y= [5174, X1, .’L'l], Let
R3 be R, together with the following set of words:

9k—10

64[5(:4’ X5, $5]16a

Let R4 be Rj3 together with the following set of words:

1 = @y [xa, )[4, 23);
¢y = a5 wy, m3) 0wy, 1] s, @5)';
c3 = ng (4, 22]"0[24, 1]
ey = a5 [z, 9]
For any i = 1, 2, 3, [F, R;+1] € R; and k > 12. The case i = 1 is obvious.
The case ¢ = 2 easily can be checked. We shall consider the most difficult
case 1 = 3. Working modulo Rj3, we shall show that [¢;, z;] = 1 for all i, j:

[er, o] = 1;
[Cl, 372] = [3317 $2}8[$47 X2, ﬂﬂz] =1

ler, @3] = (@1, 23)%[z4, @3, 23)" = 1;
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le1, m4] = [@1, @4)*[z4, 1, 21])" =1, since v* € Ry;
[e1, @3] = [z1, 25]° = 1;
lea, T1] = [z, @1)%[za, 21, 1] ) = [24, B0, @2)P[g, 21, 1] P = 15
[Cg, LI)Q] = 1‘
[c2, @3] = @2, 3] [y, @3, 3] 710
[co, @] = [2, @] [24, To, 2] = 1;
[c2, @3] = [, 5] [zs, x5, 5)'0 = 1;
e
[037 1’1] = [373, 1}2 [1’4, T, iBl] [‘r'lv Z3, xi’)P l[x’b L1, 331]71 = 17
[ea, ma] = [w3, 22)2" [, 2, T2]'® = [w4, T3, @3] [, @2, 2] = 1;
[Cda xi] - 1
les, 4] =[5, @4)? [$47 T3, 43312 =1
[c3, 5] = [x3, 23] =1, since k > 10;
[0’17 Il] = [xa7 1}1024
_ 1024 16 _ 256 16 _
, To] =
[ea, T3] = [z5, Ta]'° [334 Ta, o] = [m4, @5, 5P T4, T2, ] =1,
e, @3] = [m5, w30 =
[C-la 1"4] = [:Ea I-dlo 4[1:45 Ts, 1"5]512 17
[C-'la 1175] - 1*,

Clearly, 73(F/R,) is a cyclic group of order 2* generated by element «.
To see that a has order exactly 2* in the group F/Ry, as in the case of the
proof of Theorem 2.3, we note that the groups R3/Rs and R,/Rs are free
abelian. Hence, the relation o® € Ry, s > 0 implies that s divides 2F. As
a consequence we get the fact that a has order exactly 2% in F /Ry. And
therefore, our element

k
w = [wr, 23 [e1, 73 J[wa, 23]
is equal to 02" =912 = 332 =4 £ ],
Since xf, 5%, x%k € 72(G), modulo g% we have the following equivalences:

ok+1

1—w= (1~ [z, 23 + (1 — [z, 23 ) + (1 = [z2, 23 )).

Since 64(1 —z1)?, 28(1 — 21)2, 281 (1 — 29)2 € g*, 64(1 — 23) € g°, modulo g°
we have

1 [a, 239
= (- 31— ) — (1 ) (1 — 23)
= (=) - ) - (1= P -2 + ()0 - )1 - a0

=(1-2)(1 - 1) = (1= 2{)(1 = 22) + (1 = 21)(1 - 22)°.
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Note that modulo g°:

(1 128)(1 — 9 )2

= (1= [z, 3] %2, 22]710) (1 — 22)?
= (1— )+ (1 — 2" (1 — 1)
1024(1 — 25)(1 — 29)?
= (
(

1—a5)(1 —a9)(1 — x%(m)

1 —a5)(1 — 22) (1 — [z4, 23)* [24, 21]"0[34, 5] %)
therefore, modulo g°,
1—[z1, 23 = (1 — 239 (1 — 21) — (1 — 279) (1 — xp). (2.6)

Analogically, it is easy to show that modulo g°,

1-[or, 23 ] = (1-a23 )1 —a1) —(1—a])(1—z3) + (1—2? )(1-a3)>, (2.7)

ok+1 ok+1

1—[ws, 23] = (1=a3 ) (1—wa)—(1—a} ) (1—w)+(1—a3 )(1—5)". (2.8)

Note that
k-1 ok _ok-2 _ok—4 k-2 k—6 _ok-2
1’% 1’% = |14, 3] ? (x4, 2] 2 (x4, 1’3]2 [z4, 501]2 (x4, x5] 7=
(24, 5102]_2’H (24, 961]2’%6 [24, ms]_QH

Hence, for £ > 13, we have x%kflx%k = 1; therefore, modulo g°, we have

(1—22 ) (1—z3)+(1—2 ) (A—a3)’+(1—a2 ) (1—z3)+(1—23 )(1—x3)* =
(11— 23 —as) + (1 — 22 22 ) (1 — 232 =0. (2.9)
Equivalences (2.6) - (2.9) imply that, modulo g°,
1—w=1—-22)1—2) - (1 -2 —xz9)+
(1=af )=o)+ (1 -2} )1 )
= (1= 2323 ) (1 =) + (1 - 2,723 ) (1 - )
= (1= —a) + (1 =) —a2),

where

G = (w4, @3] w4, 25) H2a, 2] Haa, T2, 22)%,

G2 = [m4, w3][24, 5, IE5]74
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Hence, modulo g¢°,

1—w=16(1—¢)(1—z1) 4+ 128(1 — &) (1 — x2)
=(1-)A—21") =81 —=¢)(1—z1)* + (1 - Q)1 —z5™)
—64(1 — &) (1 — z)?

= (1= )1 —a1) + (1= G)(1 - 25%).

Since %, 2§* € 15(G), we conclude

1 —w € A(%(G))*Z[G] + ¢°.
Furthermore, the detailed analysis of the above construction shows that
1—w e A([{za), G)’ZIG] + A([(24)7, 4G)Z[G), (2.10)

since all commutators used in the words ¢;, i = 1, ..., 4, have a nontrivial
entry of the generator x4. O

Theorem 2.15 There exists a nilpotent group I1 of class 4 with Dg(IT) # 1.

Proof. Consider the 5-generated group G of Theorem 2.14 which is nilpotent
of class 3. Let G = G x (t)/74(G * (t)), the quotient of the free product of
G with infinite cyclic group with generator ¢ modulo its fourth lower central
subgroup. Clearly (2.10) implies that, for the image in G; of the element w
(we retain the notation of elements of G when naturally viewed as elements
of Gy), we have

1—w e A([{z), Gi])°ZIG1] + A([(w)", 4G1))ZIGH)- (2.11)

Clearly, w ¢ (t)%. Define the quotient Gy = Gy /{[z4, t, 74])“". Let f be an
automorphism of the free group with basis {z1, x2, x3, x4, x5, t} defined by

Tir— X, t=1,...,5
t— txy.
It is easy to see that f can be extended to an automorphism of the group

Go. Thus we can consider the semi-direct product IT = G5 x (x). We have
the following relations in the group II:

(2, 2] =1, i=1,...,5, [t, 2] = 4.

Since, in Gg, we have the relations [z4, z;, 4] = |24, t, 4] = 1 for all ¢, the
group II is nilpotent of class 4. The natural map G5 — II is a monomorphism;
hence the image of the element

k k
w = [.%'1, 1‘356][1'1, xg ][x% .’L'g H]
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is nontrivial in II. However, (2.11) implies that

1—w e A([([t, ), I)*Z] + A([([t, «))™, JI)Z[IT] € A°(ID).
Therefore, 1 # w € Dg(IT). O
Example 2.16

The reader can check that the constructions given in the proofs of Theorems
2.14 and 2.15 show that for the group I' given by the following presentation:

<$1, T2, X3, T4, T5, T | x?[l‘ﬁla T6,y $3]4[l‘4, T6,y x?])

xg4[x47 X6, x3}7]6[x47 X6, ml]il[xﬁla X6, m5]163
k
90% [564, z7, 362]16[554, Tg, 301] - x%o [964, Ze, $2]167
128

0487 [

Ty, T, x'] Ty, Te, 1.1]16) [SE4, L, .’EQ] )

k-3

[
[24, T6, 1, T1][24, T6, T2, T2] 5,
[.’E4, Ty T2, .’[2] 8[1'47 X6, T3, 1'3]2 >a

for k > 13,
) & 5(T)

The arguments from the proof of Theorem 2.14 imply that the relations of I'
are enough for the element

ket
w = [wlv x§56][x1’ .L“% ][1‘2, x% | ]

to lie in Dg(T"). However, the group II, constructed in Theorem 2.15 is the
natural epimorphic image of T', and consequently w ¢ ~5(T').

2.2 Sjogren’s Theorem

For every natural number k, let
b(k) = the least common multiple of 1, 2, ... | k,
and let

c(l)=c(2) =1, e(n) =b1)(") b —2)(), n>3.

The most general result known about dimension quotients is the following:

Theorem 2.17 (Sjégren [Sjo79]). For every group G,

Dn(G)™ C 4, (G), n > 1.
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Alternate proofs of Sjogren’s theorem have been given by Gupta [Gup87c]
and Cliff-Hartley [C1i87]. In case G is a metabelian group, Gupta [Gup87d]
has given the following sharper bound for the exponents of dimension
quotients:

Theorem 2.18 (Gupta [Gup87d]). If G is a metabelian group, then

Dn(G)Qb(l)'”b(n72) C 'Yn(G)7 n>3.

Let F be a free group and R a normal subgroup of F'. For k > 1, let

R(k)=[..[[R F, F, ..., Fl,
k—1

and

v(k) = Z Z[Flvivy. .. vy,

where R; € {R, F} and exactly one R; = R.
The following two lemmas are the key results in the proof of Sjogren’s
theorem.

Lemma 2.19 Let w € v,(F), n > 2, be such that w — 1 € "™ + v(k) for
some k, 1 <k <mn. Then w*® —1= f, —1 mod f**!' + t(k+ 1) for some
fi € R(k‘)
Lemma 2.20 Forn > 1, FN (14" +t(n)) = yo01(F)R(n).

From Lemmas 2.19 and 2.20 Sjogren’s theorem follows by using a process
of descent:

Let HH D Hy D ...and Ky D Ky D ... be two series, and { Ny, ; : 1 <m <
[} a family of normal subgroups of a group G satisfying

Nm,m-‘rl = Hme+17
Hyp K C Ny, (2.12)
N, 141 € Ny, forall m < L.

Lemma 2.21 ([Gup87c]|, [Har82a]). If n is a positive integer and there exist
positive integers a(l) such that

(Kitm NN 1ema1) ™ C© Nigt ppmen Hiy L+m <n+1,

then

1, n+2
N0 COH K,

where
n

a(1, n+2) = [[a().

=1



2.3 Fourth Dimension Subgroup 121

2.3 Fourth Dimension Subgroup

An identification of the fourth dimension subgroup is known.

Theorem 2.22 (see [Gup87c|, [Tah77b]).
Let G be a nilpotent group of class 3 given by its pre-abelian presentation:

d(k
@, oy @ | 2006, 2P G, (@ )

with k <m , d(i) >0, d(k)|...|d(2)|d(1) and & € v2({z1, ..., Tm)). Then,
the group Dy(G) consists of all elements

w= H [xf(’L)a ‘Tj]aijv Qij € Z7 (213)
1<i<j<k
such that
o [d(9)
d(j)l 9 ai; (1<i<j<m), (2.14)
and
Yy = H i it H CE e G)d<l)73(G) for1 <I<k. (2.15)
1<i<l I<j<k

Theorem 2.23 (Losey [Los74], Tahara [Tah77a], Sjdgren [Sjo79], Passi
([Pas68a], [Pas79])). For any group G, Dy(G)/v1(G) has exponent 2.

In may be noted that every 3-generator group G has the property that
D4(G) = v4(G) (see [Gup87c]). In Example 2.3 we have a 4-generator group
G with 3 relators such that D4(G) # ~v4(G). We now show that every 2-relator
group G has the property that Dy(G) = 74(G). Thus, in a sense, Example
2.3 is a minimal example of a group G with Dy(G) # 74(G).

Theorem 2.24 Let G = (X | ry, r9) be a 2-relator group. Then D4(G) =
74(G).

Proof. Observe that G has a pre-abelian presentation of the form

G:<.’£1,...,£L’n,...| 51, .TQ 52,53,...>

with & € v (zy, ...) and d(2)|d(1). Then, modulo v4(G), the group D4(G)
consists of the elements
d(1) |2

w =[xy, Ta]"2,

such that
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and ”
ys = x; (Daiz c ’YQ(G)d(?)’Yg(G).

Therefore, modulo v4(G), for some z € 72(G), we have

w = [xf(1>(ll2, xz} _ [yZ, 552] _ [Zd<2), 352] _ [Z, x;(?)} - 1.

Theorem 2.25 [Gup92] For any group G, [D4(G), G] = v5(G).

Proof. In view of Theorem 2.23, it suffices to prove the statement for finite
2-groups. Let G be a finite 2-group, generated by elements x1, ..., xj such
that x?m € 72(G) for some d(i) = 2%, with ordering oy > ag > -+ > o, > 1.
Let w € Dy(G). Theorem 2.22 implies that modulo v4(G), w can be expressed
in the form (2.13), such that the conditions (2.14) and (2.15) are satisfied.
Let h be arbitrary element of G. Then we have the following equivalences
modulo 7;(G):

fw, i = [T &g m= I w5 0 =
1<i<j<k 1<i<j<k
[T @ hwe T g, haf@7" mod 5(G). (216)
1<i<j<k 1<i<j<k

Condition (2.14) implies that

II @V, h, 2% = 1[I [z :c?(i)]‘“j = [[ [z n x?(i)a”] mod ~5(G);

1<i<j<k 1<i<j<k 1<i<j<k
H [z}, h, mf(l)]’“w = H [z}, h, x, (l)a”] mod v5(G).
1<i<j<k 1<i<j<k

Therefore, by condition (2.15), we have

d’iai' 7dia,¢' _
[w, h] = H [:Ei7h,xj() 7] H [z}, h, z; ® =

1<i<j<k 1<i<j<k
H [z, h, H x;d(s)a“ H x;d(t)“f”‘] =
1<t<k 1<s<t t<r<k

H [xta h’a yt] =1 mod ’YS(G) U

1<t<k

An extensive analysis of the counter-examples to the equality of the fourth
dimension subgroup with the fourth lower central subgroup has been carried
out by M. Hartl [Har].
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Theorem 2.26 (Hartl [Har]; see also [Har98, Theorem 7.2.6, p.72]). Let A =
Lopy @ Loy B Loy B Lios, with By < Po < B3 < By and n > 1. Then there exists
a finite nilpotent group G of class 8 with Gy >~ A, such that Dy(G) # 1 and
[v,2] =1 for every v € (G), x € G, such that xv2(G) is a generator of the
summand Zos, in Gap if and only if the following conditions hold:

(i) B, B2 — Br, B3 — 2 > 2,
(i1) B3 > n > max{ B, f3 — (1}

Moreover, under conditions (i) and (it), the group G can be chosen to be of
order 2481+302+283+B1+n+1

2.4 Fifth Dimension Subgroup

The structure of the fifth dimension subgroup has been described by Tahara
[Tah81], and it has been further shown that D¢(G) C v5(G):

Theorem 2.27 (Tahara [Tah81]). For every group G, D5(G)° C v5(G).

Analysis of Tahara’s description of the fifth dimension subgroup leads us
to the following result.

Theorem 2.28 For every group G, Ds(G)? C §(G)75(G).
Let G be a finite group of class 4. Choose the elements

{z1; € G\ %(G)}iz1,. s,
{m2i € 72(G) \ 3(G) Fi=1,...t
{23 € 3(G) \ 1(G) Fizt,... us
{z4; € 74(G)}¢:1,...,v

to be such that {x;7,11(G)} forms a basis of v (G)/71+1(G). Let d(i) be the

order of z1;79(G) in G /72 (G), e(i) the order of z9;v3(G) in 12 (G) /v3(G), f(7)
the order of x3,74(G) in v3(G)/74(G). We then have

d(t .
e = H :UQJ H 257 iy yai € 1(G), 1 <i <

1<j<t 1<j<u

xQz H wd;]yzlw y4z € 74(0)? 1 S { S t;
1<j<t

xdz fo”,lgigu;
1<j<v

(J)
Ilz 7$1] H ng yz]? yz] € ’74(G)7 1 <1< J <s.
1<k<u
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We choose the element z;; in such a way that d(¢)|d(i + 1), e(i)|e(i + 1),
F@OIFGE+1).

Theorem 2.29 (Tahara [Tah81]). With the above notations, the subgroup
D5(G) is equal to the subgroup generated by the elements

IT eyl I [Tzl ] @, en]vor,

1<i<j<s 1<i<s, 1<k<tk<l 1<i<j<k<s
(2.17)
where
u;, 1 <i<j<s,
vig, 1 <i<s, 1<k <,
v, 1<i<s,1<k<t,
Wik, 1 <1< j<k<s,
w;jk, 1<i<j<k<s,
wij, 1<i<j<k<s,
are integers satisfying the following conditions:
wi;p =0, 1<i<s (2.18)
d(j) (d(z) o
Usj d(z) 9 + w;i;d (i) + wwd( )=0, 1<i<j<s; (2.19)
(4) o
_’I,Lij< 5 + wijd(i) + wijd(j) =0, 1<i<j<s; (2.20)
wijd (i) + wiipd(j) + wid(k) =0, 1 <i<j<k<s; (2.21)

> winbnk — Zum ;L bk + vikd (i) + vige(k) =0, 1 <i<s, 1<k <t

i<h

(2.22)

uij% <d§;)> + wii (d@) =0 mod d(i), 1<i<j<s; (2.23)

i d(;)) Tl (d(zj) =0 mod d(i), 1<i<j<s; (2:24)

- (dgj)) ol dU)) =0 modd(i), 1<i<j<s (2.25)
d

2
wij,c< ;”) Wi (d(zj)>, iy (d(zk)) —0 modd(i), 1<i<j<k<t
(2.26)
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d(i) p _ ;
vik( 5 ) — ;whiibhk — ;wiihbhk =0 mod (d(7), e(k)),

1<i<s 1<k<t (227

D wnigbak + Y Wbk Y wiibas =0 mod (d(i), e(k)),

h<i i<h<j j<h
1<i<j<s 1<k<t (2.28)

_Z“ z<7h +Zuzhchl Zuhzd; kadkl
Z wgzhozlg h) _ Z weniay” " — Z wighozlgh =0 mod (d(i), f(I)),

g<i<h g<h<i i<g<h
1<i<s, 1<1<s; (2.29)
> vikbik =0 mod e(k), 1 <k <t; (2.30)
> wvikbi+ Y _vabik =0 mode(k), 1<k <I<t. (2.31)

Proof of Theorem 2.28. Standard reduction argument shows that it is
enough to consider finite groups. Commutator identities (see Chapter 1, 1.1)
and condition (2.25) imply

2259 d(j) 3d(7)

. s (4G s (20
Ty, ) 331]‘] = [z, »Tlfj @1, T1j, xlj] wia (Y )[xlj, T1i, T14) wig (7).

g (49) Ly (49)

(13, 215, 15, 21y w4 )[mg‘, T1iy T1is T wa (V) =
sy 2z, 215) 7 D g, @y, ) (7).

T1iy T1j, T1j, T1j —wly; (7)) Z15, T1iy Tlis 14 —wigs (YY), (2.32

J J J J

[, 2179

Observe that

[T15, 14, T14, $1i]72w;jj(dgj)) =1,

_ a() g (46G)
[m1j7 T1j, T4y T1) Bl () = [xlj, T1j, T4y T1) Buis (%)
= [z15, 7105 T1is T L e S

Therefore,
"
[$1j7 T1i, L1is Z’li}w;jj( g;)) = 1.

Analogically,
w! (4
(71, T1j, T1j, 961]‘] b (%

g
\_\//
|

—
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wijd wijd wipd(k
[T, el = T[T it e [T, 2ul) =

1<J j i<g i<k
wijd(j —upd(k
H([quj & H 7" ( >v ry]) - B, (2.33)
i<y j<k
where
. (d(k) i (4R
b= H([ﬂflj, Tk, T1k] i (% )[xuc, T1j, T1j] win () ))~
i<k

Also we have

wid(j —uipd(k
[T 9 T e ™®, ) =

i<j j<k
d(j d(j

Zi<j“ij%b“_2j<kujkbkl Zi<j uij%ciq_zj'<k“jkckq o

[T [JE s @] =
q

vj1d(F) +1J e(l
(]2 H'qu » T1j) (2.34)
l

v (4) v A, s
) vl gl . a7 .

[Tlar, 1y, 21507 (% )[ zy', @)y H% xlﬂ[H x34”, @),
l l q

o aj) )
where Ag; = qu Uij gy Cig — Zj<k UjkChg-

The condition (2.27) implies that

H[ﬂﬁzz, T , wlj]w-f’(dgj)) =

l

S wig b= W b
H[xm, Trj, wrg) " i et e b — (2.35)
!

—w;iid(t —w”. .d(j
H[l‘m T, w15] 0 ”[xlj, Ty, T )
i<j

The condition (2.31) implies that
C:= H H ac;)ljl7 le -
H(H[ﬂ?% ] T [lwar, wa]'%) = (2.36)

ioUsl r<i
[T (o, wor)>s vt [ laar, war]> ot =
>l >

H[ﬂle, Lop] 2 Vit H[iﬂgl, Top] 25 Virbak = H[xm, L] 22 Vatbir,

>l > >l
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The condition (2.29) implies that

! el .
D=0 o el [Totes ol =TI frags w2 vt =
J ol q

1<g<u, 1<j<s

J hj h h h
— Z'.uh,j%ag 9 _ ) ngha(qy )_ ) wghja£19 )_ >k La(qg)

1 h<j 9<i<h 9<h<j g<gen 79 —

T3qy L1 =
1<j<s,
1=g=u

da(j) —unj d(g) —won
H[zm » 1y 1] H [T1g s T1n, T15]" 9" (2.37)
h<j g<j<h

d(g) —Wghj d(g) —w'’,

H [mlg » L1h; 371]] ghd H [xlg y L1h, xl]] Jgh,
g<h<j j<g<h

. d(i) d(i) d()
Since [x); 7, T1k, T15][T1ks T1j, T1; )[@15, Ty s T1k] = 1, we have

d(i) —Wijk d(i)yw;; d(i) —w;;
IT =z zgl e = T 2,210 TT 7 2, e] .

1<j<k 1<j<k i<j<k

We change the subscripts ¢, h in (2.37) by appropriate subscripts 4, j, k. The
conditions (2.20) and (2.26) then imply

—w;;jd(j d(i)yw;
D= H[ﬂﬁu, x1j, w159 H [@1k, 215, @7 ]9

1<j 1<j<k

d(i) —2w;; d(z) —w'. .
H (205 @1y, @] 0 H (21 s Tk, T3] 9k = (2.38)
i<j<k j<i<k

d(5))—uq; (i) w;,

H[xu', T1js Ty ] H [1k, 21y, @Y ]9
i<j i<j<k

d(i) —2w;; d(i)w’ .,
H [1'11‘ y L1j, xlk] Wijk H [l‘lk; L1is Ly ] ik
i<j<k j<i<k

Hence

2 —w;;id(i —w’. .d(j
g=B-C-D- H[xm T1j, w15]T 0 ( >[301j, T, 1] 0.
i<j

M oo [T G0 oy o

1<i<s, 1<k<t k<l 1<i<j<k<s
d(k)

s (A0 .
= H([wm L1k, 1k wik (% )[5811@7 15, T1] wae () ))
Jj<k

H[xm 1, 2y] " [y, g, )
i<y

AG) s (i) wi; d(j) 1’
H[xm Tij, %;—ﬁ] i H w1k, w1, 23] H w1k, w1, 23]k
i<j i<j<k i<j<k

(2.39)
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= H([Jﬂlj, D1y T1p] RO gy, g, @] Poadl)).

i<k
d(8)quw; (),
H [k, @1y, g |9 H [k, @1z, @),
1<j<k 1<j<k
d(k)yw'., d(5) w; ; i (49
= H([Ilj, Tig, Ty, |0 [T, g, 21 @k, 2y, 21, D] gan (%5 )),
i<k
d(i) w4 d(j)yw,,
I [z, @y, 2120 T e, @y, 277790
i<j<k i<j<k
_ d(k)jw’; d(j)qw, ; (i) w;;
= [ (215, wax, 27 5kk [w1x, 215, 2571799%) [ e @, a3 ]05%.
i<k i<j<k
d(j)qw'’ .
H [xlka T1j, Ty; ] igk,
i<j<k

since [Zlilk, T1j, T1j, I’lj]Qw“k(dE—’j)) =1, and

a(j)

Sw, 3w, 40 (d)
[T1k, T1j5 15, $lj]3w]]k( ) = e, a1y, 75, wag] O (%) =1

a0)
by (2.23). Consequently, g € 65(G), and the proof is complete. [J

Proof of Theorem 2.27. Multiplying [z1;, 1, Z2x) by left hand side of
(2.28) and taking the product over all i < j and k, we obtain the following:

d(i)qw; ik (i)}, d(k)yw!;
1= [T [oy, 2w 233”1990 I loais o 2310 T o, g, a7

i<j<k i<j<k i<j<k
= (H[Im T15, T14] " U[l’u, Tyj, T15]"199 m)'
i<j
wiird(i d(j)w',,
H (@1, T1k, @14 ® H (@14, T1k, Ty |Wiin.
i<j<k i<j<k
wh o d(f)+twijed(i
T (215, @i, wpp] et ewisnd
i<j<k
= ([Tl1ir 215, 22] 59D s, @1y, 215]"070))-
i<j

wiikd(t wiikd(? w’, .. d(j
H 215, 21k, 23] V440 H (@17, 213, 1] oA H (217, 21k, 213 V840,
i<j<k i<j<k i<j<k
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Therefore,

w', ., d(j
H (@15, @15, 1] )

i<j<k

= ([[lsi, 21y, 2259 [y, 215, 20,15 %D) [T (2155 21y 203 ox 40,

1<j i<j<k

H (@15, T14, T1x) """ @
i<j<k

Now consider the element g* given in (2.39):

d(k)yw) A 1w,
g'= H([xlj’ L1k J'311(c )]w”“’“[ﬂﬁm T4, $1J(‘])]”Jgk).

i<k
(i) 1w, A
H [Z1k, 215, xlgl)}w”k H [T1, 215, mu(J)]w/”’“
i<j<k i<j<k
(k) d(5) s ; (6w,
= [T, 2o a1 g, @1y, af155%) T 1w, 20y, 28]
i<k i<j<k
(H[CEM, x4, ay;] W40 [y, x4, £U1j]w/i-7'-7d(j))' (2.40)
i<j
| J C T L | [ PR R
i<j<k i<j<k
= ([[les, s, 2] O fasi, 21y, 2P0 0) T ey, 2, @] o=
i<j i<j<k

Analogously, multiplying [zok, 1,, x1;] by left hand side of (2.28) and
taking the product over all ¢ < j and k, we obtain the following:

d(@) w;; d(y) W) d(k) w!
1= H [ Tk, T15]"F H [Cﬂlj  T1k, T14) i H [Tyx s 15, T1] ik

i<j<k i<j<k i<j<k
d(i) Wi w' ., d(g
= H [1; 5 @1k, T15]* H [T15, T, 14] 9% @,
i<j<k i<j<k
wiied(i)+w’ ., d(j
H (215, 1k, 214] " (i d(s)
i<j<k
d(%) Wi wijpd(i
= H[aﬁz s T1j,y 1] H (@15, 1k, 1] 0.
i<j i<j<k

wiipd(i 2w’ ., d(j
H (@15, T1k, 23] V40 H (217, T1, 21]"r V)

i<j<k i<j<k
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130
Hence
2w’ -, d(j
H @1k, @15, 29]7 w4
i<j<k
d(i) Wi w;ird(t w;ipd(i
= H[l”u , T1j, 1] H [T1i, @1k, 215]"9" ® H [T15, T, 14]"9" @,
i<y i<j<k i<j<k

Now consider the element g* obtained by squaring the element given in (2.39):

4 d(k)12w’". d(3)12w, ;
g = [z, e, @i Pk e, @1y, @7 ]P00)-
i<k
d()12w; ; d(j)i2w’ .,
I lews g, 2717 T o, @1y, 27,7205
i<j<k i<j<k
d(k)y20,, . () 4w 1 d(i) 12w,
=[5, mans 231200 [k, @y, 2571%5%) T leaws @y, 25717000k
i<k i<j<k
d(i) w;jrd(t w;jrd(t
H[l‘li s T1j, 1] H (13, @1k, 2] ® H [215, 1k, T14] 9" 2
1<J i<j<k i<j<k
d(j) 20, d(i) 13w, wosnd(i
= [ [ (w1, @1j, 037 P g, w23, P0) [ s, @y, @] oo,
1<J i<j<k
(2.41)

Multiplying (2.40) and (2.41), we obtain
d(i)]él’wnj)_

6 __ d(j)14w’ . .
g = H([iﬂm T1js Ty ] ”7[551]‘7 T1iy Ly
i<j

The condition (2.27) implies that

i i d(7
H[ﬂCﬂl)y 15, $1j]w’“ [xfjwy T14, wu]wéf"j = Hvik( ( )> [3321c, T4, 361i]~

i<j ik
Conditions (2.19), (2.20), (2.22) imply that
2wy d(i 2w, d(j
1= H[wli, T, T14]7 (z)[l’m @13, oy V)
i<j
—2w'. .. d(j)—u;d(j —2w;i:d(i)+u;;d(j
:H[xm w1j, w1j] i A0 gy )2 O T d0)
i<j
—2w' . .d(j —2w;i:d(%
= ([ Tl1ir 215, w15] 250099 (15, @i, @)~ 200590).
i<j
s d(d s d(d
H[xu, T15, T15) " (])[3311‘, T1j, 1) Y G)
i<j
—2w/, d(j —2w;d(i
= [Tz, w1y, 215] 240559 w1, g, ) 20040,
i<j

Hence ¢% = 1. O
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Problem 2.30 If G is a nilpotent group of class three, then must D5(G) be
trivial?

We illustrate the complexity of the above problem by verifying it for a
group, without dimension property, considered by Gupta-Passi ([Gup87c],
p.76). Let us recall the construction of this group.

Let F be the free group with basis =1, x9, x3, x4 and let R be the normal
subgroup generated by

r1 = 25wy, 23)%2, v = 25t zy, o] Haa, 1) 72, vy = 2304, @3] s, 1] 7Y,

ry = xi[zy, 232 (24, 2], 15 = (14, 23] 24, 23, 3%,

re = T4, 562]16[9347 T, 962]8, r7 = |24, 361]4[964, Z1, 961]27

rs = [x3, 20) (x4, T2, 2], vo = [23, 1) |24, T3, T3],

10 = [T2, I1]4[I4, Z2, IQ]fl, T = [T4, X3, 1’3]4[1’4, Z2, 332]71,

T1g = (T4, T2, 3102]4[554, 1, CE1]71, 13 = [T4, 21, 5101]4,

~v4(F'), and all commutators [x;, z;, zx](1 < ¢, j, k < 4) which do not belong
to

([x4, T1, 1], [T4, T2, X2, [24, 3, T3])Va(F).

Then the group
G:=F/R (2.42)

is a finite 2-group of class 3 with the non-identity element
wy =[5, 2o)?[25), 1][x35, 21)*R

in D4(G>
With the notations of Theorem 2.29, we choose

Z11 = X1, T12 = T2, T13 = T3, LT14 = T4,
To1 = X1, Ta], Toz = [x1, 3], Taz = [21, T4),
T2y = [:EZ? x3]7 Ta5 = [x27 LU4], Lo = [x37 1.4]7

T3 = 24, T3, X3].
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For this group we have the following constants:

=N

=S
i

=
Il

4, d(2) = 16, d(3) = 64, d(4) = 64,

e
—~
—_
~
Il
-
o]
—~
[\)
~—
|
-
s
—~
w
~~
|

4, e(4) = 16, e(5) = 16, e(6) = 64,
bis =1, big = 2, bag = —1, bog = 4,
bss = 2, bss = —4, bys = 32, all other b;; are zero,

di = —4, dyy = =2, d31 = 32, dyy = —4, d51 = 32, dg1 = 32,
all other d;; are zero,

a(112) = —4, 04523) = —4, agm) = —2, all other ayj) are zero,

£(1) = 64.

Theorem 2.31 For the group G defined by the presentation (2.42),

Ds(G) = 1.

Proof. With the constants d(), e(?), f(i), d;j, described above, let
/ / "
WUijy Viky Viky Wijk, wijka wijkv

be constants satisfying the conditions (2.18)-(2.31), and let g be the corre-
sponding element, defined by (2.17). Since the group G is nilpotent of class
3, the element g can be written as

u”d j
9= H [21; (]>7$1j]§

1<i<j<s

by Theorem 2.29, the fifth dimension subgroup Ds(G) is generated by
such elements. From the defining relations of the group G, it follows that
d), x4 =1, i =1, 2, 3; therefore,

i

[

g = [w1, @]y, @3]t [, @]

Consider the condition (2.22) for the case i = 1, k = 6:

U12b26 + U14b46 + Umd(l) + Ui66(6) = 4U12 + 32’(1,14 + 4’1]16 + 64’0’16 =0.
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It follows that
Up +v16 =0 mod 4. (2.43)

Next, consider the condition (2.30) for the case k = 6, we have:
2016 + 4vog + 32046 =0 mod 64,

and we have
V16 + 2’026 =0 mod 16. (244)

From the condition (2.31) for the case k = 3, I = 6, we have:
2013 + 4vog + 32043 — Vo5 + 2036 =0 mod 4,
and thus we conclude that
v =0 mod 2. (2.45)
The conditions (2.43), (2.44), (2.45) then imply that
uip =0 mod 4. (2.46)
It is clear from the defining relations of the group G that
[z1, 25]% = [y, x3, 23]% = 1.
Therefore,
G | Gbuzg _ [y 0w g Oun )

g= [xh $3] X2, 353]

_ _ — 3212 — 160
[1_47 1,3, xg} 32u13—16u93 — x313 U3 671,25.

Now consider the condition (2.22) for the case i = 3, k = 6. We have
32U34 — 32U13 — 16UQ3 + 647)36 + 64’0{36 =0.

Hence,
32U34 — 32u13 — 16’LL23 =0 mod 64. (247)

Note that the condition (2.20) for the case i = 3, j = 4, implies that

64
u34<2> =0 mod 64;

hence
ugy =0 mod 2. (2.48)

Congruences (2.47) and (2.48) imply that

32uq3 + 16uss3 =0 mod 64.
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Therefore, we have

—32u13—16w93 __
g = [z4, zg, x3] T =1, [

Problem 2.32 Is it true that [D5(G), G, G] = v7(G) for every group G?

2.5 Quasi-varieties of Groups

Our discussion in this and the next section follows [Mik06c].

Recall that a variety V of groups is a class of groups defined by a set
of identities. Let D, (n > 2) denote the class of groups with trivial nth
dimension subgroup. The existence of groups without dimension property
shows that D,, is not a variety of groups for n > 4, since a variety of groups is
always quotient closed. The classes D,,, however, are quasi-varieties (Theorem
2.35). We recall in this section some of the basic notions about quasi-varieties.

Let Fy be a free group of countable rank with basis {z1, z3, ...} and
wy, ..., Wg, v some words in Fi. A quasi-identity is a formal implication:
(wy=1& ... &w,=1) = (v=1). (2.49)

A quasi-identity (2.49) is said to hold in a given group G if it is a true
implication for every substitution z; = g;, g; € G.

A quasi-variety Vg is a class of groups defined by a set S of quasi-identities,
i.e., Vg is the class of all groups in which every quasi-identity from S holds.

Example 2.33

The class 7; of all torsion-free groups is a quasi-variety; it is defined by the
infinite set of quasi-identities

?=1=z=1,
where p runs over the set of all primes. Trivially, 7; is not a variety.

Recall that a non-empty class F of subsets of a given set [ is called a filter
on I if the following conditions are satisfied:

(i) 0 ¢ F;
(i) Ae F, Be F= ANBcF,
(i) Ae F, ACB=— BeF.

Let {A;}ier be a family of groups indexed by the elements of a set I, and
F afilter on I. Let A be the Cartesian product



2.5 Quasi-varieties of Groups 135

A:HAZ-.

el

For a given a € A, denote by a; the ith component of a in A. Consider the
relation ~z on A defined by setting

a~gbifandonlyif {i | a;=b} € F, a, b€ A

It follows directly from the properties of a filter that this relation is, in fact,
an equivalence relation. The filtered product of the family {A;}icr of groups,
with respect to the filter F, is, by definition, the quotient group

[[4i =4/ ~5.
F

The following result of A. I. Mal’cev gives a characterization of quasi-
varieties of groups.

Theorem 2.34 (Mal'cev [Mal70]). A class X of groups is a quasi-variety if
and only if it contains the trivial group and is closed under subgroups and
filtered products.

Recall that D,, (n > 2) denotes the class of groups with trivial nth dimen-
sion subgroup. For n = 2, and 3, the class D,, coincides with the variety 91,
of nilpotent groups of nilpotency class < n. On the other hand, for all n > 4,
as already mentioned, the existence of groups without dimension property
shows that the class D,, is not a variety of groups. However, there is the
following result:

Theorem 2.35 (Plotkin [Plo71]). For all n > 1, the class D,, is a quasi-
variety of groups.

Proof. The fact that the class D,,, n > 1, is nonempty and closed under
subgroups is obvious.

Let {A;}icr be a family of groups in the class D,,, and let F be a filter
on I. Consider the Cartesian product A = [],.; A;. Let N be the normal
subgroup of A consisting of elements (g;);er with J:={i eI | g, =1} € F.
If [[r Ai ¢ Dy, then there exists an element g € A such that

g—lea+> (ys — Da, (2.50)

seS

where the sum is finite, s € Z[A], and ys € N. Define

Js := {i € I| the ith component of y, is 1}.
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By definition, Js € F. Since the set S in the sum (2.50) is finite, we have

J:ﬂJse}‘.

For j € J, projecting g to the j-th component, we get g; € D,,(4;) and hence
g; =1, j € J. Consider the set

K:={iel|g =1}

Since J C K, we conclude that K € F. Hence g € N and therefore, Hf A; €
D,,. Consequently, the class D,, is closed under filtered products. Hence, by
Mal’cev’s criterion (Theorem 2.34), the class D,, is a quasi-variety. [

In view of Theorem 2.22 the quasi-variety D, is defined by the following
implications:

Given integers k, ¢;, di; (1 <4, j < k) and elements g, ... , g of the
group G, if the following conditions hold

(1) 2¢id;; +2%dy; =0 (1< i, j <k),

(2) if ¢; = ¢;, then d;; is even,

(3) g €1(G) 1<i<k),

@) TT5 27 diy € 72(G)*7 3(@) (1< 5 < k),

then
kE  k 3
IT IT (9 g1 = 1.
i=1 j=i+1

Clearly, this set of implications is equivalent to a suitable set of quasi-
identities.

A quasi-variety Q is said to be finitely based if it can be defined by a finite
number of quasi-identities.

Let Q be a quasi-variety of groups. Then the rank rk(Q) of Q is the
minimal number n (which may be infinite) such that there exists a system of
quasi-identities

(wi=1& .. &w', =1)= (v;=1), i=1,2, ... (2.51)

such that all words w{ , v; are from a free group Fj, of rank n.
Example 2.36

(i) For the quasi-variety 7j of torsion-free groups, rk(7y) = 1.
(ii) The quasi-variety defined by the quasi-identity

([z, P =1) = ([z,y] = 1)

clearly has rank 2.
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Proposition 2.37 Let Q be a quasi-variety and G a group. Then G € Q if
and only if all rk(Q)-generated subgroups of G lie in Q.

Proof. One side is clear, due to the fact that quasi-varieties are closed under
the operation of taking subgroups.

Suppose G is a group such that all its 7k(Q)-generated subgroups lie in Q.
Consider the quasi-identity system (2.51) which defines Q and the total num-
ber of variables entering in (2.51) is rk(Q), i.e., all words w], v; in (2.51) are
from a free group of rank rk(Q). Then (2.51) holds for any choice of elements
g1s -5 grk(g) from G, since it holds for any elements from the subgroup
in G generated by g1, ..., grr(g) (Which is at most rk(Q)-generated. Hence
(2.51) holds for all possible substitutions of elements from G and G € Q by
definition. [J

The following observation is immediate:

Proposition 2.38 If Q is finitely based, then rk(Q) is finite.

The next result provides a method for showing that a given quasi-variety
is not finitely based.

Proposition 2.39 Let Q be a quasi-variety such that there exists a sequence
of finitely-generated groups G;, i = 1,2, ..., such that the following condi-
tions are satisfied:

(1) G; ¢ Q.
(i) For any i there exists f(i) such that all f(i)-generated subgroups of G; lie in Q.

(423) The function f(i) is not bounded, i.e., f(i) — oo for i — oo.

Then rk(Q) = oo and hence Q is not finitely based.

Proof. Suppose rk(Q) < oo. Then, by (iii), there exists an integer i that
f@@) > rk(Q). Since every f(i)-generated subgroup of G; lies in Q, every
rk(Q)-generated subgroup also lies in Q. Therefore, G; € Q by Proposition
2.37; but this contradicts (i). Hence rk(Q) = oo, and Q is not finitely based.

O

2.6 The Quasi-variety D,

For the study of the quasi-variety Dy, recall that the precise structure of the
fourth dimension subgroup for finitely generated nilpotent groups of class 3 is
given by Theorem 2.22. It has been shown by Mikhailov-Passi [Mik06¢] that
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the quasi-variety D, is not finitely based, thus answering a problem of Plotkin
([P1o83], p. 144, Probelm 12.3.2). The proof requires a technical result about
certain finite groups of class 2.

Lemma 2.40 Let n, s be natural numbers,
G=(x1, ..., %0 |2 =1 (1 <i<2n))
and II = G/v3(G). If
[x1, xg]k oo [xon—1, sz}k = [h1, ho] ... [ha—1, ha, (2.52)

with 0 < k < s, hy, ..., ho €11, then | > n.
In particular, if H be an m-generator subgroup of II and

[21, 22]* .. [22n-1, T2n]* € Yo(H),

then (Z"”) > n.

Proof. Suppose

a; @i, 2n

hi =z xey®™  mod o(II),

where 0 < a;,; < 5,1 < ¢ < 20,1 < j < 2n. Substituting in the equation
(2.52), we have the following equation in II:

[371, .TQ]k e [l’gn,l, Z‘Qn]k = H [l‘i, .’L‘j]bij, (253)

1<i<j<2n

where

MN

bij = Y (agr_1,iQ2r j — Gor—1, jA2r,i)-

r=1

Observe that vo(II) = [];<; <o, ([2is z;]) and ([z;, z;]) is a cyclic group of
order s. Therefore, from equation (2.53), comparing the exponents of the
generators [x;, z;], 1 <1 < j < 2n of the summands, we have:

boy—1,¢+ =k mods, 1<t<n, (2.54)

b ;=0 mods, 1<i<j<2n, (ij)#2t—1,2t). (2.55)

Let My, 4(Zs) denote the set of p x g matrices over the ring Z, of integers
mod s. Let A = (a;,j)1<i<o1, 1<j<on € Moy, 2n(Zs) and define a matrix D €
Moy, 2(Zs) as follows:

D = (Dyp, ¢)1<p<n,1<q<t>
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where

a —a92q—
Dy, q = 2.2 M) e Ms,5(Zs).
—Qa2q,2p—1 A2¢—1,2p—1

A straightforward verification shows that
DA = kIZn,ZTH

where Iy, 2, € Moy, 2n(Zs) is the identity matrix, and it follows that [ > n.
Next let H be an m-generator subgroup of II. It is easy to see that every

element of 9 (H) can be expressed as a product of at most (gl) commutators

of elements in H, since H is nilpotent of class 2. The second assertion in

Lemma thus follows from the preceding result. [J

Theorem 2.41 The quasi-variety Dy is not finitely based.

Proof. For n > 5, let II = G(n)/v1(G(n)) be the lower central quotient
of the group considered in Example 2.7. We assert that every m-generator
subgroup H of II, with (Z’) < n, has the property that Dy(H) = 1. Clearly
then rk(Dy) = oo (by Proposition 2.39) and the assertion in Theorem 2.41
is an immediate consequence. We conitnue to denote by n x;, y; the set of
generators of II.

Let H be an m-generator subgroup of IT and hq, ..., h,, a set of generators
of H. Assume that, modulo v (H), hq, ..., h (k < m) are of finite order and
hk+1, - .-, hy, are of infinite order.

For g € II, let g denote the image of g in II/4,(IT) under the natural
projection. Observe from the structure of II that the torsion subgroup of
I/~ (II) is equal to

(T1) ® (T2) @ (T3) = Za © Z1s D ZLea-
By suitably replacing hq, ..., hg, if necessary, we can assume that
By — b1l 11,3>\ By — o1 lz,z)\ B — 13,1)\
L =T Ty Ty' AL, N2 =T Ty A2, N3 = T A3,

hj=Aj (4<j<k),

where l; ; € Z, \; € HNyI) (1 <i<k).
Let d(i) be the order of h; modulo v, (H). Then, in particular,

l371d(3) =0 mod 4, (256)

lgﬁgd(Z) =0 mod 16. (257)

We can assume also that

d(k)|d(k — 1)] ... ]d(2)]d(1).
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Therefore, by Theorem 2.22; the group D4(H) consists of the following
elements: _
w= [ W nge,
1<i<j<k
where the integers a;; satisfy the conditions (2.14) and (2.15).
We have, for j > 4, [h; () , byl = [hfl(z), Aj] = 1; therefore,

7

w— [h;l(l)’ hQ}alz[h‘li(l), hg]GIS[hg(2)7 hg]® =
[hy, hAM@e pdWes) pd) p gas (9 5g)

Since

[T 7" € n(m @) by (2.15),
1<j<k

we have,
w = by, [y, ha]® = (A5, ha)s.
We claim that [hgm, hs]®z = 1.
Consider the element hy = :cll“ As. We have

AN T ey by, (2.59)

1<i<j<m

for some v € v3(II) and u;; € Z.
Let E be the normal subgroup in IT generated by xo, 3, Y2, Y3, [z1, Yj] (j €
{1, 4, 5}), [V3, YJ] (i, 7 € {1, 4, 5}, i # j) and 73(II), where

Y, = {y(2i72)n+17 s y2m}» i=1,...,5.

Let

S = (a1, Y1, Y0, Y5 | 2] = &1 (), 21 = fiﬁ(n), ™ 55
[v1, Vi =1 (i € {1, 4, 5}), [V3, V] =1 (4, j € {1, 4, 5}, 75 7)), (2.60)
We note that
I/E ~ 5/v3(5).

Let p : II — S/~3(S) be the composition of the projections II — II/FE and
II/E — S/v3(S). Applying the projection p to the equation (2.59) in II, we
have the following equation in S/~3(.5):

2y = [Tip: (e, pr(y)]s, (2.61)

1<j
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Note that

S/v3(8) = ({z1) ® V1 /73(M1) @ Va/v3 (V1) © V5/73(33)) /N

where );, 1 <1i <5 is a free group with basis Y;,
_ 4 -1 3 16 16 64
N = (@1, )&, ) €1 &, ()0 &1, () &5, ()
Therefore (2.61) implies that in the direct product

YV =V1/13(N) @ Vi/13(Vs) ® Vs /73(Vs)-

We have
l31d(3) =0 mod 4, (2.62)
and

i3, 1d(3)

é.1, (61 16 n))kl (51 (n)g ,4(71))kZ = H [zi’ Zj]u”? (263)

1<i<j<m

for some integers ki, ko and elements 1 € (), z; € Y, 1 < i < m. Pro-
jecting (2.63) to each of the three summands of ) we have the following three
equations:

l3,1d(3)

& (n)/“’Ll V= H (23,1, zj,1]"7, in V1 /v3 (1), di = ——— 1 + 8k1 + 16k,
1<i<j<m
(2.64)
St =TI lia zal™, in Va/ys(d), di =16k, (2.65)
1<i<j<m
gg,s(n)lu’ ,(g) - H [22}57 Zj75]uﬁv in y5/’73(y5)7 ds = 64k, (2'66)
1<i<j<m

for some p1,; € ¥ (Vi) /v3(Vi)s zi, € Vi/13(M), 1 <i<m,le{l,4,5}

Case (a): l3,1 s odd.
In view of (2.62), we have d(3) = 4s for some integer s. Let

Zi= (Y |y =1 (g €Y;), (),

and p; : Vi/v3()s) — Z; be the natural projection, i € {1, 4, 5}.
Projecting the equations (2.64), (2.65) and (2.66) into Z1, Zy, Z5 respectively,
we conclude, by an application of Lemma 2.40, that

d; =0 mod 4s (i € {1, 4, 5}).
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From (2.64) and (2.65), we therefore have

l3718 + 8k1 + 16k =0 mod 4s, (267)
16k; =0 mod 4s. (2.68)

It follows easily that s =0 mod 16, and consequently,

d(3) =0 mod 64.
Let d(3) = 64f, f € Z, and suppose d(2) = d(3)c (¢ € Z) (recall that
d(3)|d(2)). Then we have

w = (1P, hy)® = [hy, K)o =

[h27 C17?413,1f)\§4f]cag;; _ [h%b’, x*lﬂ:;,lf)\éf]cag;;-

Since hi € o(11), it follows that w = 1.

Case (b): l3,; = 2l and [ is odd. We assert that in this case

d(3) =0 mod 16. (2.69)

Since x?ld@ € 72(IT), we have d(3) = 2r for some r > 0. Projecting the square

of the equation (2.64) to Z; under the map p;, we conclude, by an application
of Lemma 2.40, that 2d; =0 mod 4r.
Therefore we have

2dy = 2lr + 16k + 32k =0 mod 4r,

which implies that » =0 mod 8, and consequently, we have (2.69).
Now consider the element hy = aclf‘l:cé“)\z. We have

hy®) = (2 ) AN = I (7, hi1ooy, (2.70)

1<i<j<m

for some v € y3(II) and v;; € Z.
Let I be the normal subgroup in IT generated by 1, x3, Y1, Y4, [22, V5], j €
{2, 3,5}), V5, Y] (i, 5 € {2, 3, 5}, i # j) and ~3(IT). Let

Q: <.’E2, 3/27 Yzﬁu Y:’)

5556 = fz,(n)a f%, (n) = £§, (n)s ES, (n) = £§f‘<n>>~
Note that IT/I ~ Q/v3(Q) and
Q/713(Q) =~ ((w2) ® Vo /73(D2) ® V3/v3(Vs) ® V5 /73(Vs)) /M,

where M = <x;6§;1(n), &2 (n)gf(n), & (n) 24(n>>. Let ¢ : II — @ be the natural
projection. Applying ¢ to the equation (2.70), we have the following equation
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q(22)"**Pg(0)™ =TT laha), a(hy))* (2.71)

1<i<j<m
in the group Q/v3(Q). This equation implies that, in the direct product

V.= yz/’Yg(yQ) S7] ys/%(ys) 2] y5/73(y5)7

we have (using (2.57))

Iy 2d(2)
15— ,,d2 — m m Vij
S s> (& )™ 6 &)™ = T o™, (272)

1<i<j<m

for some integers my, my and the elements s € % (V), v; € V, 1 < i < m.
Projecting (2.72) to the first summand of V, we have the following equation:

e d(2
2,(n)/~L2,(1) = H [vi, 1, vj,1],

1<i<j<m

where
_1p,2d(2)
16
and H2,1 € 72(372)/73(322), Vi1 € yz/’y;g(yg), 1 < ¢ < m. Since d(3)|d(2),
therefore d(2) = 16t for some ¢t. An application of Lemma 2.40 once again
shows that e; =0 mod 16¢; consequently, Iy ot is even and so Iz 2d(2) = 32f
for some f. Hence

+ 2mq + 8meo,

w— [hg(2), h3]a23 _ [(xllz,lxl;,z/\Q)d(Q)’ $2l]a23 _ [ la, . 2 2, la 1d(2 )]agg

[ ls,2 llg,ld(Q)]a“ o [ l3,112,2d(2 )]azg _ 64lf]azs

x5 ?, T, Xy [z,

161 f [ 16

= [392, 1,(n)]aﬂ = ;

)™ = 1
Case (c): 3,1 =0 mod 4. In this case h3 € Yo (II), since z} € Yo(II); there-
fore, w = 1.

Thus, in all cases, w = 1, and consequently, Ds(H) = 1. This completes the
proof. [J

2.7 Dimension Quotients

If G is a finite p-group, p odd, then D,(G) = v4(G) [Pas68a]. Refuting the
long standing dimension conjecture that D,,(G) = v, (G) always, Rips [Rip72]
constructed a 2-group (Example 2.1) with D4(G ) # v4(G) = 1. Extending
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these results N. Gupta has shown that odd prime power groups have the
dimension property [Gup02] and, for every n > 4, there exist 2-groups with
D, (G) # ¥, (G) [Gup90]. For odd prime p, the dimension property was earlier
shown to hold for metabelian p-groups by Gupta [Gup91b] and for centre-
by-metabelian p-groups by Gupta-Gupta-Passi [Gup94]. The result for odd
prime power groups is an immediate consequence of the following result.

Theorem 2.42 (N. Gupta [Gup02]). The nth dimension quotient of a finite
nilpotent group has exponent dividing 2*, where 1 is the least natural number
such that 2! > n.

Let n > 3 be an arbitrary but fized integer and let G be a finite nilpotent
group with ~,(G) = 1. Choose a non-cyclic free presentation (see [Mag66],
Theorem 3.5, p. 140)

1-R—->F—>G—1,

where F' is the free group with basis {z1, ..., Zm}, m > 2, and R is the
normal closure in F of the set of relators {xf(l)&, e xf,(fn)fm} U T such
that e(i) > 1, & € [F, F| and T is a finite subset of [F, F.

Let [ be the least positive integer such that 2! > n. Let

G =00(G) 26(G) ... 20-1(G) 28(G) =1

be the derived series of G. Then §;(G) ~ 6, (F)R/R, 0 < k <1 —1, and
therefore we can have a presentation

1— R® — plk) _, 0(G)—1

where F(¥) is a free subgroup of the kth derived subgroup 6x(F) of F with
ordered basis B(k) = {&k.1, .-, Th,my }, mx > 2, R¥ is the normal clo-
sure in F*) of the set of relators {xi(ﬁ’l)fhl, o xz(’:n:mﬁkmk} U Ty with
e(k,i) > 1, &, € [F®) F®)] and T}, C [F®, F(*)] a finite subset. Further-
more, it is possible to define a weight function and a weight-preserving order
on the set U, B(k). To this end, we need the following basic results.

Lemma 2.43 If S is a set of generators of a free group F which is linearly
independent modulo [F, F|, then S is a basis of F'.

Proof. Let X be a set equinumerous with S and o : X — S a bijec-
tion. Let § be the free group on X. Then the map « extends to a homo-
morphism & : § — F. Since S generates F' and is linearly independent
modulo [F, F], the homomorphism & is an epimorhism and the induced ho-
momorphism §/[§, § — F/[F, F] is an isomorphism. By Theorem 1.76,
the induced homomorphisms §/vm(§) — F/ym(F), m > 2, are all isomor-
phisms, since, both F' and § being free, Hy(F) = H2(F) = 0. Hence ker(a) C
(&) = 1. Tt thus follows that & is an isomorphism, and so S is a free set of
generators of F. [
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Lemma 2.44 Let B be an ordered basis of a free group F. Then the basic
commutators

C(t> = [yh Y2, -y yt]a Yi S B; t 2 27
satisfying y1 > yo < yz < ... <y are linearly independent modulo §(F). O

Proof. Let a = Z[F|A(61(F)). Consider the Magnus embedding
0:61(F)/02(F) — f/fa, x02(F) — (z — 1)+ fa, z € §;(F). (2.73)

Suppose we have an inclusion

[Ivi% € aa), (2.74)
i=1
where y;, i =1, 2, ..., m, are left-normed commutators [y;1, Y2, - - » Yit,)

satisfying yi1 > yi2 < ... < yi,. On applying 6, we then have

m

> (i, yiol = D(yis = 1) ... (g, —1) =0 mod fa. (2.75)

i=1

Since f is a free right Z[F|-module with basis B — 1, it follows that

Zn(Yi)(yiQ —1)...(%im—1) =0 mod a,

where the sum is taken over all ¢ for which the first entry y;; in y; is the
same. Since the elements (y3 — 1)(y2 — 1) ... (v — 1), 11 < yo < ...y, with
yi’s in B are linearly independent modulo a, it follows that n(y;) = 0 for all
i=1,2,...,m.0O

The chain
F=FO 5 fFW5...5F0 =11}, (2.76)
can be constructed inductively as follows. Let the basis {z1, ..., @} of
F = FO be renamed as B(0) = {01, -+, T0,my} by defining my = m and
setting zo1 = X1, ... , Tomy = Tm. 10 each basis element zy; in B(0), we
assign weight 1:
wt(zg,;) =1lfori=1,..., my.

Having defined, for k£ > 1, the subgroup F*~1) with an ordered basis
B(k - 1) = {xk—l,la N a'rk—l,mk,l}

satisfying xg_1,; < Zp—1,i+1 and wt(xg_1;) <nfori=1, ..., my_y, to define
the subgroup F*) with a weight preserving ordered basis, list the finite set
B(k) of all left-normed basic commutators of the form
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C(t):[yl,yg,...,yt],yiGB(kfl),t22, (277)

satisfying 4, > 4o < --- < 1 and wt(y) + --- + wt(y) < n. Let F*) be
the subgroup generated by B(k). By Lemmas 2.43 and 2.44 the commutators
C(t) constitute a free basis of F(*). Now define

w(C(t)) = wt(y1) + -+ + wt(ye).

Define any weight-preserving order relation on the set B(k) and relabel its
elements following this order to obtain the basis

B(k) = {Zk,1, > Thom(r) } (2.78)

of the subgroup F®*).

Let k € {0,1,...,0l — 1} be arbitrary but fixed. In the free group rings
Z[F™®)] set
rk) — Z[F(m(R(k) —1),
£f0R) = Zospan{(yi' —1)... (g — 1) [t > 2} (2.79)

with y; € B(k) satisfying wt(y1) + - - - + wt(y:) > n.

Next, define the kth partial dimension subgroup by
Dy (R®)) = F® (1 + ¢ 4 £ 1)) (2.80)

and the kth partial lower central subgroup y(n)(F(’“)) to be the normal closure
of the set

{[yh"- ayt]ayieB(k)at22zyl>y2§"'éyt}a

where wt(y1) 4+ - +wt(y:) > nand wt(y) +- - -+ wt(ys—1) < n. We thus have
the following subnormal chain of subgroups:

Dy (R”) 2 Dy (RY) 2+ 2 Dy (RY) = 1 (2.81)

where clearly R<k)7(n>(F(k)) < D(n)(R(’“)).

The main result in [Gup02] is the following

Theorem 2.45 For each k € {0, 1, ...,1— 1},

Dy (R¥NH2 € RK ) (FR)) Dy (REFD),

Theorem 2.42 is an immediate consequence of the above result. For, let
we FN(l+r+f"). Then w—1 € v + £fY and w € D, (R").
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Theorem 2.45 implies that there exist elements

90 € RO (F©), g1 € RY 5y (FW), ..., g1y € Ry (FUY)
such that

(- ((Wg0)’g1)? . ) g1 =1
and, since R(k)’ym)(F(k)) C Ry, (F) for each k, Theorem 2.42 follows.

If G is a group whose lower central factors v, (G)/vn+1(G) are all torsion-
free, then G has the dimension property (see [Pas79], p.48). Thus, in par-
ticular, free nilpotent groups and the free poly-nilpotent groups have the
dimension property.

Theorem 2.46 (Kuz'min [Kuz96]). If G is an extension of a group whose
lower central quotients are torsion-free by an abelian group, then G has the
dimension property.

It is known [Gup73] that the lower central factors of the free centre-by-
metabelian group are, in general, not torsion-free. However, we have the
following

Theorem 2.47 (Gupta-Levin [Gup86]). Free centre-by-metabelian groups
have the dimension property.

Let f be the augmentation ideal of the free group ring Z[F]. For ¢ > 1, let
a. be the ideal Z[F](v.(F) — 1).

Theorem 2.48 (Gupta-Gupta-Levin [Gup87b]). For alln, ¢ > 1,

FN+fac+ ") = [e(F), ve(F)m (F).
In particular, the groups F/[y.(F), v.(F)], ¢ > 1, have the dimension
property.
For ¢ = 2, the above result was proved earlier by Gupta [Gup82].

Theorem 2.49 (Gupta-Kuz'min). For any n > 1 and a group G, the sub-
quotient group Dy, (G)/vn+1(G) is abelian.

Proof. Let G be a nilpotent of class n. We have to show that D, (G) is
abelian. Let A be a maximal abelian normal subgroup of G. It is easy
to show that A coincides with its centralizer Cg(A). We can view A as a
G-module via conjugation. Then for any k£ > 1, we have

ao(g—1) Cyen(@), g€ Di(G).

In particular, any g € D,,(G) lies in Cg(A). Therefore D, (G) C Cg(A) and
hence D,,(G) is an abelian group. O
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2.8 Plotkin’s Problems

The following problems have been raised and discussed by Plotkin in [Plo73]
(see also Hartley [Har84]).

Problem 2.50 For every group G, is it true that D, (G) = v,(G).

Problem 2.51 Is it true that for every nilpotent group G, there exists an
integer n(G) such that Dy (G) = 17 In other words, does every nilpotent
group have finite dimension series?

Plotkin conjectures that problem 2.50 has an affirmative answer.

Theorem 2.52 (Hartley [Har82c|). If G is a nilpotent group in which the tor-
sion subgroup has finite dimension series, then G itself has finite dimension
series.

For a group G, let s(G) denote the least natural number n, if it exists,
such that D, (G) = 1, and infinity otherwise. Let 9. denote the variety of
nilpotent groups of class < c. It is easy to see that finitely generated nipotent
groups and torsion-free nilpotent groups have finite dimension series.

Let ¢ be a natural number and suppose that every group in 91, has finite
dimension series. Then there exists a natural number r = r(c) such that
D,.(G) = 1 for every G € M,. For, if not, then we can find groups in N,
having arbitrarily long dimension series. Choose groups Gy, G, ... in 91,
so that G; has dimension series of length > ¢. Then the group I' = &, G;,
is in M., but its dimension series does not terminate with identity in a finite
number of steps. A standard reduction argument (see [Pas68a]) shows that if
s = s(c¢) is a number such that, for every finite p-group G € M., Ds(G) = 1,
then, for every group I' € M., D(I') = 1.

Lemma 2.53 Let H <t G and suppose that

[H, wG]=[..[H G, G ....],G =1
terms

Let M be a right G-module such that M.g" C M.b for some integer r > 1.
Then M.g"™" C M.h™ for alln > 1.

Proof. We proceed by induction on m > 1. If m = 1, then H is a cen-
tral subgroup. Therefore, repeated use of M.g" C M.h gives the required
inclusion:

M.g™ C M.p".
Now suppose m > 1 and the result holds for m — 1. Let K = [H, ,,_1G]

and consider the groups H = H/K and G = G/K. Note that H <t G and
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[H, ,,—1G] = 1. The quotient M = M /M.t is a G-module under the action
induced by that of M as a G-module and

for all n > 1. This implies that

m—1

M.g™  C M.H" + M.t
Since K is a central subgroup of G, iteration gives
M.g™" C M.,
and the proof is complete. [J

Lemma 2.54 Let G be a group, and suppose that H<\G, G = HF for some
finite p-group F C G, [H, ,,G] = 1 for some integer m > 1. Then for every
r > 1, there exists u = u(r) such that

ZH]Ng“Ch".

Proof. Let D = HNF. Then D is a finite p-group. Let > 1 be given. Choose
s > 1 such that p*0 C 0" C h”. Observe that h"Z[G] + p*§Z[H] is a right ideal
of Z|G]. Consider the right G-module M = Z[G]/(4"Z|G] + p°hZ[H]). Since
G/H is a finite p-group, there exists n > 1 such that g C HZ[G] + p*fZ[H].
Hence, by Lemma 2.53, we can conclude that there exists an integer u =
u(r) > 1 such that M.g* C M.h", i.e.,

g" C b"Z[G] + p*fZ[H].
Intersecting with Z[H] we get
Z[H)Ng* C Z[H] N (§"Z[G] + p°fZ[H)). (2.82)
If T is a transversal for D in F including 1, then by the choice of s, we have
b"Z(G] + p°fLIH] = " Z[G] + p*tZ[H],

where t is the additive subgroup of Z[G] generated by t — 1, ¢ € T. Let
0 : Z|G] — Z[H] be the linear extension of the map G — H given by
g=th— h (t €T, h € H). Applying 6 to the inclusion (2.82) we get

Z[H| N (b"Z[G] + p*fZ[H]) = b".

Hence Z[H|Ng" C h". O
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Theorem 2.55 (Kuskulei, see [Plo73]). If G is a nilpotent group having a
subgroup H of finite index whose dimension series is finite, then G has finite
dimension series.

Proof. It clearly suffices to consider the case when H << G and G/H is a
cyclic group of prime order, p say. If the torsion subgroup T of G lies in H,
then T has finite dimension series and therefore, by Theorem 2.52, G has
finite dimension series. If T ¢ H, then H has a supplement of p-power order
in G, and Lemma 2.54 implies that G has finite dimension series. [

Theorem 2.56 (Tokarenko and Rips [Plo73]). If a semi-direct product G =
H x K is nilpotent and both H and K have finite dimension series, then G
has finite dimension series and s(G) < max(s(H)¢, s(K)).

Proof. Regard Z[H] as a right G-module as follows. For « € Z[H], g = hk €
G, he H, k € K, define

a.g = o”h,

where o stands for the element of Z[H] obtained on conjugating by k each
element in the support of a. Then, as can be seen by induction on the class
of G,

Z[H].g™ <™.

Since K has finite dimension series, D,(G) C H for n > s(K). Let n >
max(s(H)¢, s(K)) and 2 € D,,(G). Then 2 — 1 € Z[H] N g*)°. Hence

L(z—1) e pstD,

However, under the G-module action we are considering, 1.(x — 1) =z — 1
Therefore, it follows that z — 1 € h*) and consequently 2 = 1, showing
that G has finite dimension series with s(G) < max(s(H)¢, s(K)). O

Corollary 2.57 (Valenza [Val80]). If G is a nilpotent group and G = H x K
with K abelian, then s(G) is bounded by a function of s(H) and the class
of G.

A group G is said to satisfy the minimal condition on subgroups if each
nonempty collection of subgroups contains a minimal element; or, equiva-
lently, each descending chain of subgroups stabilizes after a finite number
of steps. A solvable group satisfies the minimum condition on subgroups if
and only if it is an extension of a direct product of finitely many quasicyclic
groups by a finite group (see [Rob95, p. 156]). Thus, in view of Theorem 2.55,
we have:
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Proposition 2.58 Every nilpotent group which satisfies minimum condition
on subgroups has finite dimension series.

An Aj-group, in the notation of Mal’cev [Mal56], is an abelian group G
whose periodic part P satisfies the minimum condition on subgroups and
the quotient G/P has finite rank. A nilpotent Az-group is a nilpotent group
having a finite normal series in which the factor groups are Az-groups. Clearly,
the torsion subgroup of a nilpotent Az-group satisfies the minimum condition
on subgroups and therefore, by Proposition 2.58, the torsion part, and hence
by Theorem 2.52, the group itself has finite dimension series:

Theorem 2.59 (Plotkin [Plo73]). A nilpotent As-group has finite dimension
series.

2.9 Modular Dimension Subgroups

In contrast to the case of integral dimension subgroups, definitive answer for
the identification of dimension subgroups over fields has long been known.
To state the result we need the following definitions, given a group G and a
prime p:

(i) Define the series {M,, ,(G)}n>1 by setting

My, p(G) = G, M p(G) = 72(G), Mny1,p(G) =[G, My p(G) M) (G)

($):p

(2.83)

for n > 2, where (%) denotes the least integer > .

(ii) Define the series {Gp,p}n>1 by setting
Grp= ][ u(G)". (2.84)
ipi>n
If H is a subset of a group G, we denote by v/H the radical of H:

VH = {z € G|z™ € H, for some m > 0}. (2.85)

Theorem 2.60 (Jennings, [Jendl], [Jen55]). Let F be a field and G a group.

(¢) If char(F') = 0, then D, p(G) = /7 (G) for alln > 1.
(ii) If char(F) = p > 0, then D, p(G) = M), ,(G) = Gp,p for alln > 1.

Over general rings, it is known that the dimension subgroups of groups
depend only on the ones over the rings Z,, n > 0 (see Passi [Pas79], p. 16
for details). We mention here a few results in low dimensions.
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Theorem 2.61 (Moran [Mor70]; see also Tasi¢ [Tas93]). For every group G,
prime p and integer e > 1,

Dy, z,.(G) = GP* v, (G) for1 <n <p.

Let n be a non-negative integer; if n is even, let n = 2¢gm, where ¢ is a
power of 2 and m is odd. Let

Ko(G) = G"v3(G), if nis odd or 0,
(G s(@) N (@2 | 2 € G2y (G))s(G), if s even.

Let N/K,(G) be the subgroup of the centre of G/K,(G) consisting of the
elements of order dividing n.

Theorem 2.62 (Passi-Sharma [Pas74]).

(7)) Gn(1+ A%n (G) + Az, (G)Az, (N)) = K, (G) if n is odd or 0.
(i) GN(1+ A%n (G)+ Az, (@)Ag, (N)) = Kp(G)(x™ | z9™ € N) if n is even.
(i) GN(1+ A%n (@) = Kn(G) for alln.

2.10 Lie Dimension Subgroups

Given a multiplicative group G and a commutative ring R with identity,
define ideals Ag)(G), n > 1, inductively by setting A%)(G) = Ag(G), the
augmentation ideal of the group ring R[G], and

A(@) = [AY (@), AR(G)RIG], n > 1, (2.86)

the two-sided ideal of R[G] generated by [a, S]=af—LPa, o € Agfl)(G), [CRS
AR(G). We then have a decreasing series

Ap(@)=aD@oaAP @2 ... 2. AM@ o ...
of two-sided ideals in R[G]; this series has the property that
AP(G).AR(G) C AR I(G) (2.87)
for all m, n > 1 (see [Pas79], Prop. 1.7 (iii), p.4). Let

Diny. r(G) =GN (1+AY(@)), n>1.
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We call D,y r(G) the nth upper Lie dimension subgroup of G over R. In
view of (2.87), {D(y), r(G)}n>1 is a central series in G. When R = Z, we drop
the suffix and write simply D(,)(G) instead of D, z(G).

Let L be a Lie ring. For subsets H, K of L, we denote by [H, K] the
additive subgroup of L spanned by the commutators [h, k] = hk — kh, h €
H, k € K. Recall that the lower central series {L,}n>1 of L is defined
inductively by setting Ly = L, and L,y = [L, L] for n > 1. The Lie ring L
is said to be nilpotent if L,, = 0 for some n > 1.

Let A be an associative ring. We can view A as a Lie ring with the bracket
operation defined by

[a,ﬁ]zaﬁ—ﬁa, Oé7ﬁ€A

Define a series of two-sided ideals {A™}, -, of A by setting Al = A and
A"l n > 1, to be the two-sided ideal of A generated by the nth term A,
in the lower central series of A viewed as a Lie ring. We say that A is Lie
m'lp?t]ent (resp. residually Lie nilpotent) if A" = 0 for some n > 1 (resp.
NA™ =0).

Theorem 2.63 (Gupta-Levin [Gup83]). Let A be an associative ring with
identity and let U = U(A) be its group of units. Then

Alml Alnl C Alm4n=2 for il m, n > 2.

Let G be a multiplicative group and R a commutative ring with identity.
Consider the series {AB;L](G)}nzl of two-sided ideals in R[G]. Clearly

AlM@) c AM(@) for all n > 1,
and, by Theorem 2.63, we have
AM@)AM(@) c Al 2(Gyz]a) (2.88)

for every group G. The filtration {A[I;L](G)}nzl of Ar(G) defines a series of
normal subgroups {Dj,,), r(G)}n>1 in Gt

Dy r(G) =G (1+ARNG)). (2.89)

We call Dy,) g(G), n > 1, the nth lower Lie dimension subgroup of G over R.
As usual, when the ring R is Z, we drop the suffix R and write Dy, (G) instead
of D[n],Z(G)

From definitions, and in view of Theorems 1.6 and 2.63, it is then clear
that for any group G and integer n > 1, we have the following inclusions:

'y"(G’) - D[n](G) - D(n)(G) - Dn(G) (2.90)
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In general, not only the inclusion v, (G) C D, (G) can be strict, but even the
inclusion 7, (G) € Dy, (G) can be strict. To this end, we have

Theorem 2.64 Let s be an arbitrary natural number. Then there exists a
natural number n and a nilpotent group G of class n, such that Dy, (G) # 1.

We first prove two lemmas.

Lemma 2.65 Let II be a group, k > 1> 4. If 21, x9, ©3 € v, (1) and there

exist & € v, (Il), i=1,...,5, n>2m, m > 3, such that
4 2l 21+1 2k: 4 _2l+1 2k+1 21 zk 2k‘+1 Qk
vy =8&,2; =&, vy x3 =&, w3 =& ,17 1, =&,
then
21+1 2k 2k+1
w =[xy, x5 J[z1, 23 |[v2, 73 | € Dpyyyom-e)(10).

Proof. Since 1 — 2 € AM(IN)Z[] for = € 7, (IT), we have
1—w=a;+ay+az mod AP"(IN)Z[I],

where a; = (1 —[z1, 22 ']), ag = (1 — [z1, 22']), a3 = (1 — [0, 23"']). Now,
working modulo AP*+2m=6/(IT)Z[TI], we have

o) = (1 + (l‘fll‘;y“ . 1))((1 _ l‘glﬂ)(l _ J)]) _ (1 _ Z‘])(l . x%l+1))

21+1 2l+l

=1—-a5 Y(l—z)—1—21)(1l —25 ),
since #7252 € 4 (I1) and
(@2 =) —a3 (1 =) = (=) =23 ")) € A28z [
by (2.88). Modulo Al+2m=6(TT)Z[T1], we have:

or=(1—22 1 —2) =271 —21)(1 — 2»)

- 2
=2

Note that (QL;) is divisible by 4™ for sufficiently large [ and ¢ < n. Hence, for
such a large [,

n—1 ) 2l+1 .
> - (%) )= - et € vz,
i
i=2

By the same principle, we get

21— )1 =)= (1— 22 "Y1 = x5) mod Al2m=6/(I)Z[1].
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Therefore,

2L+l 2[+1

a=1—22 )1 —21)— (1 —22" )1 —xy) mod AlPT2m=6(17)z[m].
Choosing k to be such that (2?1) is divible by 2!™ for any i < n, we get

ar=(1—a2d)(1—2) — (1—2¥)(1 —23) mod APT2=Sl(I)Z[11],

9k+1

as=(1—a2d Y1 —2)— (1—22") (1 —23) mod A28 D) Z[II].

Therefore,

21+1 2l+| 2k‘+l

art+as+taz3=(2—13 —x%k)(l—xl)—i—(xl —z3 (1 —m)+

ok+1

(@ a3 =2)(1—m) = (1=€))(1—z0) + (1= )(1=22) + (1-& ) (1 —3) =
(1-&)(1-&)+(1—E)(1-&) +(1-&)(1—&) =0 mod A>m=Cl()Z[m],
and hence w € Dy, 9m—g)(I1). O

Lemma 2.66 Let W, ,, be the group given by the following presentation:

1 k
(1, ooy T1a | (21, mrn ] [0, mT12)” &0, (3, mais)” &,
k— k-2 k-1
[$4, nT14, $10]4[$47 nT14, T3, mT13, 1’7]2 17 % % +.>’

where

&L= [3047 nL14, 557]2[554, nT14, $6H$47 nT14, 135]2,
- —
& = [24, n1a, 27 [24, n@1a, T10] T4, n1a, T5)%

_ol-2 _
53 == [I4, nL14, 1'6] 2 [x47 nLi14, 51710] 2'
Then the element

k

]

[x27 mT12, [.’Eg, mxl3]2

1
Wp,m = [xu mL11, [$27 mI12]2 H][ﬁﬂly mL11, [5337 m$13]2
k+1

]

does not lie in Vpimia(Wa,m), n>m > 0.

Proof. Let F be a free group with basis {z1, ..., x19}. Consider four types
of relations:

Ry = v4(F),

Ry = (R, [xi, x5, x1] & (o, B, 7, 0, €, O) Ry for all 4, j, k,
o g7 By A, Bead, 0),
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where

a =[xy, 23, T7), B = 24, T2, T6], ¥ = [T4, T10, T1], 6 = |74, T7, T3],

€ = [x4, g, T2), 0 = [4, T1, T10);

Now define R3 to be the subgroup generated by Ry together with the
normal closure of the following words:

k l
[5173, I4]2 ) [172, Iﬂ? )

T3, T1

Ty, T

4, 21]

[ ]

[$4 $5]2 —zk ! [ 2k 2
[ "

[5, 23], @ # 1, [x1, 4], [x2, x4], (23, 4], © > 4.

Let R4 be the subgroup generated by Rz and the normal closure of words

€1 = ‘Tﬂx% x?]Q[I47 w6 (24, 175]2,
l 1-2 _
Cy = x% (24, 3:7]2 (€4, T10] 1[$4, $5]27

- —
cs = a3 w4, 2] 2 [24, 210] 2

Set H = F/R4y. We claim that [R;11, F] C R;, i = 1, 2, 3. This is obvious
for ¢+ = 1, 2. We show it for ¢ = 3. Working modulo R3, we have:

[Cl, 1131] = ].
[e1, 2] = [z1, 2] 24, T6, 2] = [T1, 22]*B = 1,
[e1, @3] = [z1, 2}4[954, x7, w3 = [z, 3]l = 1,
1, 2] = [21, z4]* =
L 1-2
[ea, 1] = [z9, @1]? [M, Ty, 7] =62 =1,
[CQ, 1‘2] = 1
l I _9l-2
[c2, @3] = [m2, 3)° [3547 Z7, CE;] = [z, z3]* a7 " =1,
l
[ca, @] = [2, 2a]* =
k—
[037 Il] = [il?g, 1}2 [1’4, Z10, 1‘1} 2= 062 1772 =4
les, o] = [z3, T2)? [m, x6, T2]~ 2ot g
[037 $3] - 1a
k
[03, CK4] = [.Tg, 234]2 = 1.

By standard arguments, one can show that the element

1+1 ok+1

w = [3717 CC% ]['Tlv .’L‘g ][1‘2, T3 ]

is nontrivial in H. Note that all brackets [z}, z;, ;] are trivial in H.
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Let W be a group given by the following presentation:

4 2! 2k
<‘T17 <oy 210 | iClgla Ty 627 X3 537

k-1 k-2  ok-l+1
]2 2 2 >7

[$4, $10]4[$4, T3, T )y S1 2

where
& = [z4, 2724, w6][24, 25)%,

s _
2 = [z, 272 [2a, 200) s, @5,
&= ]?

-2

63 = [.’E47 m6]72 [1’47 5171()]72.

It is easy to see that the group Wy o is a free product of W with a free
group of rank 5. The group W naturally maps onto H, and W ( maps onto
Go. The image of wy o is exactly the element w which is nontrivial, hence
wo, 0 ¢ v1(Wo,0)-

We shall prove first that wm,, m & Yom+4 (Wi, m), 1.€., the case n = m. For

any m consider the quotient WT’n’m = Wi, m/Yom+4(Wim,m)Nm, where N,
is the normal closure in W, ,, of brackets [y, ..., yi], t > 3, such that there

are at least two occurrences of y; = x1 or y; = X9, Or y; = T3, Or Yy; = X4 in
this bracket, or at least three occurrences of elements from {z1, xa, 3, 24}
simultaneously. We see that all such brackets are trivial in H, hence wy, g is
nontrivial in W .

We assume that the element wy, ,, is nontrivial in Wy, . for a given m
and we shall prove the statement for m + 1.

Consider the following automorphism f of the free group of rank 14:

T xy, 1#£ 11,12,13, 14,
Z11 = T1121,
T12 — T12X2,
Z13 — T1323,

T14 F> T14T4.

Clearly, this automorphism can be extended to get an automorphism f’ of a
group Wy, .. This automorphism defines the semi-direct product

Wvlvl@,m = ern,m X <$>7
where z acts as f’. Clearly, we have in Wy,
(v, 23] =1, i # 11, 12, 13, 14,

[CE117 fL'] = I, [ZC127 ',I:] = T2, [$137 'T] = I3, [$14, 'T] = 4.
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It is easy to see that W}, . is nilpotent with Yo, 46(Wy, ,,) = 1. Note that
W;vlz,m is an epimorphic image of Wy, 11 m+1; thus the image of the element
W41, m+1 is nontrivial in W/q’%m, since it is the same as the element wy,, m
in Wy .. Thus we have proved that w1, m1 & Y2m+6(Wyi1 mi1)- The
induction is thus complete and we have

Wm, m ¢ 72m+4(W7/n, m)

for any m > 0.

Now we shall prove the needed result for general case n > m > 0. We fix m
and make an induction on t = n—m. For the case t = 0 we already proved the
needed result. We consider the quotient W), ., = Wy m/Ynsmia(Wan,m) N
Consider the following automorphism f’ of a free group on generators x;:

T — @i, 1 F 14,

T14 — T1424.

Clearly, it extends to an automorphism of the group W} .. Then the
corresponding semi-direct product W,’l’,m = Wy, m % z is nilpotent with
Yrtmss(Wy, ) = 1. Observe that W, ,, naturally maps onto W, send-
ing non-trivially the element w11, . Hence wpi1,m & Yntm+s(Wyiq ,,) and

n
we have thus completed the induction. [

Proof of Theorem 2.64. By Lemma 2.65, for k > [ > 4, we have

Wn,m S D[n+2m72] (Wnﬂn) \ ’Yn+m+4(Wn, m)

Since the difference (n+2m—2)—(n+m+4) = m—6 can be taken arbitrarily,
the statement of the Theorem 2.64 follows. [J

When R is a field, upper Lie dimension subgroups have been identified in
[Pas75b] (see also [Pas79]). To state the result we need the following defini-
tions, given a group G and a prime p:

(i) Define the series { M) ,(G)}n>1 by setting
M(l),p(G):Ga M(2),p(G):A/2(G)7 M(n+1),p(G):[Gv M(n),p(G)]M(pm>

for n > 2, where (£) denotes the least integer > .
(ii) Define the series {G () p}n>1 by setting
Cmop= ] w@".

(i—-1)pi>n

Theorem 2.67 (Passi-Sehgal [Pas75b]). Let G be a group and F a field.
Then, for n > 2,
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/n N2(G), if char(F) =0,

D, r(G
()7F( ) {G(nl), = (n),p ( ), Zf char(F):p>0.

Some very interesting properties of lower central and dimension subgroups
have been observed by A. Shalev [Sha90a]. To mention a sample, let us adopt
the following

Notation. For integers n > 1, k > 0, write

H 71+k

ipi>n

Proposition 2.68 (Shalev [Sha90a].) For integers n > 1, k>0,
(D, 1(G), G = D, 111(G).

We next consider the lower Lie dimension subgroups in characteristic p > 0.
An identification of these subgroups is known when p # 2, 3. First note the
following

Proposition 2.69 The series {Dj) ¢, (G)}n>1 s a central series of G sat-
isfying

(@) [D p(G) D), v, (G)] € Dimin-2,5,(G), m, n > 2.

(@) (D), 5, (G))P € Dip(n-2)+2),F,(G), n = 2.

Theorem 2.70 (Bhandari-Passi [Bha92b]), Riley [Ril91]). For every group G
and field F with char(F) # 2, 3,

Dy, p(G) = Dy, p(G) for alln > 1.

s

Theorem 2.71 (Bhandari-Passi [Bha92b]). Let G be a group. Then for all
n>0

(1) Dpnya),r, (G) = Dign i), (G);
(#4) Diagn 12),7,(G) = Diazn12),5,(G), 0 <a < 2.

As a result of Theorems 2.70 and 2.71, we have

Corollary 2.72 The following statements for a group algebra F[G] are
equivalent:

(¢) F[QG] is residually Lie nilpotent.

(“) ﬂnzl D[n],F(G) =1

(424) Either char(F) is zero and G is residually “nilpotent with derived group torsion
free”, or char(F) = p > 0 and G is residually “nilpotent with derived group a p-group
of bounded exponent”.

We end this section with a review of the results on integral Lie dimension
subgroups.
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Theorem 2.73 D,,)(G) = 1, (G) for 1 <n <8.

The above result for 1 < n < 6 is due to Sandling [San72a] and the cases
n =17, 8 are due to Gupta-Tahara [Gup93].

Theorem 2.74 (Gupta-Srivastava [Gup91lc]). In general,
D[n],Z(G) # Y, (GQ) for 9 <mn <13.
Theorem 2.75 (Hurley-Sehgal [Har91b]). In general,
Dy, 2(G) # n(G) for n > 14,

and

D), 2(G) # n(G) forn > 9.

2.11 Lie Nilpotency Indices

Theorem 2.76 (Passi, Passman and Sehgal [Pas73]). The group algebra F[G|
of a group G over a field F is Lie nilpotent if and only if either the charac-
teristic of F' is zero and G is abelian, or the characteristic of F is a prime
p, G is nilpotent and G', the derived subgroup of G, is a finite p-group.

As a consequence of the above theorem, we have

Corollary 2.77 The following two statements are equivalent:

(i) F(G)™ =0 for some m > 1.
(i1) F(G)M =0 for somen > 1.

For a Lie nilotent group algebra F[G], define the upper and lower Lie
nilpoency indices t©'(F[G]) and t(F[G]) as follows:

t5(FIG]) = min{m | F[G]™) = 0},

tr,(F[G]) = min{m | F[G]™ = 0}.

Clearly t1(F[G]) < tL(F|[G]), and by Theorem 2.63, the unit group U(F[G])
is nilpotent of class ¢, say, with ¢+ 1 < t1,(F[G]). In fact, in view of a result
of Du [Du,92], ¢+ 1 =t (F[G]) (see Theorems 2.79, 2.80 below).

Recall that a ring R is said to be a Jacobson radical ring if, for every
r € R, there exists s € R such that

r+s—rs=0=r+4s—sr

Let R be a Jacobson radical ring. Define a binary operation on R by setting
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aob=a+b—ab, a,bec R.

With this binary operation, R is a group, called the adjoint group of R; we
denote this group by (R, o).

Example 2.78

Let G be a finite p-group and F a field of characteristic p. Then the augmen-
tation ideal Ap(G) is nilpotent; therefore Ap(G) is a Jacobson radical ring.
Observe that the group (Ap(G), o) is isomorphic to the group U (F[G]) of
units of augmentation 1 under the map

a—1—a, acAp(G).
Theorem 2.79 If G is a finite p-group, F a field of characteristic p, then
nilpotency class of U(F[G]) = tr.(F[G]).
This result is an immediate consequence of the following

Theorem 2.80 (Du [Du,92]). The associated Lie ring of a Jacobson radical
ring is nilpotent of class n if and only if its adjoint group is nilpotent of
class n.

Theorem 2.81 (Bhandari-Passi [Bha92a]). Let F' be a field of characteristic
p > 3 and let G be a group such that F|[G) is Lie nilpoent. Then

tr(FIG)) = t"(FIG) =2+ (p— 1) Y _ mdim),

m>1
where, for m > 2, plm = [Dim), 7 (G) : Diyir), p(G)].

The proof of the above theorem requires the following results of Sharma-
Srivastava. Following their notation, let L,(R) denote the nth term in
the lower central series of the ring R when viewed as a Lie ring under
commutation.

Theorem 2.82 (Sharma-Srivastava [Sha90b], Theorem 2.8). Let R be a ring
in which both 2, 3 are invertible. If m and n are any two positive integers
such that one of them is odd, then

Lin(R)RL,(R)R C Lysn_1(R)R.

Lemma 2.83 (Sharma-Srivastava [Sha90b], Lemma 2.11). Let R be a ring in
which both 2, 3 are invertible. Then for any positive integers m and n and
for all g1, gay ..., gm € U(R),

([91, g2, -+ gm+1] - l)n S Lmn+1(R)R.
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Proof of Theorem 2.81. Since F[G] is Lie nilpotent, by Theorem 2.76, G
is nilpotent and its derived subgroup G’ is a finite p-group. If G is abelian,
then the assertion is obviously true; thus we assume that G’ # 1.
Let H; = D(i11),p(G), i > 1, and p* = [H; : H;y1] so that e; = diiy).
The series
G=H,DH,D>...DOH;DHy; =1

is a restricted N-series in G, i.e.,
[HZ‘, HJ] g Hi+j7 H1 g Hi;m for all i, j Z 1.

By Theorem 2.67, v
H,= [] @
(i—-1)pizn

Now observe that H,, is generated, modulo H,i, by the elements of the
type aP’, where z is a left-normed group commutator of weight i and

(i = 1)p? = n. Thus it is possible to choose a canonical basis (see [Pas79],
p. 23) {xn, L12y « ooy Lleyy T21y T22y « ooy L2eyy « ooy Ldly Td2y + -+ wded} of G/,
where for 1 <r <d, 1 <k <e,, z,4 is an element of of the type &,;, where
& is a left-normed group commutator of weight i and (i — 1)p/ = r. It then
follows that the element

a=(zn — )P (g — )PV (2, — DY
(a1 — )PV (240, — PV (2.91)

is a non-zero element of F[G]. For 1 < r < d, 1 <k < e, x, = fj’ by
Lemma 2.83, we have

(21 — )P = (& — 1P P~V ¢ F[@]E-0P -0+ = pqg]ire-D+1
Moreover, by Theorem 2.82

_ 1D 1)1 1)1 [rer(p—1)+1]
(1 — 1) (0 — 1) oo (@rpe, — 1) € F[G] ,

that .,
t(FIG) 22+ (p—1)Y rer =2+ (p—1) Y mdii),
r=1 m>1
as e, = d(,4) for r > 1.
Since, *(FIG]) = 2+ (p — 1) X0, rer = 2 (p— 1) 5y mdgm 1) (sc0
[Pas79], p.47) and tX(F[G]) > t(F[G]) always, the proof is complete. [J

Let p be a prime and R a ring of characteristic p. Consider the Lie powers
R™_ m > 1, of R defined inductively by setting R = R, and, for m > 1,
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R™+1) to be the two-sided ideal of R generated by the ring commutators
xy —yx, £ € R, y € R.

Theorem 2.84 (Shalev [Sha91]). If RUFP=DP"") = 0 for some i > 1, then
R satisfies the identity

(X +Y)P =XV +Y7. (P)

Corollary 2.85 Let G be a finite group of exponent p©, and K a field of char-
acteristic p. If K[G]ITP=0r"") = 0, then exp(U (K[G])) = exp(G), where
Ui (K[G)) is the group of units of K[G] having augmentation 1.

Proof. Since G CU; (K[G]), it only needs to be checked that exp(U (K[G])) <
exp(G).

Let u = > a;9; € UW(K[G]), a; € K, g; € G. Since, by Theorem 2.84,
K|G] satisfies the identity (P;), we have

W’ =3 (ayg)" =) af 1=1. O
In [Sha9l] Shalev shows that the hypothesis of the above Corollary is
satisfied if p > 7 and exp(G)® > |G|, and thus we have

Theorem 2.86 (Shalev [Sha9l]). Let K be a field of prime characteristic p,
and G a finite p-group. Then G and U, (K[G]) have the same exponent if
p > 7 and exp(G)?® > |G].

2.12 Subgroups Dual to Dimension Subgroups

Let G be a group and R a commutative ring with identity. Define a series
{Z,(R[G]) }n>o of two-sided ideals in R[G] inductively by setting

Zy(R[G]) =0
and
Zn1(R[G]) ={a € R[G]|a(g — 1) € Z,(R[G]), (9 — D € Z,(R[G])}

for n > 0. This ascending series {Z, (R[G])}n>0 of two-sided ideals of R[G]
is the most rapidly ascending among all ascending series stabilized by G} it
defines an ascending series {35, r(G) }n>0 of normal subgroups of G, by setting

The series {3, r(G)}n>0 has been investigated by R. Sandling [San72b]; it is
in a sense dual to the dimension series {D,, r(G)}n>1 defined by the series of
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augmentation powers A%(G), n > 1, which is the most rapidly descending
among the descending series stabilized by G. The subgroups 3,, r(G), n > 1,
are rarely non-trivial. More precisely, we have

Theorem 2.87 (Sandling [San72b]). The normal subgroup 3, r(G) is non-
trivial for some n > 1 if and only if the group G is a finite p-group and the
ring R is of characteristic p° for some e > 1.

Proof. Suppose N := 3, r(G) has a non-trivial element g, say, for some
n > 1. Then, by definition of Z,,(R[G]), (¢—1)A’%(G) = 0. This is not possible
if G is infinite. Hence G must be finite. Now A%™(N) = 0. Therefore, there
exists a prime p such that IV a finite p-group and R has characteristic p© for
some e > 1. If 1 # h € G is a p'-element, then (g —1).(h — 1)™ = 0. It then
follows that (¢ —1)(h — 1) = 0 and hence h = 1, a contradiction. Hence G is
a finite p-group. O

Let R be a commutative ring with identity and G a group. Let W = R G,
the standard wreath product of the abelian group R and the group G. Let

Jn(R, G) := {a € R[G]| a.A%(G) = 0},

i.e., the left annihilator of A%(G). The subgroups 3, (R, G) are related to the
upper central series {(,(W)},>¢ of W. More precisely, there is the following
result which is easily proved by induction.

Theorem 2.88 (Sandling [San72b]). For all natural numbers n,

(W) = gn1(R, G)Jn(R, G).



Chapter 3
Derived Series

Closely related to the lower central series of a group is its derived series. We first
give a method, due to Gupta-Passi [Gup07], for studying the derived series of free
nilpotent groups. Our main aim in this Chapter, however, is the study of the trans-
finite terms of the derived series of groups. We give an account of the homological
approach of R. Strebel [Str74]. The impact on the asphericity conjecture of J. H. C.
Whitehead [Whi41] is also explored.

3.1 Commutator Subgroups of Free Nilpotent Groups

Let F be a free group of finite rank. The structure of 7, (F),n > 2, as a
subgroup of the commutator subgroup [F, F| (= v2(F)) has been investigated
by Gupta-Passi [Gup07] with the help of a filtration

F=FO9>FY 5  oFD5F0 =1}

of F by finitely generated free groups F(*) C §;,(F), which we briefly discussed
in Chapter 2, §2.7. This procedure, which is an interesting blend of the prop-
erties of lower central and derived series, provides a setting for recognizing,
up to isomorphism, the derived subgroups 0y (F/v,(F')) of the free nilpotent
group F/y,(F) as F® [~ (F®), where ~y<n>(F(k>) = F) Ny, (F) is the
normal closure of certain commutators of weight exceeding n — 1.

Let F = (x1, ..., 2m|0) be the free group of rank m > 2 with basis

Ty, ..., Tm and let n > 2 be a fized integer. Let [ be the least natural
number satisfying 2l > n. Set

FO' =F  B(0)= {01, --- , T0,m(0)}:

where m(0) = m, x9,; = z; for 1 < i < m and the elements of B(0) are
ordered as wo,1 < ... < g, m(0)- Define the weight of each zg ; (1 <7 < m(0))
by wt(xg,;) = 1. Now assume that, for some k > 1, we have already defined
the free subgroup F*~1 C §,_;(F) having ordered basis

R. Mikhailov, I.B.S. Passi, Lower Central and Dimension Series of Groups, 165
Lecture Notes in Mathematics 1952,
(© Springer-Verlag Berlin Heidelberg 2009
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B(k—1)={2p1,1, Th1,25 -+ s Thot m-1}  (Tr-1,i < Tp-1,iv1)
with integral weights wt(x,_1 ;) defined and satisfying
okl < wt(zp_1,;) <n and wt(zp_1 ;) < Wt(@p_1 j41)
for 1 <i<m(k—1)and 1 < j < m(k—1)— 1. Consider the set Uy_1 of
all distinct t-tuples (21, ..., 2), t > 2, of elements z; € B(k — 1) satisfying
the following conditions:
(i) 21 <o <z (1) 21 < 25 (1) wt(z1) + ... + wt(z) < n.

For each t-tuple z = (21, ..., 2z) € Ug_1, consider the set S(z) of all distinct
left-normed commutators

Z=1[2j, 21, ", Zj—1, Zj+1, -, 2 (25> 721, 2<j<t)
and define, for each such z,
wt(z) = wt(z1) + -+ + wt(z).
Let B(k) be the subset
B(k):= |J S(z) (3.1)
of [F+=1 | F*=D] and let
F®) .= (B(k)). (3.2)

In view of Lemmas 2.43 and 2.44, B(k) C §;(F) is a free basis of F(*). Now
order the finite set B(k) as follows:
For each pair of elements

Z:[Ziazlv"'7Zi7172i+17"'728]7 Z:[Z

in B(k), define z < z’ if

(i) wt(z) < wt(z'), or
(ii) wt(z) = wt(z') and s < ¢, or

iil) wt(z) = wt(z'),s=tand (21, ..., z,) < (2}, ..., 2.) lexicographically
1 s
relative to the ordering in B(k — 1) , or
(iv) (215 .0y 25) = (2], ..., 2,)and i < j.

With this ordering, rename the elements of the set B(k) as

Tr,1, - 5 Tk, m(k)

with zy ; <z, 41 for 1 <i <m(k) — 1, so that
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F(k) = <:Ek11, ey xk,m(k) ‘@>
Clearly B(t) = () when 2¢ > n and thus F() = {1}.
Let v, (F (k)) be the normal closure in F*) of all commutators
[Thi(1)s Th,i@)s - > Ty, 4(1) >i(2) < ... <i(t),
satisfying
wt(zg i) + o+ Wtz i) > 0,
and

wt(zy i) + -+ wWh(zg 1) < n.

Extend the order relation on the basis B(k) to B(k)U B(k)~! be declaring
for w, v in B(k),

uw<uland wl<w, ifu<ow.
The commutators [zf,(p), zf(l), cey z;(_pr, z;(ffl), ceey zf(t)] e F®) | where

t>2 z,€ B(k)and €(q) = £1 (1 < ¢ < ¢t), zf(l) <...< zf(t), zZp > 21,
will be called ordered commutators of level k. An ordered commutator will
be called reduced, if whenever €(i) # €(i + 1), then z; # z;11. Define

Yens (FEY = ({[26®), 250 ) er) ety ey

to be the subgroup generated by all reduced commutators of level k£ and
weight > n, i.e., satisfying Zlgqgt wt(zq) > n. Further, let

€ e(l e(p—1 € 1 €
ﬁ<n>(F(k)) = <{[Zp(p)’ Zl( )7 o Zp(—pl )’ Zp(-lz—)lJr )7 A Zt(t>]}>

be the subgroup generated by all reduced commutators of level k, weight < n
and not lying in B(k+1), i.e., satisfying the conditions that >, ., wt(2q) <
n and not all €(4) are equal to 1.

From definitions and repeated use the commutator identities listed in
Chapter 1, Section 1.1, we have

Lemma 3.1 For 0 <k <,

() '7<n>(F( )> - Y(n )(F(k));
( ) ﬁ<n>( CFkH )(F(k))
(i11) Yy (FFF) Sy (F ))-

) c
Theorem 3.2 (Gupta Passi [Gup07]). The commutator subgroup [F¥) | F*)]
of the free group F¥) is freely generated by the set of all reduced commutators
of level k, namely commutators of the form

2l py e(t) = 1, A B Y )

R s e Bt s Zpil e

; (3-3)
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wheret > 2, z, € B(k) ande(q) = £1(1 < ¢ < t), zfm <...< zf(t), 2p > 21,
and, furthermore, whenever (i) # €(i + 1), then z; # z;i11.

Proof. Tt is clear that [F*) | F(®)] is generated by the set of all commutators

Woa® g, 22 2 € Bk), elg) =1 (1< g<t). (3.4)

(=1
Modulo & (F*)), the commutators (3.4) can be decomposed, with the help of
commutator identities (Ch. 1, 1.1 (v)), as products of ordered commutators
of the form

e(p) , Zf(l) Ze(pfl) e(p+1) e(t)] , (35)

[z s Bpil s Bpil oy s Rt

p

with t > 2, €(i) = £1 and further satisfying z; < ... < z; and 2, > z;. With
repeated application of the standard congruence, modulo d,(F*)),

[gpagla"'7gfag;€a"'agt]z
[gpagl7"' )gie7"'7gt}_l[gpagla"'7.97;_67"'794_1 (gzeF(k))a

we can write each ordered commutator of the form (3.5) as a product of
reduced and ordered commutators of smaller weights. It follows that the set
of all reduced commutators generates the commutator subgroup [F*) | F(*)].
It suffices, therefore, to prove that the reduced commutators are linearly
independent modulo & (F*)).

Consider the set of all reduced commutators z(k, p, €(t)) (3.3). To prove
the linear independence of this set, we consider the Schumann-Magnus
embedding

F(k)/52(F<k)) N Z{p('ﬁ)}/f(k)a(k)

(see, for instance, [Gup87c], p.2), where Z[F¥)] is the integral group ring of
F®) k) the augmentation ideal of Z[F*)] and the ideal

ak) = Z[F®)(F® | FR] 1),

We then have, modulo §* a(*),

2k, p, et) = 1= (5P - )Y 1) 5V - DhY - 1)

R CrAC i P L DT Au s D DU oy )

Since f*) is a free Z[F®]-module with basis {z — 1 : z € B(k)}, the com-
mutators z(k, p, €(t)) and z(k, p’, €(t)) with p # p’ are linearly independent
and so are the commutators z(k, p, €(t)) and z(k, p, €(t’)) with ¢ # ¢'. Thus

the linear independence of the commutators z(k , p, €(t)) reduces to proving
only the linear independence of the following set of reduced commutators:
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S=A{z(k,p, ) : () = (e(1), €(2), ..., e(t))} (3.6)

with firtedz = (21, ..., z) and p with z, > z1, and the t-tuples ¢(t) ranging
over distinct t-tuples (e(1), €(2), ..., €(t)) with €(i) = £1 and €(i) # e(i+1)
only if z; # z; 1. Expansion of z(k, p, €(t)) — 1 modulo {*)a*) yields ordered
products of the form

@ — 1)V — 1) EEY D EETY — 1) (P 1) =

p—1 p+1
(zp— D21 = 1) (zpo1 = Dz — 1) (e — 1) [ ei) T 27072
1<ist 1<i<t
Since distinct €(t)’s yield distinct elements [ ], zge(i)fw ? | the linear inde-

pendence of the set S, as defined in (3.6), follows from the fact that distinct
group elements [ [, ;. €(0) [[1<;<; zl(.e(i)_l)/2 associated with the distinct €(t)’s
are linearly indeper_ld_ent modulo [F (k) | F(k>], and this completes the proof of
the theorem. [

In particular, restricting to the case k = 0, we have the following descrip-
tion of the commutator subgroup of F :

Corollary 3.3 The commutator subgroup [F, F| of a free group F with or-
dered basis B is freely generated by the set of all reduced commutators of the
form

[z;(f’)7 Z;(l)’ ey z;(_pfl), z;ffl), ey zf(t)], t>2,
where z, € B and e(q) = +1 (1 < ¢ < ), 2V < ... < W

zp > 21, and €(i) # €(i + 1) only ifz; # zi41.

Remark. Recall that the Cartesian group of a free product G is the kernel of
the natural homomorphism of G onto the direct product of its free factors, and
that the Cartesian group of a free product of abelian groups coincides with
the derived group. The above result is, therefore, a special case of ([Gru57],
Theorem 5.2) where Gruenberg gives a basis for the cartesian group of a free
product of cyclic groups (see also Levi [Lev40]).

From the definitions of the various partial commutator subgroups we im-

mediately have:

Theorem 3.4 (Gupta-Passi [Gup07]). The commutator subgroup [F*) | F(*)]
of the free group F%) is the free product

[F(k) ) F(k)] = ﬂ<n>(F<k>) * ’Y<n>(F<k>) s PO,
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Fundamental Theorem of Free Group Rings

Theorem 3.5 (Magnus-Griin-Witt). If F' is a free group, then D,(F) =
Y (F) for alln > 1.

Proof (Gupta-Passi [Gup07]). It clearly suffices to consider the case when
the free group F' is of finite rank m > 2, and n > 2. In the free group ring
Z[F®)], k>0, let

fk:m) = Z-span of all products (z —1)...(zF' = 1) (t>2),

where z; € B(k) for 1 < j < t, and wt(z) + --- + wt(z;) > n. Note that
fy(n)(F<k)) C 1+ §#m), We first prove the following result.

Lemma 3.6 Let u € f*>™) k> 0. Then
UZUJ1+UQ+U3+Zi(hi—1), h; E’y(n)(F(k)),
i
where uy 1s a linear sum of ordered products of the form
(=1 ... (' =1, t>2

with z; € B(k), z1 < ... <z and wt(z) + -+ +wWt(z) > n; ug is a linear
sum of partly-ordered products of the form
=1 . T -D(X -1 ... (Xy—1), a>1,b>1,

a

with ZZEB(:ZC)7 21 S Sza7Xs:[z5i(11)7 . ]
(21)+ - +wt(2e)+wt (X)) + - +Wt(Xp) > n, wt(X

ug 18 a linear sum of products of the form

0>2, 2y € B(k),w
) = Z Wt( s(i)) <n;

(X1—-1) ... (Xp—1), b>2,
with X as above and satisfying wt(X;) + -+ + wt(X,) > n

Proof. By definition, f*") consists of finite linear sums of products of the

form
(=1 (5 =), t>2, (3.7)

where z; € B(k), and wt(z1) + - -- + wt(z;) > n. By repeated application of
the identity

(y—D@-1) =@~ -1+ (y, 2] - 1)+ (z—1)([y, 2] - 1)
+ =Dy, 2] =1+ (@ -y —-1)([y, 2] - 1),
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each product of the form (3.7), and hence every element u € f*™ can be
decomposed as claimed.

Proof of Theorem 3.5. Let & > 0 and let f € F*) 0 (1 + f*™). Since
fkn) ¢ A2(F®), we have f € [F®) F®] = Dy (F®). Therefore,
f=gh, g€ F*D h e, (F®). Since v, (F*®)) C 1+ £k therefore
h—1¢ef*7 and consequently g —1 € £ With the notations of Lemma
5.2, we decompose g — 1 as

K2

Observe that
up € ZIFW(F® — 1\ {Z[F®] ([F*), FW] — 1)},
up € ZIFW] ([F®, FR] 1)\ {Z[[F®), F®)| ([F*), F®] - 1)},
ug € Z[[F®), FR] ([F®) | R — 1) ([F®), FR] —1) .

Since g € F*+1) C [F®) FF)] | we must have u; = 0, uy = 0, and conse-
quently

g—l=uz+» +(hi—1). (3.8)

Since F*1 is a free factor of [F*) F®)] (Theorem 3.4), projecting
Z[[F*, F®)]] onto Z[F*+Y] under the map which sends the basis elements
of [F®) F(®)] which lie in F**+1) identically and the remaining basis elements
into identity, the equation (3.8) yields that

ge F(kJrl) N (1 4 f(k+1,n)).

Therefore
f=ghe E*N @4 §FE)) gy (FO).

Hence F®) N (1+ k) C (FED A (14 fk+Ln)))y 0 (F*R). Since §01) = §7
and 7(n>(F(k)) C vn(F), we conclude, by iteration, that

Dn(F) = F N (1+§") Cy(F),

and the theorem is proved. O

3.2 E and D-groups

In this section we give an exposition of Strebel’s theory of E- and D-groups.
Since this theory plays a key role in the theory of aspherical complexes (see
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next Section), we present this theory in some detail. All the material here is
from Strebel’s paper [Str74].

Let R be a nontrivial commutative ring with identity. A group G is
called an E(R)-group if R, as a trivial R[G]-module, has an R[G]-projective
resolution

=R E2P 2R A R0,

for which the map
idgr ®0, : R@R[G] P — R®R[G] Py

is injective. A group G is called an E-group if it is an E(R)-group for every
ring R.
It follows directly from the definition, that Hy(G, R) = 0 for every E(R)-
group G. One of the most important class of E-groups is that of knot groups.
A group G is called a D(R)-group if, for every homomorphism n: A — B
of projective R[G]-modules, the injectivity of the induced map idr ®pgjqn :
R ®gjg) A — R ®pg|g) B implies injectivity of 7.

Example 3.7

The infinite cyclic group is a D(R)-group for any ring R. For, let C' be an
infinite cyclic group with generator ¢ € C' and n : A — B a map between
projective R[C]-modules, such that idr @gjc) 7 is a monomorphism. The
augmentation ideal of the group ring R[C] is residually nilpotent, i.e. the in-
tersection (),, A% (C) is the zero ideal and for any projective R[C]-module A,
the intersection (,, A% (C)A is the trivial submodule in A. The augmentation
quotients A% (C)/ABTH(C) are naturally isomorphic to R as R[G]-modules.
Therefore, the maps

AR(C)/AFT(C) @Rie) A — AR(C)/AE(C) @Ry B,

induced by 7, are monomorphisms for all n > 0. For every projective R[C]-
module there is the natural isomorphism

AR(C)/AF(C) @Riey A = AR(C)A/AFH(O)A,
hence 1 induces the monomorphisms
AR(C)A/ARH(C)A — AR(C)B/AR(C)B;

therefore, due to the fact that (1), A%(C)A = 0, the map 1 is a monomor-
phism. Hence C is a D(R)-group.

Let n : A — B be a map of projective R[G]-modules. Then there exist
modules A, B such that A® A and B ® B are free R[G]-modules. Define the
map

7:APA—-BoBopAG A
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by setting -
n:a®a—n(a)®000da, ac A, ac A

It is easy to see that 7 is injective if and only if 77 is, and idr @ g7 s injective
if and only if idgr ®gq) 7 is. Therefore, in the definition of the D(R)-group
we can assume that modules A and B are free R[G]-modules.

The main result about E-groups is the following theorem, due to Strebel.

Theorem 3.8 Let G be an E-group. Then

(i) FEvery term of the transfinite derived series 0,(G) is an E-group;

(i) Every term v,(G), 1 < a < w, of the lower central series of G is an
E-group;

(73t) The quotient G/P(G) is an E-group of cohomological dimension at
most two, where P(Q) is the perfect radical of G.

We will need the following result which implies the statement (iii) of
Theorem 3.8.

Theorem 3.9 Let G be an E-group and
P2 P P70,
a Z|G]-resolution of Z such that the induced map
idz ®0s : Z ®zjq) P» — Z Q) P
18 a monomorphism. Then, for every ordinal number a, the induced map
05 =iy @0y : Z ®zs.(a)] P2 — Z Qg5 (a)) P

s a monomorphism.

Lemma 3.10 Let G be a group with transfinite descending subnormal series
G=GyDGE DG D DG, DGu1 D DG, =1

in which all the quotients Gg/Ggi1 are D(R)-groups. Then G is a D(R)-

group.

Proof. Let A and B be R[G]-projective modules, n : A — B a map such
that
idr ®pgi@n : R®pgg) A — R®gq B
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is a monomorphism. We use the transfinite induction on « to show that the
maps
idr ®R|Gs)1 : R ®RiGe) A = R®R(Gs) B

are monomorphisms. It will then follow that 7 is a monomorphism. For any
ordinal number [, consider the group extension

1— Gpy1 — Gg— Gp/Gps1 — 1

and assume that idg ®@pgjg,n is a monomorphism. The map idgr ®@r(g,, |1
can be viewed as a map between R[Gg/Gpgi1]-projective modules. Then
idr ®@R(as/G 4@ (IR @R(G,,, 1) gets identified with idr @ g|q,)n and is injec-
tive. Since G3/G 1 is a D(R)-group, we conclude that the map idr @ g(q 4,11
is a monomorphism.

Consider now the limit case. Let 7 be a limit ordinal number and suppose
that the maps idg ®pjq,n are monomorphisms for all 3 < 7. For a given
projective R[G]-module M, let

M R®R[GT] M — H R®R[G5] M
BT

be the canonical map induced by inclusions G, C Gg, § < 7. We have the
following commutative diagram:

idr @Rl 1N
————

R®gq, A R®p, B

ol .|

[Is5<-idr @R Gl
[ls<. B ®ric, A [l R®ric, B

where the lower map is a monomorphism, since all maps idg ®@g(g,n are.
Observe that it suffices to show that the map i4 is a monomorphism.

Suppose first A = R[G]. Choose transversals {T},eq/q, for G- in G.
Suppose we have z € ker(is) and z # 0. Then element z € R ®pgjq,] RG]
has a unique expression of the form

T = er r) ®gia,) Ts, rs(v) € R. (3.9)

Since this sum is finite, there exists 3 such that for every pair of elements
Ts, Ty from the sum (3.9) the element 7,7, ! ¢ Gga. Therefore, the element
r has a nontrivial image in R ®gjq, A and hence ia(x) # 0, which is a
contradiction.

Now let A = ®pM;, where M; are R[G]-modules. Then there exists the
following natural commutative diagram:
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KMy,

®
SR ORria,) Mk — @k [, RORG, Mk

H °|

$kiMk

OrR @Rria,) Mk — [ls<, ®xR @pg, Mk

H H

Repe A —*— Ilpr RORe, A
with monomorphism o. The map i4 is injective for any free R[G]-module

and furthermore for any direct summand of a free R[G]-module, i.e., for any
projective R[G]-module. Hence the map

idr ®RjG,)n: R®RG,) A — R®Rrc, B

is a monomorphism. This completes the induction and so the proof of the
Lemma is complete. [J

Lemma 3.11 Let G be a torsion-free abelian group. Then G is a D(R)-group
for any commutative ring R with identity.

Proof. First observe that in the case of a finitely-generated group G, the
statement follows from Lemma 3.10 and the fact that the infinite cyclic group
is D(R)-group.

Next let G be arbitrary torsion-free abelian group. Then G is a direct limit
of its finitely-generated subgroups:

G =lim;e Us,

where U;, ¢ € I, are finitely-generated free abelian groups. Let n : A — B
be a map of free R[G]-modules such that the map idg ®gjgn is injective.
Since A and B are unions of their finitely generated free direct summands,
for testing the D(R)-property, we can assume that A and B are finitely
generated. Choose R[G]-bases {ai, ..., an} and {by,...,b,} of A and B
respectively. Let H be the m x n matrix which defines the map n with respect
to the above choice of bases of A, B. Since this matrix is finite, there exists
i € I such that all entries of H are in U;. It is easy to see that idg @gjy,n is
injective. Since U; is a D(R)-group, the map 7 is also injective. O

Lemma 3.12 Let G be an E-group. Then for any ordinal number o, 6,(G)
is an E-group and for any ring R, the group G/, (G) is a D(R)-group.

Proof. The proof is by induction on «. Suppose that, for any 5 < a, d3(G)
is an E-group and G/d3(G) is a D(R)-group. Consider the group G/d,(G).
Since G are E-groups for § < «, the quotients Gz/Gpgs1 are torsion-free
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abelian groups. Hence G/0,(G) has a descending series with torsion-free
abelian quotients. Therefore G/d,(G) is a D(R)-group by Lemmas 3.10 and
3.11.
Let
'—>P2%P1—>PO—>R_>O7

be an R[G]-projective resolution of R such that idr ®0; is injective. Consider

the R[G/d,(G)]-projective resolution

idr ®0
Y

- = R®Rjs,q) P2 R ®gs5. ) Pr — R®Rjs,c) o — R—0.

For this resolution the map

idr ®@Rja/s, (@) (AR @R, (@) 02) =~ idr @R|G)02

is injective. But the group G/6,(G) is a D(R)-group, hence idr ®g(s, ()92
is injective and therefore d,(G) is an E(R)-group for any R, i.e., it is an
E-group. The induction, and therefore the proof, is thus complete. (I

Proof of Theorem 3.9. We have the following natural isomorphism of
maps: B

idz ®z(G/6,(c) 05 ~ idz ®z/6)0e.
Therefore the map idyg ®Z[G/5a(g)]5§‘ is injective. By Lemma 3.12, the group
G/04(G) is a D(R)-group; hence the map 05 is also injective. O

C. Gordon raised the following problem in [Gor81]:

Let G be a knot group with v-2(QG) transfinitely nilpotent. Is it true that v (G) is
residually nilpotent?

The above motivated the following more general

Problem 3.13 Is it true that v,(12(G)) = Yui1(72(Q)) for any finitely gen-
erated E-group G ?

3.3 Transfinite Derived Series

Recall that, for a group G, 67(G) denotes the subgroup generated by the
torsion elements g € G which have only finitely many conjugates in G.

Theorem 3.14 (Mikhailov [Mik05a]). Let F' be a free group and {1} # S C R
its normal subgroups such that:

(3) F/S is residually solvable,

(i) 67 (F/R) =1,

(i13) F/R is not residually solvable.
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Then
6u(F/[S, R]) # du+1(F/1S, R]). (3.10)

Proof. By Theorem 1.60, the module S/[S, R] is a faithful Z[F'/R]-module.
Consider the following exact sequence of groups:

1— S/[S, R] — F/|[S, R] — F/S — 1.

By condition (i), d,(F/S) = {1}, therefore 4, (F/[S, R]) C S/[S, R]. Since
the subgroup S/[S, R] is abelian, we have d,41(F/[S, R]) = {1}. Suppose
that

0w (F/[S, R]) = 0w (F/[S, R]) = {1}.

Let 1 # g € 6,(F/R). Then

S/1S, Rl o (1—g) =0,
which contradicts the faithfulness of S/[S, R] as a Z[F/R]-module. Hence
0, (F/[S, R]) # 1, and our assertion is proved. [

Example 3.15
Let F be a free group of rank 3 with basis {a, b, ¢}. Let S be the normal

closure of a in F, and R the normal closure of (a, b[cbc™!, b]) in F. Then the
group F'/S is free of rank 2, and is, therefore, residually solvable. The group
F/R has the following presentation

(b, ¢ | blebe™, b] = 1).

It follows from properties of one-relator groups that:

(i) the group F/R is torsion free and therefore 6% (F/R) = 1;
(ii) the element b is nontrivial in F'/R.

It is clear that the element b € ¢, (F/R). Hence, by Theorem 3.14, F/R is
not residually solvable and

5w(F/[Sv RD # 5w+1(F/[Sv R]) = {1}

For a given group G, let

3 (G) = 16(G), 64(G).

n

Obviously, we have

Lemma 3.16 Let g € 6,41(F/RS), then

RNS
(R, 5]

o (g~ 1) C 8y (F/IR, S)). (3.11)
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Proof. The element g € §,41(F/RS) can be written as

k
H L25—1, 172]
J=1

for some k, where z; € §,,(F/RS). Let r[R, S] € RQS , 7€ RNS. Then

(R, S]
k
[R S Hf?j 1, f2j ]7
Jj=1
where the elements f; € F, [ =1, ..., 2k, are such that f;RS = x;. We thus
have
T[R7 S} © (g - 1) € <Hfj7 T]a fl]a j7 I = 1) EREE) 2k>F (312)

Since fiRS € §,(F/RS), it follows that [f;, 7] € 0, (F/[R, S]). The assertion
(3.11) then immediately follows because the elements f;RS in (3.12) lie in
do(F/RS). O

Lemma 3.17 Let F be a free group, R and S its normal subgroups such that
F/RS is torsion free and

(1) 6a(F/R) = 6a(F/S) =1, a > w,
(i) 8. (et ) = b (i)
Then 6,(F/RS) = 1.

Proof. The module ﬁ is a faithful Z[F/RS]-module (Theorem 1.60).

Consider the following exact sequence of groups:

RNS . F
[RNS, RS] [RNS, RS]

— F/RNS (CF/RxF/S). (3.13)

From (3.13), and condition (i) it follows that 041 (

due to (ii), we have

m) = 1, therefore,

WQRﬂgRﬂ):L (3.14)

Now let g € d,(F/RS). Then, using the fact that
O (m) and (3.14) holds, we have

RNS
[Rmsm,Rs] o(g—1) ¢

RNS

Tns ks oW D=0

Since F/RS act faithfully on %, it follows that ¢ = 1. Hence
do(F/RS)=1. O
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By a similar argument, we have the following

Lemma 3.18 Let F be a free group, R and S its normal subgroups such that
the group F'/RS is torsion free and

(1) 0w (F/R) = 6u(F/S) =1,
(”) 6(w) (m) = 6w+1 (m) )

then 8y+1(F/RS) = 1.

Proof. Observe that the group F/RN S is a subgroup of the direct product
F/R x F/S; therefore the condition (i) implies that F//R N S is residually
solvable, i.e. d,(F/RNS) = 1. The following short exact sequence

RNS F

1— — —F/RNS —1
[RN S, RS] [RNS,RS] /

shows that dy41 (m) =1, and in view of the condition (ii), we have

3w) (W) =1 (3.15)

Recall (Theorem 1.60) that F/RS acts faithfully on
dw+1(F/RS). Then, by (3.15) and Lemma 3.16, we have

RNS
TS, RS Let g €

RNS
(R, S]

0(9_1)207

and therefore g = 1. Hence 0,41 (F/RS) =1. O

3.4 Applications to Asphericity

Let X be a two-dimensional CW-complex. Identifying 7o (X) with the second
homology group of the universal covering space X over X , we have an em-
bedding of the second homotopy module 75 (X) into a free Z[m (X)]-module,
namely:

By 1 T(X) — Co(X),

where C,(X) is the chain complex of X. Define the Foz ideal F(m(X)) of
m2(X) to be the two-sided ideal in Z[mr(X)] generated by the coordinates of
the embedding 9s. For a given subgroup H C m;(X), the complex X is called
H-Cockcroft if

F(m2(X)) € hZ[m1(X)].
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It is easy to see that a complex X is H-Cockcroft for a given subgroup
H C m(X) if and only if the Hurewicz homomorphism

hy :m(X) — Hy(Xgy)

is the zero map, where Xy is a covering of X corresponding to the sub-
group .

Proposition 3.19 [Bra8l]. For a given two-dimensional complex X and a
subgroup H C m1(X), the following conditions are equivalent:

(2) The induced map idz ®0s : Z ®zp) Co(X) = Z ®z1m1 C1 (X) is injective.
(it) X is H-Cockcroft and Hy(H) = 0.
(#91) Ho(Xm) = 0.

The proof follows directly from the structure of the chain complex of X
on applying the functor Z @z —.

One of the most interesting and challenging problems in the theory of
CW-complexes is the following:

Problem 3.20 (J. H. C. Whitehead). Is any subcomplex of an aspherical two-
dimensional complex itself aspherical?

The above problem was first raised in [Whi41]; an affirmative answer is
now conjectured and so it is often referred to as the Whitehead asphercity
conjecture. The derived series techniques give conditions for a subcomplex of
an aspherical complex which imply asphericity. We will see how Proposition
3.19 introduces the perfect radicals into the theory of the second homotopy
modules.

Theorem 3.21 [Bra8l]. Let X be a two-dimensional complex such that
Y = X U, € is aspherical, where {e;}icr is a collection of 2-cells. If L =
ker{m (X) — m(Y)}, then X is P(L)-Cockcroft and Ho(P(L)) = 0.

Proof. Observe that L, is isomorphic to Z[H ]‘I | and, in particular, free
abelian. It is easy to see that X is L-Cockcroft and Hy(L) = 0; therefore the
map

idz ®7(1)02 : Z ®z)1) C2(X) — Z ®z)1) C1(X)

is a monomorphism by Proposition 3.19. We conclude that L is an E-group
in the sense of Strebel . By Theorem 3.9, the map

1 @zip(r) & : Z Qzip(ry C2(X) — Z ®gpp(ry C1(X)

is a monomorphism. The assertion then follows from Proposition 3.19. OJ

It is shown in [Gil] that for a given two-dimensional complex K, the fol-
lowing conditions are equivalent:
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(i) The plus-construction K™ is aspherical.

(ii) The covering space Kp(r, (k) of the complex K with 71 (Kp(r,(k))) = P(m1(K))
is acyclic.

(iii) Ho(P(m(K))) = 0 and K is P(m (K))-Cockeroft.

Therefore, Theorem 3.21 implies that, for any subcomplex of a contractible
two-dimensional complex, the plus-construction is aspherical. This is the case
also for a subcomplex of an aspherical two-dimensional complex [Hau].

J. Howie [How83] proved that in case there exists a nonaspherical subcom-
plex of an aspherical two-dimensional complex, then there exists a connected
two-dimensional complex L such that

either (1) L is finite and contractible and L \ e is not aspherical for some open
two-cell e of L;

or (2) L is the union of an infinite ascending chain of finite connected nonaspherical
subcomplexes Ky C K; C ..., where each inclusion K; ; C K; is nullhomotopic.

Subsequently E. Luft [Luf96] has shown that in the case of a complex L
with property (1), one can construct also a complex, satisfying property (2).
Hence, Whitehead asphericity conjecture is the question of existence of a
two-dimensional complex L, satisfying the condition (2).

Let F be a free group of finite rank n, say. A factorization F' = Ry ... Ry,
of F' into a product of normal subgroups R; is called efficient if there exist
natural numbers r;, 1 < i < k, such that R; is the normal closure in F of a
set of words in F' having cardinality r; and r + - -- + 7, = n.

W. Bogley [Bog93] has proved that the following statements are equivalent:

(i) Every connected subcomplex of a finite contractible 2-complex is aspherical.

(ii) If R and S are distinct factors from an efficient normal factorization of a finitely
generated free group, then RN S = [R, S].

This equivalence follows from Theorem 1.45 and the following result of
Cockeroft [Cocb4], which solves Whitehead’s asphericity conjecture in the
simplest case.

Theorem 3.22 (Cockcroft [Cocb4]). If a connected subcomplex of an aspher-
ical two-dimensional complex has just a single two-dimensional cell, then that
subcomplex is aspherical.

Bogley [Bog93] has also shown that if I/ = RST is an efficient factorization,

then
RNS
(R, S]

and the lower central quotients of F'/[R, S] are free abelian. Hence the resid-
ual nilpotence of certain groups of the type F/[R, S| implies asphericity of
some subcomplexes of aspherical complexes. The following statement shows
that one can replace the hypothesis of residual nilpotence with residual
solubility.

€ 1w (F/[R, S))
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Theorem 3.23 (Mikhailov-Passi [Mik05b]). Let F' be a free group with basis
1, ..., Ty (N >2), and

P:<I17 ceey I | 1, .. aTn>
a balanced presentation of the trivial group. Let R;, S; (i =1, ..., n) be the
normal closures in F of r; and {ry, ..., r;} respectively. Suppose that for
some natural number m < n, 8,(F/[Rit1, Si]) =1 (i =1, ..., m). Then the
presentation

Pon={x1, ..., &y | "1,y Tm)

is aspherical, i.e. m(Kp, ) = 0.

Proof. First note that Kp is contractible (see Example 2).

If m =1, then Kp, is a connected sub-complex of the aspherical 2-complex
K p and has only a single 2-cell; therefore, by Theorem 3.22, K p, is aspherical.
Suppose now that m > 1 and Kp_ , is aspherical. Then, by the sequence
(1.18), applied to the case R = R,,, S = S;,—1, we have

~ Rm N Sm—l

m(Kp,, ) =~ Roms S 1]

(3.16)

RynNSm1
R

By Corollary 1.142 (i), either R 5. Is zero, or the action of F/S,, on
R0

this module is faithful. Suppose WS”":} is not zero. Then, in view of (),

Theorem 1.36 (ii) (applied with V' = [R,S]) implies that §,(F/Sn) = 1.
Therefore, by Theorem 3.21, P, is aspherical, and so % = 0 by (3.16).

an mSmL—l
1

This is a contradiction. Hence = =0 and Kp,, is aspherical. [

m> Sm-1]
Results about crossed modules give some conditions on a subcomplex of
an aspherical complex to be itself aspherical. First, let X be a subcomplex
of a finite contractible complex. Then, clearly, H;(X) is free abelian and
Hy(X) = 0. Therefore, we can apply Theorem 1.138 to get the following:

Proposition 3.24 (Conduché) [Con96] Let X be a subcomplex of a finite con-
tractible two-dimensional complex. Then my(X) = ~, (w1 (XW), mp (X, XM)).

Corollary 1.142 gives the following group-theoretical criterion for the as-
phericity of a subcomplex of an aspherical complex.

Theorem 3.25 (Mikhailov [Mik07b]). Let X be a subcomplex of an aspherical
two-dimensional complex. Then the following conditions are equivalent:

(¢) X s aspherical.
(i) The fundamental cat!-group L(X) (see p. 88) is residually solvable.
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Proof. The implication (i) = (ii) is obvious. Indeed, let X be aspherical.
Then 75 (X, X)) is a normal subgroup of the free group (X)) by (1.107).
Consequently, the group £(X) is residually nilpotent, and hence, residually
solvable.

To see the implication (ii) = (i), assume the contrary, i.e. that mo(X) # 0
and that £(X) is residually solvable. Note that

mo(1—f)=[m, f], fem(XY), mem(X, XD).

Let g € m(X), then g can be presented as a coset g = f.im(9), f € m (X)),
Then, for any m € m(X) = ker(9), with these notations, we have

mo (1—g)=[m, fl. (3.17)
Suppose g € §,,(m1 (X)), then g = f.im(9), f € 6,(m (XM)), therefore, by
mo(l—g) € (L(X)), mem(X), g€ dp(m(X)).

Hence,
mo(l—g) €d,(L(X)), mem(X), g€ d,(m(X)).

The residual solubility of £(X) implies, therefore, the fact that any element
from d,,(m (X)) annihilates all elements from m9(X). However, by Corollary
1.142, the action of 71 (X) on m2(X) is faithful. Hence, 0, (71 (X)) = 1. There-
fore, m (X)) has a trivial perfect radical and m9(X) = 0 by Theorem 3.21, a
contradiction. Hence, (ii) implies (i). O

Remark. It is easy to see that the preceding result can be proved for the
more general case of a two-dimensional complex X with aspherical plus-
construction X .

Note that for any crossed module (M, 0, F') with F free, the group M is
residually nilpotent, since it is a central extension of the free group im(9).
Therefore, the group M x F' is transfinitely residually solvable, namely,

(52w(M><1F) =1.

Hence, the condition (ii) from Theorem 3.25 is equivalent to the stabilization
of the transfinite derived series:

0w (L(X)) = 0u11(L(X)).

This observation shows that the obstructions to the asphericity of certain
2-complexes lies in the difference between 6, and §,,.; of fundamental cat'-
groups. Here we will show that for some important cases of the Whitehead
asphericity conjecture, such kind of obstructions can be found in the difference
between 4, and 4,41 of certain finitely generated groups.
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Proposition 3.26 Let K be a subcompler of a contractible 2-dimensional
complex which is the union of its subcompleres K = K1 U K, such that KN
Ky =KW, Let R = ker{m (KW) — 7 (K})}, S = ker{m (KWV) — m (K,)}.
Suppose that

(1) du (1 (K1) = 00 (mi(K2)) = 1,
(i1) 8y (m(KW)/[R, S]) = Sui1 (m(KWV)/[R, S)).

Then m(K) = 0.

Proof. By Theorem 3.21, my(K;) = m2(K>y) = 0. Therefore,

RNS
mo(K) ~ 7.9

by Theorem 1.45. Suppose that my(K) # 0. Then, by Corollary 1.142, the

action of 7 (K) ~ m (K™M)/RS on % is faithful. By Lemma 2.69, we have

RNS
(R, 5]

o (g —1) C duy(m(KW)/[R, S)), g € b (m(K)). (3.18)

Due to the exact sequence

- fm = m(KW)/[R, 8] — m(KW)/RS (€ m(KY)/Rxmy (K1) /5),

we have 6,1 (7 (KW)/[R, S]) = 1. By condition (ii) and (3.18), we have
S (m(KW)/RS) =1
and complex K is aspherical by Theorem 3.21. [J

Proposition 3.27 Let K be a subcomplex of a contractible 2-dimensional
complexr and K =K,U---UK,,, KiN ... NK,, = KW, Suppose

Su(K) =1, 1<i<m, (3.19)
and forallt=1,..., ,m—1
1) KM)

5, m (KT >5w < i > .
([Ql o Qi Q] Q- QL Qi) (3:20)

5 ( 7r1(K(n) >5 ( 7T1(K(1)) )
“NQ1 - QiNQit, @1~ Qi) “""\Q1-- QiNQisr, Q1. . Qir1])
(3.21)

where Q; = ker{m (KW) — 1 (K;)}, i=1, ..., m. Then m(K) = 0.
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Proof. The proof is by induction on m. The case m = 1 follows from Theorem
3.21. Suppose that the Theorem is proved for a given natural number m — 1,
m > 2, i.e., a sub-complex of a contractible complex, which is the union of
m — 1 sub-complexes, and is such that the corresponding conditions (3.19)-
(3.27) are satisfied, is aspherical.

It is clear that, by induction hypothesis, conditions (3.19), (3.20) and (3.27)
imply asphericity of Ky U---U K,_1. Let

R=ker{m(KY) - m(K,U ... U K1)}, S=Qm,

and apply Proposition 3.26 to this case. It follows that the complex K; U
... U K, is aspherical and therefore its fundamental group is torsion-free.
Now we can apply Lemma 3.17 (the condition (i) of Lemma 3.17 follows from
(3.19) and the induction hypothesis, whereas the condition (ii) follows from
(3.27)). We get d,,(m (K")/RS) = 1 and the induction is complete. (]

Conditions (3.19) are satisfied in certain important cases of the Whitehead
asphericity conjecture; for example, in the case of LOT (label oriented tree)
presentations. Let 7 be a tree with vertices A and edges €. Let ¢ : £ — X be
some function. For a given pair (7, ¢) we have the following corresponding
presentation, called LOT-presentation:

(X [i(e)p(e)t™ (e)p(e) ™!, e € E),

where i(e) and t(e) are respectively the initial and final vertices of a given
edge e.

It is easy to see that the standard 2-complex, associated with a LOT-
presentation is a subcomplex of a 2-dimensional contractible complex. Clearly,
we have the condition (3.19) for a one-relator group, where the relator is taken
from the set of relators of a given LOT-presentation. Hence the obstructions
to the asphericity of such presentations lie in the difference between ¢, and
0,41 terms of the derived series of some finitely generated groups, associated
with a given LOT-presentation. Note that modulo Andrews-Curtis conjec-
ture about balanced presentations of the trivial group, the positive answer
to the Whitehead asphericity conjecture for finite complexes is equivalent to
the asphericity of LOT-presentations [How83].

Remark. The relation of homology with lower central series and derived
series, with applications to topology, has been investigated by T. Cochran
and S. Harvey ([Coc05], [Coc08], [Cocb], [Cocal).



Chapter 4
Augmentation Powers

Our main aim in this Chapter is to discuss certain (co)homological methods for the
study of group rings, in particular the augmentation powers.

4.1 Augmentation Identities

Given a group G, let g denote the augmentation ideal of its integral group
ring Z[G]. While studying augmentation powers g", certain identities play a
crucial role. We list them here for the reader’s convenience.

1. (Hartley [Har70], Prop. 2.1; [Har82c], Lemma 4.5) If =, y are elements of
G and z has order ¢, then (1 —y?")(1 — ) € g"*? for all n > 0.

2. If y € G is an element of infinite p-height, and = € G is a p-element, then
(1-y)(1—2)e€ g

3. (Hartley [Har82c], Lemma 5.3) Let G be a nilpotent group. If x € G is
an element of infinite p-height modulo the torsion subgroup 7 of G, and
y € G is a p-element of infinite p-height, then (1 — z)(1 —y) € g“.

4.2 Integral Augmentation Powers

The structure of augmentation powers g and augmentation quotients
P,(G) = Z[G]/g""", Q.(G) := g"/g"*! is of number-theoretic interest
(for example, see Passi [Pas68b], Mazur-Tate [Maz87], [Dar92], Ki-Seng Tan
[Tan95], Bak-Vavilov [Bak00]). A presentation of the abelian group g”, n > 1,
has been given by Bak and Tang [Bak04] in case G is a torsion-free or torsion
abelian group; we begin with a brief account of this work.

The augmentation ideal g is clearly a free abelian group generated by the
elements 0(g) := g — 1, g € G, modulo the relation #(1) = 0. Therefore the
ideal g, n > 1, is generated by the elements

R. Mikhailov, I.B.S. Passi, Lower Central and Dimension Series of Groups. 187
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0(g1y...y9n) =0(g1)...0(gn), @1, --- , gn €G.

This set of generators of g™ are called the standard generators. Obviously
there hold the following relations:

N = 0(q1, ..., gn) = 0, whenever some g; = 1 (n > 1) (normalizing
relation);

R:=0(q1, ..., gn) 18 a 2-cocycle in g;—1, gi, (i > 2), when the other vari-
ables are fized (cocycle relation);

S =091, -+ 9n) = 0(9go(1), - -+ » Go(n)) for any permutation o of n letters

(n > 1) (symmetric relation).

If 2z is a rational number, let
{z}>0 = smallest nonnegative integer > z.
If p is a prime number, let
v Q—=Z, z— vp(2)

denote the discrete p-adic valuation on the field Q of rational numbers. Let
g, h be elements of a torsion abelian group G, |g|, |h| their respective orders.
Let |h] = [[L_, pke be a factorization of the order |h| of h as a product of
distinct prime powers. Let m be a natural number such that 3 <m < |g|+ 1.
For each a (1 < a < k) and each i (1 <7 <m — 2), define

—(@+1) lg]
em-)h,g:{m(z+talv ( 4.1
n, g) = { T W(7), e
. e(;f‘i(h,m
cgm)(hyg)»:Hapa (42)
and let

A (h, g) = l.c.m.{cgw(h, 9) |1 <i<m-—2}. (4.3)

Consider the polynomial
FUM(X) = (Xlmme2 — )X — )2 - X941, (4.4)

Since the free Z-module of all polynomials f(X) € Z[X] such that degree
f(X) <|g| —1and f(1) = 0 has Z-basis consisting of the set

{(X-1D1<i<m-2JUu{(X'- DX -1 ?|1<i<|g|-m+1},
the polynomial FI;T)(X ) can be written uniquely as
m—2 [g|—m+1

Fix) =3 a™(X - 1)' + 2 (X - )(X - 1), (45)

i=1
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with agm), bgm) € Z. It can be checked that

o™ — ('g'). (4.6)

Now there exist unique integers ai)"lb), ceey agnff)qq (1 <4< m—2) such that
i «

i) ()= = 3 el - pe - )
j=1

These considerations lead to the following relation in g":

Tm(g, h) : C(m)(h7 g)a(h3 g‘glierQ?g’ M ?g) =
—

m—2
m—2 |h|—1 |g|—m+1
ST a0 b g g+ Y ™ (b b0k, g g, g).
(4.8)
Set

Tn(G) = {e(fla o '7fk:)Tm(h7 g)e(fk:+m+17 .. af’rl) |TL Z m Z 37 k Z Oa
nzm"'_kv flv cee fka h,ga fk+m+17 ey fn ranges
over all sequences of elements in G such that |g| +1 > m}. (4.9)

Let (I, g) denote an ordered basis for the torsion abelian group G, where
I is an ordered set and g : I — G is a map, and let iy denote the smallest
element of I, which might not exist. Let

M (G)={m e N|ifl <k < infimum {m —2, |g;| —1|i € I\{io}}
then Vi € T\{ip}, Vh € G;\(1), and V natural primes p,

such that po| |h], m < (k+1) + (pa — 1)vp, (|Z|) —up, (|h]) + 1)}, (4.10)

where
Gei=(g;1J <1i).
Define
n;(G) = supremum M;(G). (4.11)

For an arbitrary torsion abelian group G, define

n(G) = supremum {n’ | given a finite subgroupH C G, a finite subgroup
H' O Handan ordered basis (I', g) of H' such that np(H') >n'}. (4.12)
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Theorem 4.1 (Bak and Tang [Bak04]). Let G be a torsion free or torsion
abelian group. Then the following holds:

o N, R and S are a defining set of relations for g when either n = 2 or
n > 2 and G is torsion free or a direct limit of cyclic groups.

e N, R, S and T are a defining set of relations for g" when either G is
p-elementary or G is torsion and n < n(G).

Bak and Tang [Bak04] define another set of relations, denoted by U, which
together with the relations N, R, S and T provide a defining set of relations
for g when G is an arbitrary torsion abelian group.

As a consequence of the above work, there immediately follows a pre-
sentation for the augmentation quotient @, (G) = g"/g"™ (n > 1), in the
corresponding cases since @, (G) is the quotient of g™ modulo the relations

(B): 0(g1,---,91)(0(fg) — 0(f) — 0(9))0(gk+3, - - - » gn+1) = 0.

(bilinearizing relation)

For some of the earlier work on augmentation powers, see [Pas77a], [Pas78],
[Pas79], [Hal85], [Par01].

4.3 Intersection Theorems

Theorem 4.2 (Hartley [Har82c]). Let G be a nilpotent group of class ¢ hav-
ing a normal subgroup K with G/K torsion-free. Let V' be a Z[K]-module
satisfying VE =0 for some integer b > 1. Let W =V Qg Z[G]. Then

Wg(bfl)c(c+l)+1 NV =0.

Theorem 4.3 (Hartley [Har82c]). If there is no prime p such that G/K con-
tains an element of infinite p-height and V' contains an element of additive
order p, then (o, Wgb = 0.

Theorem 4.2 when applied to the module V = Z[K]/€, immediately gives
the following result.

Theorem 4.4 (Hartley [Har82c]). If G is a nilpotent group of class ¢, and K
is a normal subgroup of G with G/K torsion-free, then

g(b—l)c(c+1)+l ) Z[K] C Eb
for all integers b > 1.

Corollary 4.5 If G is a nilpotent group, and T its torsion subgroup, then

() Du(G) = Do, (T).
(ii) [Du(G), T] = 1.
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Theorem 4.6 (Hartley [Har82b]). Let p be a given prime and let ¢, N be
given natural numbers. Then there exists a function p(a) = @p . n(a) such
that if H = LG s a nilpotent group of class at most ¢, where L << H and G
has finite exponent dividing p , then

bW NZL C 1 for alla > 1.

4.4 Transfinite Augmentation Powers

Let G be a group and R a commutative ring with identity. The transfinite
augmentation powers A%(G) are defined as follows:

AR(G) = Ar(G), ART(G) = AR(G)AR(G) + Ar(G)AK(G),

and
AR(G) = [ AR(G)

if 7 is a limit ordinal. Thus, for instance, if n is a natural number and w
denotes the least infinite limit ordinal, then

A(G) = (AR ™G,

where m runs over all natural numbers. In the case of the integral group ring
Z|G] we drop the suffix R and write simply A®(G), or g%, in place of A% (G).

In analogy with the ordinary dimension subgroups, for a given ordinal
number «, denote by D, r(G) the transfinite dimension subgroup G N (1 +
A%(@)) of G over R:

Do r(G) == GN (14 A%(G)).

It is easy to see that 74 (G) C Dq, r(G) always, and v,,0(G) € Dg, r(G)
provided Q C R.

Let G be a nilpotent group of class ¢ containing a normal subgroup K with
G/K torsion-free, and let T" be the torsion subgroup of G. Then T' =[], T},
where p runs over the rational primes and 7}, is the p-torsion subgroup of 7T'.
Denote by G(p) the set of elements of infinite p-height in G, by G*(p)/T the
set of elements of infinite p-height in G/T and by T, (p) the set of elements
of infinite p-height in T,,. With these notations, we have

Theorem 4.7 (Hartley [Har82a]). If there is no prime p such that (i) G/K
contains a non-trivial element of infinite p-height and (ii) T contains an
element of order p, then

g° = t“7]G).
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Proof. Let 7 be the set of primes p for which 7" has an element of order p.

Trivially, ¢“Z[G] C g*. Since G/T is a torsion-free nilpotent group, g* C
tZ]G]. Observe that t = @pert, ®D_ , tpty and tyt,y C . Thus, to complete
the proof, it suffices to show that X = (3 . t,) Ng” C E7Z[G] for all b > 1.
The Z[K]-module V/V, is such that the only additive torsion is m-torsion,
whereas G /K has no element of infinite p-height. Therefore, an application of
Theorem 4.3 to this Z[K]-module shows that the image of X in V' is contained
in Vv Z|G]. Note that, modulo £, X is a m-torsion ablian group, it therefore
follows that X C ¢°Z[G] for all b > 1. O

Theorem 4.8 (Hartley [Har82c]).

89 =Y (9t + 8" ()t(p) + 0,(T3))Z[G].

Proof. For the inclusion of the terms on the right hand side in g%, see
([Pas79], Theorem 2.3, p.97).

For the reverse inclusion, suppose first that T is a p-group.

If T has no element of infinite p-height, then tZ[G]Ng(p)Z[G] = g(p)tZ]G].
Since the augmentation ideals of Z[G/T| and Z[G(p)] are both residually
nilpotent, it follows that g C tZ|G]| N g(p)Z[G]. Hence g¥ = g(p)tZ[G). Thus
we have g C t(p)Z[G] 4+ g(p)tZ|G]. Consequently

g = g(PZ[G] + ((p)Z]G] N g*).

Suppose every element of G is, modulo 7', of infinite p-height. Then gt(p) C
g“. Therefore, in this case, every element of t(p) N g* can be expressed as
1 -2+ «, with z € T(p), o € gt(p). Since 1 — x then lies in g¥, we have
x € D,(G)NT. Therefore, by Cor. 4.5, € D, (T'). We have thus shown that
if T is a p-group and G = G*(p), then

g” = gt(p)Z[G] + gt(p) + 0,(T).

Now suppose G is an arbitrary nilpotent group whose torsion subgroup is
a p-group. By Theorem 4.7, we have g¥ = ¢“Z[G|], where K = G*(p). Observe
that the subgroup K is such that all its element are of infinite p-height within
this subgroup. Therefore the preceding case is applicable to this group, and
so we have

g” = (8" (p)*Z[G] = g(p)t + g (p)t(p) + 0,(T))Z[G].

Finally, the general case can be handled by passing to the the quotients
G/T,, with p varying over the primes for which G has p-torsion. O

It may be mentioned that another definition of the transfinite augmenta-
tion powers was used in [Gru72], where it was defined inductively as follows:
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AR(G) = Ar(G), AFTHG) = AR(G)AR(G),

and as intersection of the preceding terms in the case of a limit ordinal. We
call these augmentation powers as the right augmentation powers [note that
we have denoted them by A%(G); as usual, we drop the suffix in case R
is the ring Z of integers]. It is easy to see that A%(G) C A%(G) for any
group G and ordinal number «, but the converse, in general, is not true (see
Example 4.14).

For an ideal a of Z[G], we define ideals a(™, n > 0, inductively by setting
=a, a = gaV 4 a" Vg for n > 1. (4.13)

An example of a group with transfinite augmentation powers not stabiliz-
ing at the first limit ordinal can be found in the class of abelian groups.

Example 4.9 (Gruenberg-Roseblade [Gru72]).

Let p be a prime. If G be an abelian p-group with ﬂnz1 GP" of exponent p,
then ~ -
AR (@) # ATRL@), k> 0;

for example, let G an abelian p-group with generators x1, s, ... and relations

p" "
x, =1z, =z, n=12,....

Example 4.10 (Gruenberg-Roseblade [Gru72]).

Let d > 0 be an integer, p an odd prime greater than d, and IF,, the field with
p elements. Let Vg be a vector space with basis vy, ..., vg over the field F,,.
Consider the automorphism « of V; defined by

v v — v, 1 <4< d,

Vg —Ug.
Define G4 = V4 x (). Then
Aerk(G) ?é Aw+k+1(G>’ k< d, Aerd(G) _ Aw+d+1(G)'

A simple result towards the description of the transfinite dimension sub-
groups is the following:

Theorem 4.11 (Mikhailov-Passi [Mik04]). For any group G and natural
number n

Deyin,0(G) = Yoin,0(G).

Proof. It suffices to prove that Dypn g(G) C Ywtn,o(G), the reverse inclu-
sion being easy to see.
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Recall that AG(G) = A(y.,0(G))Q[G] (Jennings [Jen55]) and therefore
Dyin 0(G) C vu,0(G). Let g € Dy, o(G). Then g € 7,,¢(G) and

g—1€A5™(G) C AG(G)Ag(1w,0(G)) + Ag(1w,0(G)))Ag(G).
Therefore there exists an integer m > 0 such that

m(g—1) € g"Az(1w,0(G)) + Az(1w,0(G))s-

Since m(g — 1) = g™ — 1 mod A%(7,,0(G)), it follows that

9" = 1€ g"Az(V0,0(G)) + Az(1w,0(G))s.

Hence, by Lemma 4.31, ¢ € [v,.0(G); Yw,0(G)] - [Vw,0(G), »G]. Now it is
easy to see that [v,,0(G), »G] and [, 0(G), Yw,o(G)] are both contained in
Yo+n,0(G). Therefore g € Y4, 0(G) and the proof is complete. O

Remark 4.12
The behavior of the rational augmentation powers is closely related to that of

the rational lower central series; for instance, as is clear from the preceding
theorem, or even otherwise, 7, 0(G) = 7w11,0(G) if and only if AG(G) =
Aﬁ“(G).

The following Proposition can be proved by proceeding in analogy with
the proof of Theorem 1.34.

Proposition 4.13 Let 1 - N — F — G — 1 be a non-cyclic free presen-
tation of the group G, and o an ordinal number not less than w. Then the
following statements are equivalent:

(1) AR(G) =0;
(1) Yo, R(F/IN, N]) = 1;

where R is Z or Q and {A%(G)} is the series of right augmentation powers of G
over R.

To conclude this section we give an example of a group G such that
AZHG) # A5TH(G)
[recall that Aﬁ“(G) = A§(G)Aq(G)], and consequently
AL(G)Ag(G) # Ag(G)AZ(G).

Example 4.14
Consider the fundamental group Gx of the Klein bottle, namely

Gi = (a, blaba™'b = 1).

We claim that Aﬁ“ (GK) # A@“ (GKk).
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Observe that b is a generalized periodic element (i.e., b is periodic modulo
every term of the lower central series of Gk ), the cyclic subgroup (b) is normal
in Gk and Gg /(b) is cyclic. Therefore it follows that

Yo, 0(9x) = (b),
and
Yorr,a(Gx) = VB, Gx] = V(1) = V(b) = ().
Therefore, by Remark 4.12, A@“(g,{) = A§(Gr) = Ag(GK ), and hence

Ag(9x) = Ao ((b)Q[IK];

for all ordinals o« > w.

If Ag 1 (Gx) were equal to Ag™ (Gr), then clearly the right augmentation
powers Ag(Gr) would also stabilize at w and equal Ag((b))Q[Gk] for all
o > w, and so we would have, in particular, AZ'(Gx) = Ag((h))Q[Gx].
However, we claim that

AF (Gr) = AH(()QIGK] (# Ao((h)QIGK]))-

For, let z € A%‘”(QK). Then, for every natural number n > 1, we can write
z = (1 =)z, with 2, € Af(Gk). Since the element b is of infinite order, we
must have z, = z,, for all m, n. Therefore z € (Aﬁ(gK))2 = Aé((b))@[gK]
and so it follows that A%’ (Gx) = A% ((b))Q[Gxk]. Hence

AGT(Gx) # A (k).

The group G provides an example to show that Proposition 4.13 does
not hold, in general, for the transfinite augmentation powers Ag(G).
To see this, let
1—-N—-F -G —1

be a free presentation of Gk with F' = (a, b|0) and N the normal closure
of aba™'b in F. We have examined the augmentation powers of Gx in the
preceding example. Proceeding as above, one can show that

AF”(Gr) = AB((B)QIGK] # 0
for all natural numbers n > 1; whereas,
A% (Gr) = AZ((6)Q[Gx] = 0.

Consequently it follows, by Proposition 4.13, that v, o(F/[N, N]) # 1 for
a < w? and .2 o(F/[N, N]) = 1. On the other hand,

AZ (Gx) = A (GK) # 0.
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Proposition 4.15 Let F' be a finitely generated free group and N its normal
subgroup such that F/N is nilpotent. Then F'/~vo(N) is transfinitely nilpotent
if and only if F/v2(N) is residually nilpotent.

Proof. The assertion follows from Proposition 4.13 and the property:
g° = A°41(G),

which holds for any finitely generated nilpotent group G (see [Pas79, Theorem
5.3, p.102]). O

4.5 Schur Multiplicator

In this section we discuss various subgroups of Schur multiplicator which
provide a homological approach to the identification of subgroups determined
by two-sided ideals in group rings.

Generalized polynomial 2-cocycles

Let a C g be a two-sided ideal of the integral group ring Z[G] and let M
be a trivial G-module. Consider the following classes of maps on G x G.
A normalized 2-cocycle f : G x G — M is said to be a left (resp: right)
a-2-cocycle if the linear extentions to Z[G] of the maps I, : G — M, y € G,
(resp: 7 : G — M, xz € G), defined by I, (z) = f(z,y), v € G (resp: ry(y) =
f(z,y), y € G) vanish on a. We denote by P,(G, M); (resp: Py(G, M),) the
subgroup of H?(G, M), the second cohomology group of G with coefficients
in M, consisting of the cohomology classes represented by the left (resp: right)
a-2-cocycles. Furthermore, we denote by P, (G, M) the subgroup consisting
of those cohomology classes which possess representative 2-cocycles which are
both left as well as right a-2-cocyles.

As a varies over the augmentation powers g
obtain an increasing filtration of H*(G, M):

*  «a any ordinal number, we

OZPO(Ga M) gpl(Gv M) g ---Poc(Ga M) g QH2(G7 M)a (414)

where P,_1(G, M) = Py« (G, M),;. This filtration has been studied in [Pas74]
for finite ordinals.

We begin by considering the case when M is a divisible abelian group. In
this case the two subgroups P, (G, M), and P,(G, M), of H*(G, M) coincide.
The proof is essentially the same as given in [Pas74] where it is proved that,
for all integers n > 1, P,_1(G, T) is equal to the image of the homomorphism
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Exts(g/g", T) — Extl (g, M) (~ H*(G, T))

induced by the natural projection g — g/g", where T denotes the additive
group of rationals modulo 1. More precisely, we have:

Theorem 4.16 (Mikhailov-Passi [Mik04]). Let G be a group, a C g an arbi-
trary two-sided ideal of Z[G] and M a divisible abelian group regarded as a
trivial G-module. Let & : Extg(g/a, M) — Extg (g, M) be the map induced
by the natural projection g — g/a. Then

Pa(G, M), = Po(G, M), = im(6).

Proof. The short exact sequences
0—a—g—g/a—0,

0—-g—Z[Gl—-Z—0

yield the following commutative diagram with exact rows and columns:

0 0 0
| |

0 —— g®a —— Z[G]®a a 0
| |

0 —— g®g —— Z[Glog g 0
| | |

0 —— g®g/a —— Z[G]@g/a g/a 0
| | |
0 0 0

where all tensor products are over Z and the G-action is diagonal. On ap-
plying the functor Homg(—, M) to this diagram, we obtain the following
commutative diagram, again with exact rows and columns:

Home(Z[G] ® g/a, M) —— Homg(g @ g/a,M) —— 8

! ! l

Homg(Z[G] ® g, M) ——— Homg(g®g, M) —2— H*G,M)

y 1 |

Homg(Z[G)® a, M) ——— Homg(g®a, M) —— Extl(a, M)
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where S = im{Homg(g ® g/a, M) — Extl(g/a, M)}. From the spectral
sequences argument, as in [Pas74], it follows that Exty(Z[G] ® g/a, M) = 0.
Therefore, the map ~y; is an epimorphism. The map -, is an epimorphism due
to the step-by-step resolution, as observed in [Pas74], while the map ~ is an
epimorphism by construction. It then follows easily that

Py(G, M), = ker(a) = im(9).

In view of the isomorphism g ® g/a ~ g/a ® g, it similarly follows that
P,(G, M), also equals im(d), and the result is proved. O

In view of the preceding Theorem we drop the suffix and write simply
P, (G, M) instead of Py(G, M), or P,(G, M),.

Let a C g be a two-sided ideal of the group ring Z[G]. Denote by D4(G)
the normal subgroup of G determined by a:

Da(G) =GN (1 +a).

If a = g%, then we write D,(G) for Dgo. For a trivial G-module M, let
1q (G, M) denote the image of the inflation homomorphism H?(G/D4(G), M)
— H?(G, M) induced by G — G/D,(G):

Va(G, M) = im(inf : H*(G/Dq(G), M) — H*(G, M)). (4.15)
It is easy to see that ¢4(G, M) = Pa(p,(a)zia)(G; M) 2 Po(G, M).

Theorem 4.17 Let a be an ideal of Z[G] contained in g and @ its image
under the natural map g — A(G/Dq(G)). Then

(a) Pa(G/Dq«(G), T) = H*(G/D«(G), T) implies that
DGB(G)~Dga(G) c [Da(G)a G];
(b) Pa,a(G/Da(G), T) = H*(G/Du(G), T) implies that

Dag+ga(G) = [Da(G), G}

Proof. It is easy to see that [Dy(G),G] C Dgarag(G). Let us
assume that [D.(G), G] = 1; it clearly suffices to consider this case.
Suppose a € Dqg(G) in case (a) (resp: a € Dygiga(G) in case (b)), a # 1.
Then a € Dy(G) and we can find a homomorphism

a:Dy(G) =T, «afa)#0.

Consider the following commutative diagram induced by «, where the rows
are central extensions of groups:
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1 —— D4(G) G G/Dy(G) —— 1
o | |
1 —— T E G/D.(G) —— 1,

Choose a set of representatives w(g) € G for the elements g € G/Dq(G) and
let
W :G/D.(G) x G/Dy(G) — Du(G)

be the corresponding 2-cocycle:

W(g1, g2) = w(g192) 'wlgn)w(g2) g1, g2 € G/Da(G).

By hypothesis the 2-cocycle a(W (g1, g2)) : G/D4(G) x G/D4(G) — T is
cohomologous to a normalized 2-cocycle f : G/Dy(G) x G/D4(G) — T whose
linear extension to Z[G/Dy(G)] x Z[G/D4(G)] vanishes on a x Z[G/D4(G)]
in case (a) and on (a x Z[G/D4(G)]) U (Z|G/D4(G)] x a) in case (b). We
can therefore extend the homomorphism « to a map ¢ : G — T whose linear
extension to Z[G] vanishes on ag in case (a) and on ag+ga in case (b). Indeed,
if x : G/D4(G) — T is a correcting normalized coboundary, i.e., x(1) = 0
and

a(W(gi, g2)) = f(g1, 92) + x(g1 — 1)(92 — 1) (91, 92 € G/Do(G)),

then set

p(zw(g)) = a(z) = x(9) (9 € G/Da(G), 2z € Da(G)).

However, for such a map ¢, we have p(a) = 0, and also p(a) = a(a) # 0, a
contradiction. Hence Dqg(G) =1 in case (a) and Dggiga(G) = 1 in case (b).

Since Pi(G/Dq4(G), T); = Pi(G/Dq(G), T), (Theorem 4.16), in case (a)
it similarly follows that Dg,(G) = 1. O

For an arbitrary ordinal « taking a = g in Theorem 4.17(b), we have the
following:

Corollary 4.18 If PAO‘(G/DQ(G)),Aa(G/Da(G))(G/Da(G)vT) = H2(G/Da
(@), T), then
Da+1(G) = [Da(6), Gl.

Analogously working with T,, the p-torsion subgroup of T, instead of T in
the proof of the Theorem 4.17, we have the following:

Corollary 4.19 If G is a p-group and Pae(q/p,.(G)), a~(G/Du (@) (G/Da(G),
T,) = H*(G/Da(G), T,), then

Da+1(G) = [Da(G)7 G]
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Let us call an ideal a of Z[G| cohomologically concordant (CC-ideal) with
respect to an abelian group M (regarded as a trivial G-module) if

P,(G, M) = v¢.(G, M).

The preceding results show usefulness of this notion in the study of normal
subgroups determined by ideals of Z[G]. If N is a normal subgroup of a group
G, then the two-sided ideal nZ[G] is a CC-ideal with respect to every abelian
group M. Observe that g? is a CC-ideal with respect to T for any group G
([Pas79], p. 66). However, there exist groups G for which g® is not a CC-ideal
with respect to T.

Example 4.20

Let II be a group with the following properties: II is nilpotent of class 3
and Dy4(IT) # 1, i.e., II is a nilpotent group of class three without dimension
property (for the existence of such groups see Chapter 2). Let G = II/v3(1I).
Then D3(G) = 13(G) = 1, and therefore ¢4 (G, T) = H*(G, T), whereas
Py (G, T) # H*(G, T) as can be seen from Theorem 4.17 applied to IT with
a = A3(II).

The following easy result relates the CC-property for an ideal a in Z[G]
with respect to a abelian group M to the CC-property for its image in
Z[G/Dq(G)].

Proposition 4.21 Let a be a two-sided ideal in g and a its image in
A(G/Dy(G)), then the natural map

"/Jﬁ(G/Da(G)a M)/Pa(G/Da(G)v M) — wa(G> M)/Pa(G> M)

is an epimorphism for any abelian group M regarded as a trivial G-module.

Proof. It is immediate from definitions that
H*(G/Da(G), M) = 4a(G/Da(G), M).
The result follows from the following commutative diagram:
H*(G/Da(G), M) — Ya(G, M)
I |
¥a(G/Da(G), M)/ Pa(G/Da(G), M) —— ¢a(G, M)/Po(G, M). O
As an immediate consequence, we have the following.

Corollary 4.22 Ifa is a CC-ideal in Z[|G/D4(QG)] with respect to the abelian
group M, then a is a CC-ideal in Z|G] with respect to M.
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Let G be a group, a a two-sided ideal in Z[G] and M an abelian group.
The following result gives a characterization of the elements of Py (G, M)
when M is divisible.

Proposition 4.23 The cohomology class classifying the central extension
1-M-1TI5%G6—1
lies in Py o(G, M) if and only if
M N (14 aA(II) + A(ID)a + mA(ID)) =1,

where a s the pre-image of a in A(II) wunder the homomorphism
Z[I1] — Z[G) induced by p, provided M is divisible.

Proof. Let w(g) € II be a set of representatives in II for the elements g € G
so that p(w(g)) = g and let W (g1, ¢g2) : G x G — M be the corresponding
2-cocycle:

w(g)w(gz) = w(g192)W (g1, g2); 91, g2 € G.

Suppose M N (1+aA(Il) + A(IT)a+mA(II)) = 1. Then, since M is divisible,
there exists a map ¢ : II — M whose linear extension to Z[II] vanishes on
aA(TD) + A(IT)a+mA(II) and ¢|as is the identity map. Let x : G — M be the
map defined by x(g) = p(w(g)), g € G, and extend it to Z[G] by linearity.
Let f: G x G — M be the 2-cocycle given by

f(g1, 92) = W(g1, g2) + x((g1 — 1)(g2 — 1)), 91, 92 € G.

A simple calculation shows that ¢((z1 — 1)(ze — 1)) = f(¢1, g2), for z; €
I, p(z;) = gi, @ = 1, 2. It is then clear that the 2-cocycle f vanishes on
(Z[II] x a) U (a x Z[II]), and therefore the cohomology class defined by the
2-cocycle W lies in Py (G, M).

Conversely, suppose that the 2-cocycle W : G x G — M represents a
cohomology class in Py (G, M). Then there exists a map x : G — M such
that the 2-cocycle f(g1, g2) = W(g1, g2)+ x((91 — V(g2 — 1)) (g1, 92 € G)
vanishes on (Z[G] x a)U(a x Z[G]). Define ¢ : IT — M by setting p(w(g)m) =
m+x(g9) (9 € G, m € M). It is easy to see that the linear extension of ¢
to Z[II] vanishes on aA(II) + A(I)a + mA(II) and ¢|ps is the identity map.
Therefore, it follows that M N (1 4+ aA(II) + A(Il)a + mA(II)) = 1. O

For any two-sided ideal a C g, and arbitrary abelian group M, the in-
flation homomorphism inf : H?(G/Dg)(G), M) — H*(G, M) clearly maps
P; 4(G/Dyw(G), M) into Py o(G, M), where a is the image of a under the
homomorphism induced by the natural projection p : G — G/Dy1)(G). In
fact, we have:

Proposition 4.24 The map pq : Pa,a(G/Dyw)(G), M) — Py o(G, M) in-
duced by the inflation is a monomorphism.
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Proof. Suppose we have the following commutative diagram of central ex-
tensions:

1 M N G 1
H L
1 M II G 1,

where G = G/D ) (G) and p is the natural projection, the class of the lower
central extension lies in P; 5(G, M) and the upper central extension splits.
We need to show that, under these conditions, the lower central extension
must also split.

Let f : GxG — M be a normalized 2-cocycle representing the lower central
extension with the property that its linear extension to Z[G] x Z[G] vanishes
on (ax Z[G])U(Z|G] x a). Since the upper central extension splits, there exists
amap X : G — M such that f(p(x), p(y)) = x((x — 1)(y — 1)), =, y € G.

Define  : G — M by setting 1(g) = x(g), where p(g) = g. Observe that n
is well-defined; for, if ¢ = gd, d € D, (G), then x(¢ —g) = x(d—1+ (g —
1)(d—1)). Since d—1 € aV, f(p(z), p(y)) = x((x —1)(y — 1)) and f vanishes
on (Z[G] x @) U (a x Z[G]), it follows that x(g' — g) = 0. It is now clear that
the 2-cocycle f is equal to the coboundary of 77, and hence the lower central

extension splits. [J

We next consider the inflation map H?(G/D4(G), M) — H*(G, M).

Theorem 4.25 For any two-sided ideal a C g and divisible abelian group
M, there is an exact sequence:

0 — Hom((Dqe(G)NG') /Dy (G), M) - Ps.a(G/Da(G), M) 25 Py o(G, M),

where @ is the image of a in A(G/Dy(Q)) under the homomorphism induced
by the natural projection j : G — G/Dq(QG).

Proof. It is clear that the inflation homomorphism
inf : H*(G/Dy(G), M) — H*(G, M)

maps Pz a(G/Dq(G), M) into Py o(G, M); let jq be its restriction to Ps g
(G/Da(G), M).
Let
B : Hom(Dy(G) /Dy (G), M) — H*(G/Do(G), M)

be the restriction of the transgression map

trans : Hom(Dq(G)/[Da(G), G], M) — H2(G/Da(G), M).
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We claim that [ takes values in P; 4(G/Dq(G), M). Indeed suppose that we
have the following commutative diagram:

I ——— Du(G)/Dyu (G) G
3 |
II

] —— M

G/Dy(G) —— 1

|

G/DG(G) — 1,

where G = G//D,(G), in which the lower row is the central extension in-
duced by «a. Observe that we have a monomorphism

Da(G)/Dqo(G) — ZIG] /2",

2Dy(G) =z — 1+ al) (2 € Du(@)), where a is the image of a under the
natural projection Z[G] — Z[G /Dy (G)]. Therefore o extends to a map ¢ :
G — M whose linear extension to Z[G] vanishes on a"). A standard argument
then shows that the lower central extension belongs to Ps a(G/Dq(G), M).
Thus we have a homomorphism

B: Hom(Da(G) /Dy (G), M) — Pa a(G/Da(G), M).

Since inf o trans = 0, we have j, o § = 0. We assert that ker(j,) = im(5).
Let 1 = M — II — G/D4(G) — 1 be an extension whose class, £ say, lies
in the ker(jq). Since ker(inf) = im(trans), we have a commutative diagram:

1 Do(G)/[Da(G), G G/[Da(G), G] G/Dq(G) 1
1 — M S I . G/D.(G) —— 1

Since € belongs to Py 5(G/Dy(G), M) the homomorphism v must vanish on
D, (G)/[Dq(G), G], as can be checked with help of Proposition 4.24. Thus
we have the exact sequence

Hom(Dq(G)/ Dy (G), M) 2 Py o(G/Da(G), M) %% Py o(G, M).

Observe that the kernel of 3 is precisely the subgroup Hom (D4 (G)/(Dq(G)
NG'), M), where G’ is the derived subgroup of G. Hence we have the exact
sequence

0 — Hom((Dq(G) NG') /Dy (G), M) 5 Py 4(G/Da(G), M) 25 P, o(G, M),

where 4 is the homomorphism induced by 5. [J

Notation. For a given ordinal 7, let 3, denote the class of group homomor-
phisms f : G — H for which the induced homomorphism H,(G) — H;(H)
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on the first integral homology groups is an isomorphism and Py-(H, T) —
Py-(G, T) is a monomorphism.

The foregoing considerations, when applied to augmentation powers, yield
the following:

Theorem 4.26 If n is a natural number and f : G — H a B,-homo-
morphism, then the induced homomorphism G/Dyp41(G) — H/Dpy1(H) is
an isomorphism.

Proof. We proceed by induction on n. Since Do(II) = 75 (II) for every group
I1, the assertion holds for n = 1. Assume that n > 1, the Theorem holds for
n — 1, and in addition

Jn: Pb’"(Ha T) — Pg"(Ga T)
is a monomorphism; in that case note that
jn,1 . Phnfl (1:_[7 T) — gn—1 (G, T)

too is a monomorphism and therefore, by induction hypothesis, f induces an
isomorphism G/D,,(G) ~ H/D,,(H). Theorem 4.25 (applied to a = g" and
h™) yields the following commutative diagram:

infy

OHHom(Dn(G)/DnJrl(G)’ T) PA"(G/D"(G))(G/DTL(G)7 T) Pg”(G7 T)

fﬂ f;T fﬂ

inf:

where the vertical maps are induced by f, and f; is an isomorphism. Since
f+ is a monomorphism, therefore im(infy) — im(inf;) is also a monomor-
phism and f; is an epimorphism. It follows that f; is an isomorphism, and
consequently f induces an isomorphism

Dn(G)/Dnia(G) =~ Dyn(H)/Dnia(H).

Hence f induces an isomorphism G/D,,1(G) ~ H/D,1(H) and the proof
is complete. [J

Proposition 4.27 For every natural number n, the class loc(B,) is the
quasi-variety consisting of the groups G with D,1(G) = 1.

[See Section 1.7 for the definition of loc(B,,).]

Proof. Let G be a group with D,.1(G) = 1l and let f : X — Y be a
PBr-homomorphism. Consider an arbitrary homomorphism h : X — G. By
Theorem 4.26 f induces an isomorphism f : X/D, 1(X) — Y/D, 1 (Y).
Since D,,.1(G) = 1, h induces a homomorphism h : X/D,1(X) — G. It is
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easy to see that the correspondence h — h o f o p, where p is the natural
projection Y — Y/D,,;1(Y), is a bijection, and it follows that G is B,,-local.

Conversely, let G be a J,,-local group. By Proposition 4.24, the natural
projection p, : G — G/D,1(G) is a P,-homomorphism. Therefore the
identity homomorphism idg : G — G must factor through the projection p,,,
and consequently D, 1(G) = 1. O

Corollary 4.28 For every group G and natural number n > 1, the
homomorphism G — G/D,1(G) is, up to isomorphism, the unique Py -
localization of G.

Proof. Propositions 4.24 and 4.27 imply that the natural projection G —
G/Dy+1(G) is a P,-localization of G. The uniqueness follows from Proposi-
tion 4.27 and Theorem 4.26. [J

We now apply the method developed above for identifying subgroups deter-
mined by two-sided ideals in group rings to the study of transfinite dimension
subgroups. It is not known whether for a nilpotent group G, D,(G) = 1. It
has been shown by Hartley [Har82c| that D, (G) = D, (T), where T is the
torsion subgroup of G. We prove that D,,1(T") = 1 for any torsion nilpotent
group T'; this comes out as a consequence of the following:

Theorem 4.29 If G is a nilpotent p-group with D, (G) =1, then

Pyo g0 (G, Tp) = H*(G, Tp).

Proof. By Theorem 4.8 (see also ([GR], §3), ([Pal, p.99)),

where G(p) is the subgroup consisting of elements of infinite p-height in G.
Since G(p) is contained in the centre of G, we thus need to show that if

1—>Tp—i>Ei>G—>1

is a central extension, then there exists a choice of representative of G in M
such that the corresponding 2-cocycle f : G x G — T,, when extended to
Z|G] x Z|G] by linearity, vanishes on A(G(p))g x Z|G].
Let N = j7!(G(p)) and note that N is central in E. Therefore the exten-
sion , ‘
1-T, NG —1

of abelian groups splits, since T, is divisible. Thus there exists a choice of
representatives u(z) € E for the elements z € G(p) such that u(z) — z
is a homomorphism. Write H = G/G(p) and pick a set of representatives
{w(h)}hen in G for the elements of H. Then every element g € G is uniquely
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expressible as ¢ = w(h)z (h € H, z € G(p). Now choose representatives
»(g) (g € G) for the elements of G by picking p(w(h)) (h € H) arbitrarily
and taking, for ¢ = w(h)z, ¢(g9) = @(w(h))u(z). It is then straightforward to
check that the resulting 2-cocycle f : G x G — T, satisfies f(x,g) = 0 for
x € G(p),g € G, and hence has the desired property. [J

Corollary 4.30 Let T be a torsion nilpotent group, then D, 1(T) = 1.
Proof. Observe first that it suffices to prove the result for nilpotent p-groups.

Let T be a nilpotent p-group. By Corollary 4.19, Theorem 4.29 and Corollary
45, D,1(T) =[D,(T),T)=1.0

Notation. For subgroups H, K of the group G and natural number n define
[H, ,, K] inductively as follows:

[HalK]:[Hv K]7 [H7 (n+1)K]:HHanK]7K]'

We need the following;:

Lemma 4.31 Let N be a normal subgroup in G, then
GN(1+g"n+ng) =[N, N|-[N, .G,
for all integers n > 1.

Proof. It is easy to see that
[N, N]- [N, ,G] € G (L+g"n +ng).

To see the reverse inclusion, we may clearly assume without loss of generality
that
[N, N]-IN, ,G] = 1.

Let H = G/N. Suppose x € G N (1 + g"n+ ng) and = # 1. Since N is
abelian, there exists a homomorphism « : N — T such that a(z) # 0.
Choose a set of representatives w(h) € G for the elements h € H. Then
every element g € G can be uniquely written as g = zw(h) (h € H, z € N);
define ¢ : G — T by setting p(g) = a(z). It is then easy to check that the
extension of ¢ by linearity to Z[G] vanishes on g"n + ng, and so we have
a(x) = p(r) = p(z — 1) = 0, a contradiction. Hence

GNn(l+g"'n+ng)=1,
and the assertion is proved. [

Theorem 4.32 If G is a nilpotent group of class ¢, T its torsion subgroup
and a = t“Z[G], then Dy« (G) = 1.



4.5 Schur Multiplicator 207

Proof. We first consider the case when T' = G, the p-torsion subgroup of G.

Note that a C A(G,(p))Z|G], where G, (p) denotes the subgroup consisting
of elements of infinite p-height in G, (see [Pas79], p.84). Therefore al®) C
(A(G,(p)ZIG)') C g°A(G,(p))+A(G,(p))g. Consequently, by Lemma 4.31,

Do (G) C [Gp(p), Gp(D)][Gp(p), ¢ G] =1,

since G is nilpotent of class ¢ and G,(p) lies in the centre of G,(p).

The general result follows from the case considered above by applying it
to the quotients G/G,, where G}y denotes the subgroup of G consisting of
elements of order prime to p. [J

The following result is an immediate consequence of Theorem 4.32 and
Theorem 4.7.

Corollary 4.33 Let G be a nilpotent group of class ¢ and T its torsion sub-
group. If there is no prime p such that

() G/T contains a non-trivial element of infinite p-height and

(it) T contains an element of order p,
then Dy+.(G) = 1.
We next review some results on the filtration { P, H*(G, T)}o<n<oo-

Proposition 4.34 (Passi-Vermani [Pas83]). Let G be a group, D a divisible
abelian group regarded as a trivial G-module, ¢ € H*(G, D) and

1-D—-F—-G—1
a central extension classified by &. Then & € P, H*(G, D) if and only if
DN(1+4e¢" 4+ed)=1.

Proposition 4.35 (Passi-Vermani [Pas83]). Let G be a finitely generated
nilpotent group. Then there exists an integer n > 1 such that

P.(G, T) = H*(G, T).

Proof. Let 1 - R — F — G — 1 be a free presentation of G with F
free of finite rank. Write F = F/[F, R] and R = R/[F, R]. Now observe
that A(F) is a polycentral ideal of Z[F], and therefore it satisfies the weak
Artin-Rees property (see [Pas77b, Chapter XI, Theorem 2.8]; for a discussion
of applications of Artin-Rees property to the questions of localization, see
Section 4.9). Thus, there exists an integer n such that

A"(F) 0 AR)Z[F] € AR)A(F).
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For this n, we then have

RN (1+A"2(F) + AR)A(F)) = (1).
Hence, by [Pas74, Cor. 3.2],P, (G, T) = H*(G, T). O

The same conclusion as in Theorem 4.35 holds in case G is a nilpotent
group which is either torsion-free or divisible. In fact, we have, more precisely,
the following;:

Theorem 4.36 (Passi-Sucheta [Pas87a)]). (i) If G is a torsion-free nilpotent
group of class c, then Py..1H?(G, T) = H*(G, T).

(i1) If G is a divisible nilpotent group of class ¢, then P.H*(G,T) =
H2(G, T).

Proposition 4.37 If G is a nilpotent group such that the quotient G /{(G)
by its centre ((G) is either torsion-free or finitely generated, then G has finite
dimension series.

Proof. Let G/({(G) = H. Then, by hypothesis, H is either torsion-free or
finitely generated nilpotent group; in either case, H has finite dimension series
and, by Theorems 4.35 and 4.36, there exists an integer n such that

P,H?(H, T) = H*(H, T). (4.16)

Since D) (H) = 1 (see p. 148), it follows that for m > s(H ), D,,(G) C ((G).
In view of (4.16) every homomorphism « : ((G) — T can be extended to a
polynomial map ¢ : G — T of degree < n—+ 1. Therefore ((G)ND,2(G) = 1.
Hence s(G) < max{s(H), n+2}. O

Corollary 4.38 (Plotkin [Plo73]). If in a periodic nilpotent group G the cen-
tre is of finite index, then the group has finite dimension series.

Theorem 4.39 (Passi-Vermani [Pas83]). The integral dimension series of
every nilpotent group terminates with identity if and only if, for every nilpo-
tent group G, P,H*(G, T) = H*(G, T) for some n.

Theorem 4.40 (Passi-Vermani [Pas94]; Mikhailov-Passi [Mik04]). For any
nilpotent group G of class ¢ > 1, P.H?*(G, Q) = H*(G, Q).

Theorem 4.41 (Passi-Sucheta-Tahara [Pas87b]). If G is a finite 2-group of
class 2, then Py(G, T) = H?*(G, T), provided the rank of Gqp is at most 3.

Remark. Let II be a 2-group of class 3 such that Dy(II) # 1, and G =
II/v3(IT). Then P,H?*(G, T) # H?*(G, T). There exist such groups with Gy
of rank 4 (see Section 2.1); for example, we can take II to be the Rip’s
counter-example to the dimension conjecture [Rip72].
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It has been shown in [Pas83] that Sjogren’s theorem implies the existence
of constants dy, do, ... such that

d,H*(G, T) C P,H*(G, T) (4.17)

for every nilpotent group G of class < n. The converse also is true, i.e., if
there exist constants d,,, n > 1, satisfying (4.17), then there exist constants
cn, n > 1, satisfying

Da(G)*" € 1(G). (4.18)

Sjogren’s theorem 2.17 has a direct impact on the Schur multiplicator.

Theorem 4.42 (Passi-Vermani [Pas94]). Let F be a free group, R a normal
subgroup of F' and D a divisible abelian group. Then

d(n, kY H2(F /i1 (F)R(K), D) € PoHA(F /A s1(F)R(K), D)

for all integers n > k > 1, where
n—k
n—k
d(n, k) = [ bk +1)(":").
i=1

In particular, for allm > 1,

(i)  H*(F/ynr1(F)R(n), D) = PoH*(F/vp41(F)R(n), D),
(i)  H*(F/yna(F)R, D) = P, H*(F/vn:(F)R, D),

provided D is torsion-free.

Proof. Let integers n > k > 1 be given. Define series of normal subgroups
H DHyD...and K1 DKy D...

of F' by setting

H,,=Rm+k), K,=vmkF), m>1L1

For 1 <m <1, let
Dyt =F (14§ 4 v(m +k)).

By Lemma 2.20, Dy, my1 = Hp Kqq for all m > 1. It is easy to see that
Hp, K € Dy, and Dy, 141 € Dy .

By Lemma 2.19,

(Km0 Dl,l+m+1)b(k+l) C Diy1,14me1 Hy.
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Therefore, by Lemma 2.21,

a(l,n—k+2)
Dl,n—k+2 c HlankJrQa

—k

where a(1, n — k +2) =[] b(k + z)( ) = d(n, k), i.e.,
FO(L+7"2 4 (k4 1)1"" C vy o(F)R(K + 1).
In particular,

(SN (142 ek +1)MR C (s, F, (4.19)

where S = v, 11 (F)R(k).
Let ¢ € H*(F/S, D) and 1 — D — M — F/S — 1 be a central extension
corresponding to €. There exists then a commutative diagram

1 — 8J[S, F] —— F/[S, F] F/S 1
g g |
1 — D — M F/S 1

in which the upper row is the central extension of F/S with ¢ the inclusion
map. Let 1 = D — M — F/S — 1 be a central extension corresponding to
d(n, k)¢. Then we have a commutative diagram

1 —— S/[S, F] —~— F/[S, F] F/S 1
o] | |
1] —— D — M F/S 1.

Since D is divisible abelian and (4.19) holds, the homomorphism d(n, k)«
can be extended to a map F/[S, F] — D the linear extension of which to the
integral group ring Z[F/[S, F| vanishes on

A™(F/[S, F) + A(F/[S, F)A(S/[S, F)).

Hence, by Proposition 4.34, d(n, k)¢ € P,H*(F/S, D) and the proof is
complete.
4.6 Relative Dimension Subgroups

If E is a group and N < FE, then

Do(E,N):=En (1 Fne+ e")
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is a normal subgroup of FE; this normal subgroup is called the nth dimension
subgroup of E relative to N. Relative dimension subgroups provide a gener-
alization of the usual dimension subgroups, since D,,(E, N) = D,,(E) in case
N = {1} or vy,_1(F). We give here a brief account of a homological approach
to the investigate these subgroups; for more details see ([Har96a], [Har98],
[Har08], [Kuz96]).

Let K be a commutative unitary ring and A an augmented K-algebra with
augmentation ideal A.

Definition 4.43 Let n > 0. The polynomial bar construction of degree n

over A, (P,B(A),9), is defined by P, By(A) = 0 and
P,Bi(A) = (A/A") @k (A/A" ¥ gy (A)A™?)

for i > 1, and the differential §; : P, B;(A) — P,B;_1(A) is given by

—

71—

@ - 0a) =Y (Voo - 0ua e - Qa
J

I
o

for i > 2. For left (resp. right) (A/A"*!)-modules M (resp. N), define poly-
nomial (co)homology of degree n of A by

PTLHZ(Av M) = I_IZ-(HOIHA/A"Jrl (PTLB(A) 7M))a

There exist natural maps (see [Har08])

p. « PuHU(A, M) — Hi(A, M)

pe © Hi(A, M) — PyHi(A, M) (4.20)

which, for i = 2, are injective resp. surjective.
The K-modules P, H(A, M) and P,,H;(A, M), for fixed i > 2 and varying
n > 0, are related by chains of natural maps

0=PyH (A, M)— ... — P H'(A, M)T2 P, HI (A, M)— ... 2 Hi(A, M)

Hi(A, N)& . =P, Hi(A, N)™ P,H;(A, N)— ... > PyH;(A, N)=0
(4.21)

commuting with the maps p* and p, where o,, : P,;1B(A) - P,B(A) is the
tensor product of the canonical projections. For ¢ = 2 the maps ¢, and oy,
are injective resp. surjective, so identifying P, H*(A, M) with its isomorphic
image pi, P, H2(A, M) in H*(A, M) provides a natural ascending filtration of
H?(A, M),

0=PRH (A, M)C...C P,H'(A, M) C P, 1H'(A, M) C...C H'(A, M)
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Dually, the maps in (4.21) being surjective for i = 2 they can be interpreted
as a natural cofiltration of Hy(A, N) which in turn gives rise to a natural
descending filtration

Hy(A, N)=kerpo. D ... Dkerpp. Dkerppi1. D... D0 (4.22)

Given a group G, define polynomial (co)homology of degree n by applying
the above constructions to the group ring Z[G]: for left (resp. right) (n + 1)-
step nilpotent G-modules M (resp. N), let

PnHi(Ga M) = PnHi(Z[G]v M)7
Pani(G7 N) = PnHi(Z[G], N) .

It turns out that p}, P, H (G, M) is the subgroup of H*(G, M) consisting
of elements representable by multipolynomial cocycles of degree < n in the
first ¢ — 1 variables and of degree < n + 1 in the last variable. For i = 2, note
that

cokerZ @ &3 : Z ®¢g PoB3(Z(G)) — Z ®@c PnBa(Z(Q))
= Pn(G) ®G Pn+1(G)
~ P (G) ®¢ P.(G). (4.23)
Thus, if M is a trivial G-module, piP,H?(G, M) is the subgroup of
H?(G, M) consisting of elements representable by bipolynomial cocycles of
degree < n in both variables, so P,, H*(G, M) is isomorphic via p?, with the

polynomial cohomology groups defined in (4.14).
Let us denote

Py = o+ Hy(G) — P, Hy(G)

abbreviating Hy(G) = Hy(G, Z) and P,Hs(G) = P,H>(G, Z).

One of the main results in [Har08] which is helpful in analysing the relative
dimension subgroups is the following

Theorem 4.44 Let e : C SN RN G be a central group extension and
suppose that v,(E) = 1. Then

Du(B, C)NC = n(kerpg,% L Hy(G) — n,zHQ(G))

where k : Hy(G) — C is adjoint to the cohomology class of e under the
Kronecker pairing H*(G, C) x Hy(G) — C.

As a consequence of the above theorem, one has the following
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Corollary 4.45 Let E be an (n—1)-step nilpotent group and C a central sub-
group of E. Then D, (E, C)NCy,_1(E) is a homomorphic image of ker p& .,
for the (n — 2)-step nilpotent group G = E/Cv,,—1(E).

It may be noted that the following well-known result can be easily deduced
from Theorem 4.44.

Corollary 4.46 For any group I' and n < 3, D,(I") = v, (I").

For an abelian group A, let L(A), T(A), S(A) denote the free Lie algebra,
the tensor algebra and the symmetric algebra over A, respectively. (These
functors will be studied in the next Chapter.) The natural maps of graded

abelian groups L(A) L T(A) S S(A) are the injection into the universal
enveloping algebra and the canonical projection, respectively. Thus [,, sends
an n-fold Lie bracket in L, (A) to the corresponding tensor commutator in
T, (A) = A®™. In particular, Ly(A) = A A A, the exterior square of A, and
la(aAb)=a®b—b®a for a, b€ A.

For the rest of this section, let G be a 2-step nilpotent group. The surjective
homomorphism ¢, : Ggy A G, — G’ is defined by cy(a A b) = [a, b] for
a,b € G. For x € Gg and k € Z such that kx = 0, choose elements € G
and fx € Gap A Ggp such that 2G’ = z and cy( frx) = *.

The main ingredients for calculating ker p$, are the structure theorems
describing Hy(G) and Po(G) ®¢ P2(G) for 2-step nilpotent G, due to M. Hartl
([Har96b], [Har95]):

Theorem 4.47 If G is a 2-step nilpotent group, then there are natural exact
sequences

) L3 (Gab)

T N A VLN S M) RN 2 Q-1 (4.24
or(Gab, Gab) [Gab, ker CQ] TV - Z(G) Gab/\Gab G ( )

5 (Gab)®i71 i
Tor(Ggep, G
OI‘( abs ab) - lakerco @ Gap + Gap @ la ker ¢y -

Py(G) ®c P(G)

i) Gab ® Gab - 0
(4.25)
where

5z, k, xo) = q([a:l, frxa] + [x2, frxa] + <I;) [x1 + za, [21, xﬂ])

k
8wy, ky x9) = ¢ (1?1®(l2fk$2)—(l2fk331)®l‘2+(2> ($1®$1®$2—3€1®$2®$2))

with q, ¢ being the canonical projections, and ila, [b, @] = [a, [b, ], o :
Hy(G) vt 05 < {?g Y Gap A Gap with V"([a, 0]) =a Ab, i'(a®b®c) =
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(a—1Db-1®(c—1),0(a—1)®(b—1)) =axb, fora, b, c € G. Finally,
V' denotes the subgroup of L3(Gay) generated by the elements [z, fo(z)x] where
x ranges over the elements of finite even order o(xz) of Gap. O

Note that for any torsion element x of Gy, d(x, o(), ) = 2[x, fo(z)2], SO
if o(x) is odd, [z, fo(z)2] € imd. Thus V can be replaced by the subgroup V'
generated by the elements [z, fo(,)7] for any torsion elements x € Gap. Now
if ke =0 for k € Z then [z, frz] € V'; this shows that the map

L3(Gab)

A
01+ Gap * Gap — [Gap, ker o] +V +1im 6

defined by 61 ((z1, k, x2)) = [x2, frx1]is well defined where Gy, & Gap denotes
the exterior torsion square of G,;,. Moreover, define homomorphisms

Gap @ G' & Gy ¥ Gap 2 SP*(Gap)
by ({1, k, 22)) = o1 ® T5 — 2y @ ¥ and d3((x1, k, 22)) = (g)s(xl @ ®
To — X1 ®£U2 ®£U2)

Theorem 4.48 (Hartl-Mikhailov-Passi [Har08]). If G is a 2-step nilpotent,
group, then
ker p$. = vid (ker 8y N ker &3).

An immediate consequence of the above Theorem is the following

Corollary 4.49 For G 2-step nilpotent one has 2ker p§, = 0 and ker p§, C
2imvi C 2Hy(G).

In view of Corollaries 4.45 and 4.46, the above approach reproves the
result stating that for every group £ and a central subgroup N of FE,
Dy(E, C)/v4(E) is of exponent 1 or 2.

4.7 A Characterization of Para-free Groups

The para-free groups (see Chapter 1, p.63) can be characterized in terms of
the filtration {P,, H?(G, T)}o<n<oo- Recall that if G is an abelian group, then
PH*(G, T) = H*(G, T), and P, H*(F/Vp41(F), T) = H*(F/yn+1(F), T) for
a free group F.

Theorem 4.50 (Passi-Stammabch [Pas74]). A residually nilpotent group G
s para-free if and only if

(2) G/%(Q) is free abelian and
(4t) P (G, T) =0 for all n > 0.
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Proof. Let G be a group satisfying (¢) and (i¢). Then we have a free group F
and a homomorphism ¢ : F' — G which induces the isomorphism F /v (F') =~
G/7¥2(G). The five-term sequences arising from the exact sequences

1= %(G) - G— G/n(G) =1,

L = 72(F) = F — Fpa(F) — 1

yield the following commutative diagram

0 — Hom(72(G) /(@) T) "% HY(G/7(@), T) —— HX(G, T)
0 — Hom(ve(F)/(F), T) 2% HX(F/w(F), T) —~ H(F, T).
Since PLH?*(G/v2(G), T) = H*(G/%(G), T),
im(inf : H*(G/v(G), T) — H*(G, T)) = PLH*(G, T) = 0.

Hence the left hand vertical homomorphism is an isomorphism and conse-
quently ¢ induces an isomorphism

YV (F)/v3(F) =~ 7(G)/73(G).

It therefore follows that the induced map F/v3(F) — G/v3(G) is an isomor-
phism. Induction and the fact that P, H*(F/~,1(F), T)=H?(F/yn:1(F), T)
for all n > 1 gives the isomorphisms F'/v,(F) ~ G/v,(G) for all n > 1. Hence
G is para-free.

Conversely, let G be a para-free group. Then P,H?(G/v,11(G), T) =
H?(G/Ans1, T) for all n > 1 and inf:H?(G/vn11(G), T) — H?*(G, T) is zero
for all n > 1. Hence P, (G, T) =0 for all n > 0. O

4.8 T-para-free Groups

Motivated by the results in [Pas74], [Bou77], [Dwy75], and [Sta65], we
are interested in finding, for a given group G and an ordinal number T,
(co)homological conditions in terms of Py--filtration of the Schur multiplica-
tor H*(G, T) under which (i) G is T-para-free; (ii) a group homomorphism
f: G — H induces an isomorphism

Lo (f) : L(G) /7 (L(G)) = L(H) /- (L(H)),

where L is the H Z-localization functor on the category of groups (see Chapter
1, p.77).



216 4 Augmentation Powers

We need the following:

Lemma 4.51 Let o be an ordinal number, G, H HZ-local groups and f :
G — H a Py-homomorphism. If

Pa+ G/, (@)(G/7+(G), T) = H*(G/+(G), T) for all 7 < o,

then the induced map G/Yo11(G) = H/vat1(H) is an isomorphism.

Proof. We proceed by transfinite induction on «; for a = 1 the Lemma holds
trivially.

Suppose that the Lemma holds for an ordinal o and we have the hypothesis
for v 4+ 1. Then, since Pao+1(G/qy,. () (G/Va+1(G),T) = H*(G/Yas1(G), T)
and f induces an isomorphism fo 1 : G/V441(G) =~ H/v4+1(H) by induction
hypothesis, we have

Pror(i1 (1)) (H Va1 (H), T) = H*(H [ya1(H), T),

and hence the following commutative diagram with exact rows:

Hom(Ya i1 (H) /a2 (H), T)—"> H2(H/5a1(H),T) == Pyoui(H,T)

ul U\L wl
¢ inf
Hom(7a+1 (G)/’YaJr?(G)’ T) >tfdi> HQ(G/7a+1 (G)7 T) L)) Pga“ (Gv T)
where u, v and w are the homomorphisms induced by f. Clearly then w is
an epimorphism and, since w is a monomorphism by hypothesis, it follows
that it is an isomorphism. Consequently, u is an isomorphism, and so f in-

duces induces an isomorphism Yo11(G)/Va+2(G) =~ Yat1(H)/Vas+2(H). Hence
f induces an isomorphism

G/7a+2(G) = H/7a+2 (H)a

and the Lemma holds for o + 1.
In view of limit property of HZ-local groups, the transfinite induction is
complete and the Lemma is proved. [

Theorem 4.52 Let « be an ordinal number and f : G — H a P,-
homomorphism. If

P+ (1(6) /- (16 (L(G) 4= (L(G)), T) = H*(L(G) /- (L(G)), T)

for all T < «, then f induces an isomorphism

L(G) Va1 (L(G)) = L(H) /a1 (L(H)).
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Proof. Observe that for every group I, by definition of the Bousfield local-
ization, the homomorphism Hy(I") — Hy(L(I")) induced by L : I' — L(I') is
an epimorphism, and therefore the induced homomorphism

H*(L(I'), T) — HX(I', T)
is a monomorphism. Consequently, the induced homomorphism
Paerry(L(I7), T) — Ppe(r) (I, T)

is also a monomorphism. Thus, under the given hypothesis, f induces the
following commutative diagram:

Pae(pmy(L(H), T) ——— Prar(e)(L(G), T)

l |

Pha(H, T) — P(X(CYV7 T)

in which the vertical maps are monomorphisms, and the lower horizontal
map is a monomorphism, since f is a P,-homomorphism. Hence the upper
horizontal map is a monomorphism and the assertion follows by Lemma 4.51.

|

It follows from ([Bou77], Lemma 3.7) that if G is a group such that H,(G)
is free abelian and H*(G,T) = 0, then G is T-para-free for every ordinal
number 7. This result naturally raises the following:

Problem 4.53 Is it true that if G is T-para-free for all countable ordinals T,
then H*(G, T) = 07

The above problem may be compared with the Para-free Conjecture
(Problem 1.101).

Next we give a characterization of (w + 1)-para-free groups.
Theorem 4.54 A group G is (w + 1)-para-free if and only if H1(G) is free
abelian and Pxo () (L(G), T) = 0.

Proof. Let G be an (w + 1)-para-free group. Then there exists a homomor-
phism f : F — G, where F is a free group, which induces an isomorphism

L(F)/Aws1(L(F)) = L(G)/7u:1(L(G)). Tt follows that L(F)/7.(L(F)) =~
L(G) /v, (L(G)), and Hy(L(F)) ~ H;(L(G)) showing that H;(G) is free
abelian. Consider the following commutative diagram with exact rows:

inf

Hom (v (L(G)) /Y1 (L(G)), T) 25 H2(L(G) /7o L(G), T) —=—> H2(L(G), T)

|

Hom (v (L(F)) /w1 (L(F)), T)>=""> HX(L(F)/7,L(F), T) —> H(L(F), T).
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Observe that Paw(r(q))(L(G), T) is contained in the image of the inflation
homomorphism and H?(L(F'), T) = 0. Therefore we have

Pro(r()(L(G), T) = 0.

Conversely, suppose that G is a group such that H;(G) is free abelian and
Prera))(L(G), T) = 0. We can then clearly construct a homomorphism f :
F — G, with F a free group, which induces an isomorphism H;(F') ~ H;(G).
Note that L(F)/~,(L(F)) is residually torsion-free nilpotent, and therefore
AY(L(F)/vu(L(F))) = 0. Consequently,

H*(L(F) /70 (L(F)), T) = Paw(L(F) /7o (7)) (LF) /70 (L(F)), T).

Since L(F)/yn(L(F)) ~ F/y,(F) for every natural number n, we have, by
([Pas68a], Theorem 6.10),

H*(L(F) /7 (L(F)), T) = Pan(L(F) /v (p(F)) (L(F) /v (L(F)), T).

Hence it follows from Lemma 4.51 that G is (w + 1)-para-free. OJ

As an immediate consequence of the above result, we have

Corollary 4.55 If G is a group such that Hi(G) is free abelian and Py
(G, T) =0, then G is (w + 1)-para-free.

Remark. Note that the argument of the first part of the proof of the preceed-
ing theorem, in fact, works for arbitrary ordinal numbers 7, i.e., the following
holds:

If G is a T-para-free group, then Pa-(rq))(L(G), T) = 0.

There is an obvious difficulty in extending the second part of the proof to
ordinals 7 > w + 2. Our next result addresses the case 7 = w + 2. We need
the following;:

Lemma 4.56 Let G be a group and N a central subgroup in G. If the re-
striction map res : H*(G, T) — H?*(N, T) is the zero map, then Pag(G, T) =
H?(G, T).

Proof. Let
1-T—-M-—-G—1

be a central extension. Since res is the zero map, we can choose a set of
representatives u(n) € M for elements n € N such that u(ning) = u(ni)u(ng)
for all ny, ng € N. Let H = G/N and choose a set of representatives v(h) € G
for elements h € H. Then every element of G can be uniquely written as
g = v(h)n (h € Hyn € N). Now choose representatives w(v(h)) € M,
h € H, arbitrarily and set w(g) = u(n)w(v(h)). Then {w(g)} is a choice
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of representatives of the elements g of G in M for which the corresponding
2-cocycle W(g1, ¢2) : G x G — T, when extended to Z[G] x Z[G] by linearity,
is easily seen to vanish on ng x Z[G]. O

Proposition 4.57 Let G be a group with A¥(L(G)/v.(L(G))) = 0 and
H*(L(G) /701 (L(G)), T) = H*(7(L(G))/Yw+1(L(G)), T) the zero map. If
f:G— H is an P,r1-homomorphism, then f induces an isomorphism

L(G)/Ywr2(L(G)) = L(H) /Y2 (L(H)).
Proof. Since AY(L(G)/v.(L(G))) = 0, we have
AY(L(G) 11 (L(G))) =
A (L(G) /w11 (L(G)ZIL(G) /o1 (L(G))]-
Therefore, v, (L(G)) /Vw+1(L(G)) being central in L(G)/v,+1(L(G)), we have
AYTHL(G) [ (L(G))) =
AV (L(G)) 71 (L(G)) AL(G) w1 (L(G))).-

It then follows from Lemma 2, applied to L(G)/vu+1(L(G)) with the central
subgroup Y., (L(G))/Yuw+1(L(G)) that

Prosi(1(6) o (£(G)) (L(G) /7051 (L(G)), T) = H*(L(G) /w41 (L(G)), T),

and the Proposition follows from Theorem 3. [J

The above Proposition suggests the following:

Problem 4.58 Is it true that, for every free group F, the restriction map
H*(L(F) /w1 (L(F)), T) — H* (Y0 (L(F)) /w11 (L(F)), T) is the zero map?

If the answer is yes, then it is clear from the discussion above that groups
G with Pyon (G, T) = 0 and H(G) free abelian are (w + 2)-para-free; more
precisely, a group G with free abelianization is (w + 2)-para-free if and only

4.9 Homological Localization of Z[G]-modules

Let f: M — N be a map between Z[G]-modules. The map f is called an
HZ-map if it induces

(i) an isomorphism fy : Ho(G, M) — Hy(G, N) and

(ii) an epimorphism f; : H1(G, M) — H;(G, N).
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The following commutative diagram

Hy(G, M) —— H\(G, M/gM) —— gM/¢°M —— 0

A 5| |

H(G, N) —— Hi(G, N/gN) —— gN/¢’N —— 0
implies that an HZ-map f: M — N induces an isomorphism
M/g*M ~ N/g>N.
A straight-forward induction argument then yields the following

Proposition 4.59 An HZ-map f : M — N of Z|G]-modules implies iso-
morphisms
M/g"M ~ N/g"N, n>1,

of Z|G]-modules.

We denote by HZ the class of HZ-maps f : M — N of Z[G]-modules.
The construction of HZ-localization in the category of Z[G]-modules is due
to Bousfield (see [Bou77]); it is defined to be an HZ-map E : M — E(M) of
Z|G]-modules such that E(M) is HZ-local. In analogy with the class of HZ-
local groups (see Chapter 1, Section 1.7), the class loc(HZ) can be described
(see [BouT77], Theorem 8.9) as the smallest class of Z[G]-modules such that

(i) the class contains the zero Z[G]-module;
(ii) the class is closed under inverse limits;

(i) if Y is in the class and 0 = W — X — Y — 0 is an extension of Z[G]-modules
with W trivial, then X is in the class.

The homotopical meaning of the class of HZ-local groups and HZ-local
modules can be explained in terms of homological localizations in the category
‘Ho of pointed spaces. For any X € Ho, and a generalized homology theory
h., Bousfield constructed the homological localization X — X}, , which is
terminal h.-homological equivalence going out of X. The class of H(—, Z)-
local spaces can be characterized algebraically as follows [Bou77]:

X is an H(—, Z)-local space if and only if 71 (X) is a HZ-local group and 7, (X) is
an HZ-local Z[mi(X)]-module.

This characterization was the main motivation for the study of HZ-localization
theory for groups and modules over group rings.

For any Z[G]-module M, the HZ-localization E(M) can be constructed as
the inverse limit of a transfinite tower of maps. The HZ-tower for a Z[G]-
module M is a transfinite tower of maps 7, of Z[G]-modules:
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M id M id . id M id M

| o

TIM " oM 2 ToM ' Tyl M o .,

such that:

(i) ThM = 0, and for each o > 1, the map t, is surjective with kernel a trivial
Z|G]-module;

(ii) for each limit ordinal number 7, the map T, M — hma<TT M carries T, M
isomorphically into the HZ-closure in hma<TT M of the i image of the map M —
hma<TT M;

(iii) for each a > 1, Hy(G, coker(ns)) = 0, and the map Hi (G, nay1) — Hi(G, na)
is zero.

Then the HZ-localization of M can be defined as the inverse limit of an
HZ-tower:
E(M) = @aTaM .

Artin-Rees property. A group G is said to have the Artin-Rees property if
Z|G] is Noetherian and for every finitely generated (left) G-module M and
every submodule N, the g-adic topology on N coincides with the restriction
to N of the g-adic topology on M (see [Bro75], [Ros79], [Smig&2]).

Theorem 4.60 (Nouazé-Gabriel [Nou67]). Any finitely generated nilpotent
group has the Artin-Rees property.

The Artin-Rees property has been investigated from homological point of
view by K. S. Brown and E. Dror [Bro75]. We mention some of their results
in this direction.

Notation. For a G-module M, let Z$ (M) denote the completion limM /g™ M
of M with respect to the g-adic topology.

Proposition 4.61 (Brown-Dror, [Bro75]). Let G be a finitely generated nilpo-
tent group. Then:

(3) The g-adic completion functor is exact on the category of finitely generated Z|G|-
modules.

(it) For any finitely genemted Z|G)-module M, there is the natural isomorphism
ZG(Z|G)) @) M ~ ZG(M).

Theorem 4.62 (Brown-Dror, [Bro75]) Let G be a finitely generated nilpotent
group and M a finitely generated Z|G]-module. Then the g-adic completion
map M — ZS (M) induces isomorphisms H,(G, M) ~ H.(G, ZS(M)).

One of the applications of the Artin-Rees property is the description of HZ-
localization for finitely generated modules over pre-nilpotent groups. Recall
that a group G is called pre-nilpotent if v,,(G) = vp41(G) for some n > 1.
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Theorem 4.63 (Brown-Dror [Bro75]). Let G be a pre-nilpotent group and
M a finitely generated Z[G]-module. Then the map E(M) — ZS(M) is an
isomorphism.

Proof. The module Z¢(M) is HZ-local, being an inverse limit of nilpo-
tent Z[G]-modules. The uniqueness of HZ-localization implies that E(M) is
naturally isomorphic to Z¢(M) if and only if the g-adic completion map
M — Z& (M) is an HZ-map.

Let n be such that 7,(G) = vn11(G). Consider the Z[G /v, (G)]-module
N = Hy(7,(G), M). Then, clearly, ZG(M) ~ 25/ “)(N). The projections
G — G/, (G) and M — N induce the following commutative diagram:

Hy(G, M) —% Hi(G, Z$(M))

,ali ﬁii
Hi(G /(@) N) —s Hi(G 4 (G), 2SO ().

The map «f is an isomorphism by Theorem 4.62. Clearly, 5y and [3; are
also isomorphisms; hence «q is an isomorphism. The homological spectral
sequence for the group extension 1 — ~,(G) — G — G/v,(G) — 1 implies
that the map (; is an epimorphism. Applying the same type of spectral
sequence for homology H.(—, ZS(M)) = H.(—, ZOGC/AY"@)(]\/'))7 we get the
following exact sequence:

Hy(G/7(G), Hi(y (@), 2D (N))) —
B
H\(G, Z$(M)) = Hi(G/7(G), ZZ " D(N)) — 0.
By Proposition 4.61,

Hi(7(G)) @216 /(e 232G /1 (O)]) = 25/ (H, (%(G))))(: 05

4.26
Since the g-adic completion functor is right exact for Z[G /¥, (G)]-modules,
(4.26) implies

Ho(G/7(G), Hi(va(G), ZS/ N (N))) = Hi (70 (G)) @716 jm () 28 D (N)
=0.

Hence ] is an isomorphism and «a; is an epimorphism. [J

In the case of finitely presented groups, the kernel of HZ-localization can
be described explicitly.

Theorem 4.64 (Dwyer [Dwy78]). Let G be a finitely presented group and M
a Z|G]-module. Then there is a natural short exact sequence:
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0 — lim}, Tor'“/(Z[G]/g", g" M) — E(M) — ZS(M) — 0.

Proposition 4.65 (Dwyer [Dwy78]). Let G be a finitely presented group.
Then the map E(M) — LoZS (M) is an isomorphism for all Z|G]-modules
M if and only if

lim!, (G, Z[G)/g") = 0. (1.27)

Proof. The natural map E(M) — £,ZS (M) is an isomorphism if and only if
the natural map M — Z% (M) is an HZ-map. Since the zeroth derived functor
of the g-adic completion and HZ-localization functors are right exact, it is
enough to consider free Z[G]-modules.

Let F be a free Z[G]-module. Since g is a finitely generated Z[G]-module,
we have the following short exact sequences:

0 — lim!, H\(G, F/g"F) — Hy(G, Z$(F)) — lim, H (G, F/g"F) — 0,

(4.28)
0 — lim,, Hy(G, F/g"F) — H\(G, Z$(F)) — lim, H\ (G, F/g"F) —>(2.29)

Clearly, H (G, F/g"F) = g"F/g" " F, therefore,
lim, H, (G, F/g"F) = 0, lim, H, (G, F/g"F) = 0.
In view of (4.28) the g-adic completion map induces the natural isomorphisms
Hy(G, F) =lim, Hy(G, F/¢"F) = Hy(G, ZS(F)). (4.30)
Taking F' = Z[G], (4.29) implies the isomorphism
lim!, (G, ZIG) /a") ~ Hy(G, ZE (ZIG)) (4.31)

and therefore, the condition (4.27) is necessary for the g-adic completion to
be the HZ-localization.

Now suppose that the condition (4.27) holds. Proposition A.20 implies that
the spectrum {Hy(G, Z[G]/g"™)}n>1 is Mittag-Leffler (see Appendix, p.330).
Clearly, the direct sum of Mittag-Leffler spectra is Mittag-Leffler; hence

lim,, Hy(G, F/g"F) = 0.

Therefore, H; (G, ZS(F)) = 0 by (4.31). Thus the isomorphism (4.30) implies
that the g-adic completion of F' is an HZ-map and the assertion follows. [

The following result generalizes Theorem 4.63 and presents necessary and
sufficient conditions for the equivalence of the HZ-localization and the g-adic
completion functors.
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Theorem 4.66 (Dwyer [Dwy78]). Let G be a finitely presented group. Then
the map E(M) — ZS (M) is an isomorphism for all Z[G]-modules M if and
only if

(i) lim}, ¢5(@) = 0;

(i1) lim), H3(G /v (G)) = 0.

The condition (i) from Theorem 4.66 can be used for construction of examples
of HZ-localizations, which are not equivalent to the g-adic completion. For

any group G with m}, ! )(G) # 0, the HZ-localization of the group ring
Z[G] is not equivalent to the g-adic completion lim, Z[G]/g".

Example 4.67 (Dwyer [Dwy78]).

Let G be a group
G = (x, 29,23 | [11,22] = 1, xga:lasglxl =1, atgasgxglxg =1).

Then lim,, ¢4 (G) # 0.

The theory of residual nilpotence of central extensions, described in
Chapter 1, can also be used for construction of groups with lim,, ¢511 )(G) #0.

Example 4.68

Let G be a free abelian extension of the cyclic group of order 3:
G={(a,bl[a, b’ =1, [a, b, a] =1).
As noted in Example 1.85, G € J \ j, hence
limy, ¢y, (G) # 0,
by Proposition 1.86.

Problem 4.69 Construct a group G with a non-trivial linll H;3 (G /v (Q)).

Proposition 4.70 (Burns-Ellis [Bur97]). Let G be a group given by the free
presentation G = F/R. Then, for all n > 1, there is a natural isomorphism

RN yns1(F)

(G, 2 8") > R A () (R, oF]'

Proof. Dimension shifting argument shows that there is a natural isomor-
phism of the kernel of Magnus embedding map tensored with Z[G]/g":

Hy(G, Z[G]/g") ~ ker{t/fe @yc) Z|G]/g" — | @zp) Z|G]/g"}.
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We have the following exact sequences of abelian groups:

t/fe @ziq I /1" N — v/fv — t/ft @z Z[G]/g" — 0,
f Qzp) (" + 1) = f — f @zp) Z[G] /g™ — 0,

which imply the isomorphisms
t/ft ®ziq) Z[G]/g" = v/fv +tf",
f @zip) ZIG]/g" ~ f/fc + frrt

Consequently,

Hy(G, Z|G]/g") =~ ker{t/fe 4+ tf" — f/fc + fn+1} ~
tN(fe+§") RN i1 (F)
of" +fen T R, BNy (F)[R, o F]

(see Lemma 4.31). O

Proposition 4.70 implies that there is a natural short exact sequence:

R
[R’ R] N '7n+1(F)'[R7 nF]

— H(G, Z[G]/g") — ¢ (G) — 0,

which induces the short exact sequence of corresponding spectra (see 1.4).
Hence, the condition (4.27) implies the condition (i) of Theorem 4.66 for any
group G.

Clearly, there is a natural exact sequence of abelian groups:

[Rv R} N 7n+1(F)
[R, RIN[R, nF]

RN yns1(F)
—0
[R, R] N Vpi1(F).[R, nF]
(4.32)
In [Dwy75], the standard composition of functors spectral sequence implies
that for every finitely-presented group G there exists the following exact

sequence:

— M<")(G) —

0 — lim, W, (G) — lim,, Hy(G, Tory “/(Z[G]/g", Z)) — ¢.(G) —
lim}, ¥,,(G) — lim, Hy (G, Tor; “N(Z[G]/g", Z)) — lim}6()(G) — 0, (4.33)

where U,,(G) = coker{H3(G) — H3(G/v.(G))}, n > 2. The sequence (4.33)
is the main argument for the proof of the Theorem 4.66. The existence of the
canonical anti-automorphism of the ring Z[G] implies that

lim,, Ho(G, Tor, “/(Z[G]/g", 2)) = lim, Ho(G, Tory (2, Z[G) /")) =
@"HU(G’ HQ(Ga Z[G]/gn))a
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lim}, Hy (G, Tory “AZ[C)/g", 2)) = limy, Ho (G, Tory' (2, Z[G]/g")) =
lim,, Hy (G, Hx(G, Z[G]/g")).

Since @#\Pn = @%Hg(G/’Yn(G)), we have the following exact sequence:

0 — lim, ¥,,(G) — lim,, Hy(G, H»(G, Z[G]/g")) — ¢u(G) —
limy, H3(G/7(G)) — lim, Ho(G, H(G, Z[G]/g")) — lim;, ¢ (G) — 0.
(4.34)

Proposition 4.70 implies the following exact sequence of abelian groups

B (R, F) 0y (F) .
([Rv R} rjr}/n#-l( ))[Rﬂ ’Yn—o—l( ) HRv TLF]
Hy(G, Hy(G, Z[G]/g")) — ¢\ (G) — 0. (4.35)

Exact sequences (4.34) and 4.35 imply the following isomorphism

(R, F] N0y (F)
" ([R, BN Y1 (F))[RN Y (F), FI[R, nF]’

lim}, H5(G /7 (G) ~ lim}
which takes place for every finitely-presented group F/R. Clearly, there is an
epimorphism

(R, F] N yny1(F)
([Ra R] N '7n+1(F))[Rm'Yn+l( ) HR, nF]

which implies the epimorphism

M"™(F/[F, R]) —

linl, M (F/[F, ) — limn}, Hy (G (G)).

Proposition 4.71 Let G be a finitely presented group with finite Hy(G).
Then the natural map E(M) — LoZS (M) is an isomorphism for any Z|G]-
module M .

Proof. By Theorem 1.74, all Baer invariants M) (G) are finite for n>1.
Hence, lim, M™/(G) = 0 and therefore, lim} Hy(G, Z[G]/g") = 0 due to
Proposition 4.70 and sequence (4.32). The statement then follows from The-
orem 4.65. U

Let G be a group and X a Z[G]-module. To summarize the discussion on
HZ-localization, we see that this construction can be viewed as the transfinite
extension of g-adic completion of X; it can be constructed in analogy with
HZ-localization of a group, described in Chapter 1. The HZ-localization of
Z|G)-modules is interesting and important from various points of view:
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The Artin-Rees property can be applied for the description of HZ-localiza-
tion for modules over finitely generated nilpotent groups.

The theory of HZ-localization introduces the Dwyer’s condition ((1.53),
case k = 1): @;qﬁl )(G) = 0, which plays important role in the theory of
residual nilpotence.

HZ-localization tower (or HZ-tower) defines natural transfinite extension
of the functor of g-adic completion.

There are homotopical applications.



Chapter 5
Homotopical Aspects

The purpose of this Chapter is to develop a connection between lower cenral and
dimension series of groups, simplicial homotopy theory, and derived functors of non-
additive functors in the sense of Dold-Puppe. A basic role in this study is played by
two spectral sequences investigated by E. Curtis. Our analysis leads to interesting
homotopical applications.

For various notions about simplicial objects and the tools required from simplicial
homotopy theory, the reader is referred to the Appendix.

5.1 The Associated Graded Ring of a Group Ring

Let R commutative ring with identity, and M an R-module.

Tensor Algebra. Let M® denote the i-fold tensor product M ®p ... @r M
—_————

1 terms

of M over R. Then the direct sum

Tr(M):= Re P M*",

i>1
with the multiplication induced by setting

is called the tensor algebra of M over R. The assignment M — Tr(M) is
a functor from the category Modr of R-modules to the category Algp of
R-algebras. This functor has the following universal property:

Given any associateve R-algebra A and an R-homomorphism ¢ : M — A, there
exists a unique R-algebra homomorphism 7 : Tr(M) — A such that noi = ¢,
where 4 is the inclusion map ¢ : M — Tr(M).

Universal Enveloping Algebra. Let L be an R-Lie algebra, and Tr(L)
its tensor algebra (when L is viewed as an R-module). Then the universal

R. Mikhailov, I.B.S. Passi, Lower Central and Dimension Series of Groups, 229
Lecture Notes in Mathematics 1952,
(© Springer-Verlag Berlin Heidelberg 2009
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enveloping algebra of L over R, denoted Ug(L), is the R-associative algebra
defined by
uR<L) = ‘IR(L)/Ia

where I is the two-sided ideal of Tr(L), generated by the elements
a®b—b®a—a, b, a,be L,

where [a, b] is the Lie-product in L. Recall that any R-associative algebra A
can be viewed as an R-Lie algebra under the operation

[a, b] = ab —ba, a, b € A;

we denote this R-Lie algebra by A%, The universal enveloping algebra con-
struction is a functor
Ug : L— Ur(L),

with the following universal property:

The map i : L — Ugr(L)Y, = + x4+ I, € L, is a homomorphism of R-
Lie algebras, and for any R-associative algebra A and a homomorphism of R-Lie
algebras ¢ : L — A% there exists a unique homomorphism g : Ug(L) — A of
associative R-algebras such that poi = 1.

Free Lie Ring Generated by a Module. Let Lz (M) be the sub-Lie ring
of Tr(M)Li¢ generated by M. The Lie ring Lr(M) is called the free R-Lie
ring generated by the R-module M it has the following universal property:

Given any R-Lie algebra L and an R-homomorphism « : M — L, there exists a
unique homomorphism 6 : Lr(M) — L of R-Lie algberas such that fo¢ = «, where
i: M — Lr(M) is the inclusion map, provided the ring R has the property that
the map i : L — Ugr(L)™* is always a monomorphism.

The assignment M — L (M) is clearly a functor from the catgory Modpg
to the category Liep of R-Lie algebras.

It may be mentioned that Poincaré-Birkhoff-Witt theorem (see [Car56],
p-271) implies:

Theorem 5.1 The homomorphism i : L — Ur(L) is injective, provided L is
R-free.

Furthermore, the homomorphism ¢ : L — Ug(L) is known to be injective if
R is a principal ideal domain [Lazb4]; this map is, however, not always injec-
tive [Coh63] (see Grievel [Gri04] for a detailed account of Poincare-Birkhoff-
Witt theorem).

Recall that the coequalizer coeq(f1, f2) of two R-homomorphisms fi, fo :
M, — My is the quotient My /N, where N is the submodule of M; generated
by the elements fi(xz) — fa(z), € M;. Let

q : My — coeq(fi, fa2)
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be the natural projection. We will later need the following property of the
functors discussed above.

Proposition 5.2 The functors L, Tr and Ugr preserve coequalizers.
Proof. Let f; : My — M, fy: My — Ms be two maps between R-modules,

and ¢ : My — coeq(f1, fo) their coequalizer map. Then, for ¢ = 1, 2, we have
the following commutative diagram:

M, L My —2—  coeq(fi, fo)

La(My) 229 () E29Y £ (coeq(fi, £2)).

Since go fi = qo fy, we have Lgr(q) o Lr(f1) = Lr(q) o Lr(f2). Therefore,
there exists a map

e : coeq(Lr(f1), Lr(f2)) = Lr(coeq(fi1, f2))
such that the following diagram is commutative

Lo YL () il £ p(coca(fi, f2))

Lr(f2)
\ /

coeq(LRr(f1), Lr(f2))

(5.1)

The fact that Lg(q) is an epimorphism implies that e is also an epimor-
phism. On the other hand, ker(Lg(q)) lies inside the ideal generated by ele-
ments Lr(f1)(z)—Lr(f2)(x), z € Lr(M;). Hence, e is also a monomorphism
and therefore an isomorphism:

coeq(Lr(f1), Lr(f2)) =~ Lr(coeq(f1, f2)).

Analogous statements about the functors 7% and Ug can be proved in a
similar manner. [

The Associated Graded Lie Ring of a Dimension Series
Let G be a group and {D,, r(G)}n>0 its series of dimension subgroups over

the commutative ring R which is a principal ideal domain. We can naturally
associate with this series the following graded R-Lie algebra:
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LE™(G) == EP Di r(G)/Di1, r(G) @z R

1>1

with the Lie multiplication induced by
aDk+1,R(G) o bDHl,R(G) = [a, b]Dk+l+1,R(G)a a < Dk,R(G), be Dl,R(G)-

Associated with the lower central series {7, (G)}n>1, we have the Lie ring

LR(G) = @nzﬂn(G)/%H (G) ®z R,

where, as above, the Lie bracket is induced via commutators in G. The R-
homomorphism

i:Ga ® R— Li(Q)

implies the existence of a homomorphism of R-Lie algebras:
0 : LR(Gab X R) — LR(G) (52)

which is clearly surjective. Since 7, (G) C D, g(G) for all n > 1, we also
have a homomorphism of R-Lie algebras

¢ : Lr(G) — LE™(G).
Theorem 5.3 (Magnus [Mag37], Witt [Wit37]). For a free group G,
L2(Gap) ~ Lz(G) = LE™(G).

A canonical object associated with a group G and an arbitrary commuta-
tive ring R with identity is the associative graded R-algebra

=R @ Az Az+1 G)

i>1

where Agr(G) is the augmentation ideal of the group ring R[G].
The R-homomorphism

i:Gap @z R — AR(G)/AR(G),
972(G) @r—r(g—1) + AR(G), g€ G, r €R,

implies the existence of an R-algebra homomorphism:
n: ‘.TR(GQb ® R) - .AR(G), (53)

which is clearly surjective.
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Theorem 5.4 (see [Pas79], p.116). The homomorphism (5.3)
n:Tr(Gap @ R) — Ag(G)
s an isomorphism in case G is a free group.
For every group G, the map

aDyy1 r(G) — a— 14+ A%NG), a€ D, r(G),

induces an R-Lie homomorphism
LE™(G) — Ar(G)™,

which implies the existence of a natural surjective homomorphism of associa-
tive R-algebras: ,
e Ur(LE™(G)) — Ar(G).

Theorem 5.5 (Quillen [Qui68]). The homomorphism u : Ur(LE™(G)) —
Ar(G) is an isomorphism, provided R is a field of characteristic zero.

An appropriate analogous version of the above theorem, due to Quillen
(loc. cit.) holds for fields of positive characteristic (see Passi [Pas79]).

5.2 Spectral Sequences

Throughout this section, let R be a subring of Q, containing Z.

Curtis Spectral Sequences

Let X be a simplicial group. The lower central series filtration in X gives rise
to the long exact sequence

= Te1 (X3 (X)) = (3 (X) s (X)) —
7oK1 (X)) = m(X /(X)) = ...

of simplicial homotopy groups. This exact sequence defines a graded exact
couple which gives rise to the natural spectral sequence E(X) with the initial
terms

By (X)) = i (7 (X) /n41(X)).
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and the differentials

d':E), .(X)— E,

n+i, m—1

(X), i>1.

This spectral sequence naturally comes into play in homotopy theory. One
of the major results about this sequence is the following:

Theorem 5.6 (Cutis [Cur71]). Let K be a connected and simply connected
simplicial set, G = GK its Kan’s construction. Then the spectral sequence
E(G) converges to E*(G) and @, E°, is the graded group associated with the
filtration on 7y (GK) = my1(|K|). The groups E'(K) are homology invariants
of K.

As in the case of the filtration arising from the lower central series, the
filtration of Z[X] provided by the augmentation powers leads to the long
exact sequence

- = i (Z[X]/AM(X)) — mi(A"(X)/ATH(X)) —
m(ZIX]/ A (X)) - m(ZIX] /A" (X)) — -

This exact sequence, in turn, defines a graded exact couple which gives rise
to the spectral sequences E(X) with the initial terms

-1

n,m(

X) = mn (A"(X)/A™(X))

and the differentials

d' By (X) = By 1 (X).
The natural map k: X — A(X), z— 1—z, z € X,,, n > 0, induces a

map from the spectral E(X) to the spectral sequence E(X):
ks B(X) — E(X).

A convergence result analogous to Theorem 5.6, which is more convenient
for applications, holds over the prime field F, of p elements. Consider the
p-analog of the above spectral sequences:

E'rln,m(Xv Fp) = Wm(’yn,p(X)/fY'rHl,p(X))a
X, Fp) = mm (A3 (X)/ A7 (X)),

B, m
where A, (G) is the augmentation ideal in group algebra F,,[G]. The following
theorem is due to Rector and Curtis ([Rec66], [Cur71]):

Theorem 5.7 Let K be a connected and simply connected simplicial set,
G = GK. Then E'(G, F,) converges to E*(G, F,,), which is the graded fil-
tration on m.(K) modulo the subgroup of elements of finite order prime to p.
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Ei(G, F,) converges to E*(G, F,), which is the graded group associated with
a filtration on H,(GK, Fp).

The natural map k) : G — F,[G] induces maps of spectral sequences
Kl BEYG, Fp) — E'(G, F,), such that
kY EX(G, Fp) — E7 (G, Fp)

is induced by the Hurewicz homomorphism 7,.(GK) — H,(GK).
Proposition 5.2 implies that for the coequalizer

L I8 1y — coeq(fi, f)

of two maps fi, fo : L1 — Lo between Lie algebras, there exists the following
diagram of universal enveloping algebras:

Un(La) S Up(La) — Un(coca(fi, 1) (5.4)
Theorem 5.8 (Gruenenfelder, [Gru80]). Let X be a free simplicial group.
Then
(i) Ep m(X, R) = Tn(Lr,n(Xa ® R)),
Ep (X, R) = Tn(Ti,n(Xat © R),
() kLo EL o(X, R) — By o(X, R) is injective.

(4d) E;.:O(Xv R) = E’VT:,/,O(X7 R) = 7 (m0(X)) /vnt1(mo(X)) ® R,
By o(X, R) = B, (X, R) = AR (m0(X)) /A% (w0 (X))

[Recall the assumption on R ar the beginning of §5.2

Proof. (Sketch) Since X is free, we have

’Vn(X)/rYTH-l(X) ® R = L%(Xab X R)
AM(X)/A™(X) @ R =T%(Xap ® R).

and (i) follows immediately. Proposition 5.2 implies that

m0(Lk(Xap © R)) = Lig(mo(Xap) ® R),
T0(TR(Xap @ R)) = Tg(mo(Xap) ® R).

Since universal enveloping functor Ug preserve coequalizers (5.4), we have
the map

Lr(mo(Xap) @ R) — Tr(mo(Xap) ® R) = Ur(Lr(mo(Xap) ® R)),
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which is injective by Poincare-Birhoff-Witt Theorem and where the gradation
gives the maps /i}%o, n > 1. Hence, K”}L,U is injective for all n > 1 and (ii)
follows.

The statement (iii) follows from standard spectral sequence arguments and
the fact that

o (0(X))/Fn41(70(X))) @ R=ker{mo(X/¥n41(X) @ R) = mo (X /7y (X) © R)},

AF(mo(X))/AF (m0(X)) @ R =
ker{m(A(X)/A™ 1 (X) @ R) — m(A(X)/A™(X) @ R)}. O

For a free simplicial group X, the first differentials d' and d" can be
described as follows. For n > 2, consider the free abelian simplicial group
Y (X) /¥ns1(X) with face maps

8277 : 'Yn(Xj)/'YnJrl(Xj) - 'Yn(Xjfl)/'YnJrl(Xjfl)a 0 < 1 < ja

induced by the face maps 0; : X; — X;_1, 0 <i < j. Then E}, (X, Z) is
the mth homology of the chain complex

5% |
Y (Xm1) /Y1 (Xmy1) -5 Yo (Xm) [ Yn+1(Xm)
gn

5 fYn(mel)/’}/nH(mel) e,

where 97, = > (=1)'9". Let a € ker(d7). Write a as a coset a =
byn+1(Xm), b € yn(Xy). Define

¢ = (Z(—lw‘aﬁ) () € Y1 (Xm-1)-

=0

Looking at the simplicial group v, (X)/vn+2(X), we conclude that

m—1
(Z(_l)iazml) (€) € Ynr2(Xm—1)

i=0
Therefore the map

m

aim(@.,) (Z(—waf) (b)yns2(Xm-1), @ € ker(J,)

=0

defines the map
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Tim (P)/n (X)/7n+1 (X)) — Tm—1 (’Yn+1 (X)/7n+2(X))a

which is exactly the first differential d'. The differential d' can be defined in
the same way.

Let G be a group, and ' — G a free simplicial resolution:
m(F) =G, m(F) =0, i>0.

Denote by E(G, R) the spectral sequence E(F, R). Since F, is dimension-
wise free, all the preceding results from this section hold. In particular, the
following theorem follows from Theorem 5.8 (ii).

Theorem 5.9 The map k), , : E} ((G, Z) — ELU(G, Z) is a monomor-
phism.

Let 1 = N — F — G — 1 be a free presentation of the group G. Define
n(l) = Z[F](N — 1), and
= > fa)f, k=1, 4, j>0.
itj=k
It is easy to show that we have

Proposition 5.10

. _ 'Yn(F)
Enol@ D) = = T (F)
E;,O(G’ Z) = f

n(n—1) +
Proof. To see this, it is enough to look at the long exact sequences

T (E /i (F))(G) = mo(yn (F2) /yn1 (F))(G) —
70(Fv/ i1 (F))(G) = mo(E /7 (F))(G) — 0, (5.5)

T (1 /12(G) — m (5 /F)(G) — mo(i2 /12)(G) —
mo(F/FNG) — (5 /f2)(G) — 0 (5.6)

and observe that the first derived functor of the lower central quotient func-
tors is the corresponding Baer invariant. [

Corollary 5.11 (Sjégren [Sjo79]). For any free group F, its normal subgroup
N and n > 1, we have

Fn(l+nn—1)+§") =[N, n1 Fly(F).
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Remark. Since §*/{**! = T,(F,;) for any free group F, we can apply the
Kiinneth formulae to get the precise expressions of the derived functors of
the augmentation quotients. First of all, we have

fn

— Xn
m*(Gab) ,n>1

mo(f2 /1 7(G) =

In general, the initial terms of E(G) can be described by standard simplicial
arguments using the Kiinneth formula and the Eilenberg-Zilber equivalence.
In particular, there exists the following exact sequence

0= (Hi(G) ® Hy(G))** — By ,(G) — Tor(Hy(G), Hi(G)) =0 (5.7)
and, in general,

0= TW(G) — By 1(G) — Tori(Hi(G), ..., Hi(G)) = 0. (5.8)

n terms

where T1(G) = Hy(G) and Ty41(G) = H(G)@TH(G) & TH(G) @ Hy(G), k > 1

and for abelian groups By, ..., By, the group Tor;(Bj, ..., B,) denotes the
1th homology group of the complex P ®- - -®F,,, where P; is a Z-flat resolution
of Bj for j =1, ..., n. We clearly have

TOI'()(Bl, ey Bn) :Bo®®Bn, TOI‘i(Bl, ceey Bn) :O, ZZTL

For a description of the initial terms of the spectral sequence F(G), one
needs more complicated theory of derived functors of polynomial functors.
In the quadratic case such a theory was developed by Baues and Pirashvili
[Bau00]; their theory implies that the terms Ej ,, (m > 0) can be described
explicitly. Let X be a simplicial group which is free abelian in each degree.
Then there exists [[Bau00], (4.1)] a natural short exact sequence of graded
abelian groups

0= Sq°(m. (X)) = m(A2X) = Sq* (m(X)[-1] =0 (5.9)

where 7.(X) and 7,(A%2X) are the graded homotopy groups of X and A?X
respectively (see Section A.14 for definitions). The sequence (A.31) gives the
following functorial description of the term Ej ;: There exists a natural short
exact sequence:

0 — Hi(G) ® Hy(G) — E3 1(G) — Q(H(G)) — 0. (5.10)
[For the definition of the functor €, see Section A.14.]

Proposition 5.12 There exist the following natural isomorphisms:
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Tn(F)
([N, n—2F]N VH(F))'YH—H(F)’
fn
n(n _ 2) N fn + fn+1 :

EZ,O(G7 Z) =

-2

En,U(G7 Z) =

Proof. Let X be a free simplicial resolution of G with X a free group F' on
generators {x; }icr, X1 a free group F « F(y; | j € J) and 0y : x; — x4, y; —
1, 01 : @; = x4, y; — 1, where r; € F is a set of generators of N, as a normal
subgroup of F, and F/N = G. We use the above description of differentials
d' and d'.

Let b € v, (F1) be such that 9y(b)1(b) ™' € vn+1(Fy). Write b as a product
of the form

b= blbgbg, by € F, by € ker(ao), by € 7n+1(F1)~
Then 80(b1)81(b1)71 =1. Clearly,

a081_1('7/TL+1(F1)) - [N> th’nJrQ(F)'

Therefore,
A (b)01(b) " = 81(by) mod [N, ,Flyna(F),

81(b2) S [N, nle] n ’yn+1(F).

Tt is also clear that any element z € [N, ,,_1F] Nv,+1(F) can be obtained in
this a way, i.e. there exists an element b(x) € F; with 9y(b(z))01(b(z)) ' ==
mod [N, ,,F]v,42(G). The above description of the differential d' shows that

[Na nle] N ’)/n+1(F))')/n+2(F)
([N’ HF] 07n+1(F)>’Yn+2<F>

and the asserted description of E (G, Z) follows.

im(d, ) = ¢

The description of EZ,O(G, Z) can be obtained by a similar argument
applied to the augmentation quotients. [

Remark. A similar analysis provides the structure of the terms E,’io(G, Z)
and B (G, Z), k > 2:

'Yn(F)
(IN, nkF] Oy (F))ns1 (F)

—k B f"
E, (G, Z) = N PRI (5.12)

Erli, O(Gv Z) =

(5.11)

In particular, the stable terms are the lower central and the augmentation
quotients.
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We now discuss some of the applications of the preceding simplicial tech-
niques.

Theorem 5.13 (Griinenfelder [Gru80]). Let G be a group with Hi(G, R)
torsion-free and Ho(G, R) torsion. Then we have the following isomorphisms
of associative and Lie R-algebras respectively:

Tr(Gap ® R) ~ @y209" /9" © R, (5.13)
Lr(Gap @ R) ~ B1>070(G)/n1(G) ® R. (5.14)

Proof. Let X be a free simplicial resolution of G. Then
1
m(Gy R) = T (TR(R ® Xap)).

Kiinneth formula then gives unnatural decompositions

(G R @ En 1, Z(G R) ®Rr lz(G R)

i+j=m

P TotE, w1:(G, R), B, (G, R)). (5.15)

i+j=m—1
In particular,

1

E,1(G. R)=F, (G, R or B (G, R)&
Bp1,0 90 By (G, B) @ Tor™ (B, 1 o(G. B), Fy,o(G. R)) =
By 11(G, R)®Gau®(Gop)* '@ Hy(G, R)®Tor™(Gup)™ '@ R, Guy®@R)
Since (G4 is torsion-free, the Tor-part vanishes. The induction on n then

shows that all terms E,llﬁl(G, R) and hence all terms EZ’I(CL R), r > 1 are

R-torsion. By induction on 7, we conclude that E:L o(G, R) are R-torsion-free
and the maps o -
d :E, (G, R) = Epiro(G, R)

are zero maps. It follows that
n/.n > =1 n n
g"/¢"" @ R=E, ((G, R) = E,, (G, R) = (Gap)"" ® R = T}(Gap @ R)

and the statement (5.13) follows.
Now the commutativity of the diagram

n(G, R) ——— Ej,, (G, R)

T i
lnn,l l'{nJrr,U

n 1(G R) d—> E7L+T‘ O(G R)
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and injectivity of the map «,, o : B} ((G, R) — EL’O(G, R) (Theorem 5.8
(ii)) implies that the maps

d": E:L,I(G7 R) — E:Hrr, ()(Ga R)
are zero maps. Therefore,
10 (G) /1 (G) @ R = B (G, R) = E,, (G, R) = L}(Gay @ R)

and the statement (5.14) follows. O

Theorem 5.14 (see also Ellis [EII02]).

(i) Let G be a group with Hi(G) torsion-free and Hy(G) = 0, then the Baer
invariant M%) (G) = 0, for all k > 1.

(ii) Let G be a group with Hy(G) a torsion group, then M*)(G) is a torsion
group for all k > 1.

Proof. Let X be a free simplicial resolution of GG. Choose a set X of elements
x;, i € I, such that their images {¢;72(G)}icr form a basis of Ggp. Let F be
the constant free simplicial group with F,, = F(y; | i € I). Then my(F) = Fy,
mi(F) =0, i > 1. Consider the homomorphism
f:Fy— G, yi— g
Then f can be extended to the simplicial map
viF = X,

such that mo(y) = f by Theorem A.11. Consider the abelianization of ~:

Yab : Fap — Xap-
It follows that 7, induces isomorphisms

70(Yab) * To(Fab) — 70(Xav), 71(Yab) @ m1(Fap) — 71(Xab),
since 71 (Xqp) = Ha(G) = 0. Therefore, 7,5 induces epimorphism
T (L™ (Yab)) : M (L7 (Fap)) — 1 (L7 (Xap))

by Theorem A.12 (the case R = S = Z). Since Fjy, is constant, m (L, (Fgp)) =
0, hence

m(L" (X)) =0, n > 1.

Now the statement (i) follows by induction on n from the exact sequence:
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m (L7 (Xap)) —— m(X/ (X)) —— m(X/ (X))

H H

m(L"( X)) —— M(n)(G) - M<"_1)(G).

The statement (ii) can be proved similalry by tensoring with Q. O

For one more application of Theorem A.12, consider higher universal
quadratic functors in the sense of Ellis ([ELI89], [EL191]). It is shown in [E1I89]
that, for any group G, there is the following exact sequence of abelian groups:

e Hg(G) — fg(Gab) — JQ(G) — HQ(G) — O, (516)

where I'y(G) = I3(Ggap) is Whitehead’s universal quadratic functor (see
A14), J2(G) = ker{G ® G — G}, where G ® G is the nonabelian tensor
square [Bro87], I',,(G) is the (n — 2)th derived functor of I3(Gap), Jn(G) is
the (n — 2)th derived functor of the non-abelian tensor square.

Due to Theorem A.12 it is easy to show that the sequence (5.16) is a
homological invariant of the group G. More precisely, we have the following

Theorem 5.15 (Ellis [EI91]). Let f : G — H be a group homomorphism,
which induces an isomorphisms H;(G) — H;(H), i« = 1,..., k. Then f
induces isomorphism of sequences:

Hy(G) —— Ts1(G) —— Jo1(G) —— H,(G)
Hs(H) —— Tsfl(H) — Js(H) —— Hs1(H)
foralls=3,... k.
Proof. Let
F' - G, m(F") =G, m(F') =0, i>0,
F> > H, my(F?)=H, m(F?) =0, i>0

be simplicial resolutions of groups G and H, and 6§ : F! — F? a homomor-
phism of simplicial groups, such that my(8) = f, which exists by Theorem
A.11. Since the homologies are derived functors of the functor of abelianiza-
tion, 6 induces isomorphisms

Fiimi(Fy) = mi(F), i=0, ..., k—1.

By Theorem A.12 (the case R = S = Z), after applying the functor I" for the
abelianization of resolutions F' and F?, we get an isomorphism
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Ty s w1 (D (Fy)) — mioen (D(F7,)).-
Functors I's(G) are, by definition, m,_o(I'(F},)), thus, it follows that f in-
duces isomorphisms I's(G) — I's(H), s < k — 1, and therefore, due to the

exactness of (5.16), we have the isomorphism of whole sequence (5.16) up to
terms with numbers s. O

5.3 Applications to Dimension Subgroups

We next consider application of spectral sequences discussed in this section
to the theory of dimension subgroups. Clearly, these spectral sequences must
contain a lot of information about dimension subgroups, since for any group
G, one has

Tn (G) n Dn+1 (G)
Yn+1 (G)
by Theorem 5.8 (iii).

For every n > 3 and 1 < k < n — 1, one has the following commutative
diagram

=ker{E; (G, Z) — E, (G, Z)}

k

.
By 1(G. Z) =% B (G, Z) —— By (G, Z) —— 0

n!

k k k+1
s k,ll K’n,()J/ K'n,t)l

—k
. d, — .
B .G, 7) =L B

En,(J(Gv 7)) —— En,() (G,Z) —— 0.

which has the form

i
E, 11(G, Z) === E} (G, Z) —— E; ((G,Z) —— 0

H}n—l,ll “L,OJ/ ”i,ol (517)

_ a _
E;71,1(G7 Z) o E:LO(G’ Z) - Ei,o(G, Z) — 0

for k=1, and

dpy! e
EfNG, 2) —— B (G, 2) —— (G)/m(G) —— 0

)

n?ﬁ?l rc:i?(}l "%l (5.18)

=n— Enill -=n—
E(G ) s BN NG T) ——  gtfgntt —— 0
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for k = n — 1. Diagrams (5.17) and (5.18) together with the snake lemma
imply the following exact sequences of abelian groups:

0 — ker(xZ, ) — coker{im(d},_, ;) — im(d, , )} —
coker (), o) — coker(k2 o) — 0 (5.19)
and
0 — ker{im(d7") — im(d}'}')} — ker(kl ) —
(1(G) N Dot (G)) /Am11(G) — coker{im(di7!) — im(d ')} —
coker (k] ") — coker(k] ) — 0 (5.20)

As a result we obtain the following diagram which we will use later:

ker(k2, ) ker(k3, ) e ker(k7 ') (5.21)
. . —1 n(G)ND, 1 (G
coker(im(d},_, ;) — im(d,, ) (G0 Leald)

For n = 2, the diagram (5.18) has the following form:

Hy(G) —%— Ely —— 1(G)/3(G) —— 0

H ”%,ol Hg,ol
H(G) —— Eyy —— ¢’/g8 —— 0.

The map kj q is injective by Proposition 5.9, hence the map &3 , is injective.
Therefore,

72(G) N D3(G) = 73(G).
Since Dy(G) = v2(G), we have the well-known equality
Dg(G) = Wg(G) (5.22)

for every group G.

Lemma 5.16 Letn >4, w—1 € n(2)+{", then there exists r € [N, F] such
that w?r — 1 € n(3) +§*.
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Proof. Let 6 : Z[F] — Z[F] be the linear extension of the bijective map
g — ¢! mapping F onto F. Then

ey —z—y+ D)=y ot —az -y 141
implies
Oz —Dy—-1)= " —DE ' -1
One can easily verify that for all ¢t > 2,
(=D (=)= =1)...(h' =D = 1), ieF.

Therefore, the ideals n(3) and f* are invariant under . We may thus assume
that w satisfies the following congruence :

w—1=v mod n(3) +{", (5.23)

v = Zaij(ri — 1)(2’] — 1) er”(zl — 1)(T’j — 1)7 re € ]\/v7 z € F, Qij, bij cZ

= 3 iz = V(i = 1)+ biglry — Dz — 1) mod n(3) + 17,

i<j
we have the congruence

v—0(v) = H[ri, 2j]%9 [z, r;]" —1 mod n(3) + ™. (5.24)

i<j

Now applying € to both sides of (12) and subtracting (12) yields
(w—1)— (@' —1)=v—0(v) modn(3)+F",
which, in turn, yields upon using (13) the desired congruence
w?—1=r—1 modn(3)+§",

where

r=[]lr:, z1*[2, r;]" € [N, F).

1<j

The assertion then follows. [J
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We next give an alternate proof of another well known result.

Theorem 5.17 For every group G, Dy(G)/v4(G) has exponent 1 or 2.

Proof. We have the following commutative diagram (the diagram 5.18 for
n = 3):

2

B2 (G, Z) —2 B2 (G, Z) —— 7(G)/u(G) —— 0
[ o | o | (5.25)

2

_ 4, — ;
B ,(G,7) 1 B (G Z) ——  @gt  —— 0.

with exact rows. The fact that the map x| , : Ef (G, Z) — Eil(G, Z) is an
isomorphism follows from the fact that the map «j ; is a monomorphism. Let
x € ker(k3 () and y € E3 ; be any its pre-image, i.e. y.im(d ;) = z. Clearly,

y € ker(ﬁgyo). (5.26)

It is enough to show that 2y = 0. By Proposition 5.12, y can be presented as
a coset
y =2([N, FINy3(F)yu(F), z € NNs(F).

Proposition (5.12) and condition (5.26) imply that

z—1en@2) NP+
Lemma 5.16 (the case n = 4) implies that there exists r € [F, R], such that
22r —1 € n(3) + §*. Therefore,

2*r € [N, F, Fly(F),

by Corollary 5.11. Hence 2 € [N, Fly,(F) and therefore 2y = 0. In view of
(5.22) the result follows. OJ

The general Sjogren’s Theorem follows from the description of terms Eﬁ 05

E:,,o (see 5.11 and 5.12) and the following

Lemma 5.18 Let w € v,(F), n > 2, be such that w — 1 € "™ + n(k) for
some k, 1 <k <n. Then w*™ — 1= fr —1 mod f**! 4+ n(k + 1) for some
fi € N(k).

The diagram (5.25) can be analyzed more precisely. We need an identifi-
cation theorem, which we present next.

Theorem 5.19 (Hartl-Mikhailov-Passi [Har08]). If F is a free group and R a
normal subgroup of F, then
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FANQ+f(RNF 1)+ (RNF' = 1)f+1(2) +§) = [RNF, Flu(F),
where F' is the derived subgroup of F.
We need the following

Lemma 5.20 Let F be a free group with a basis {x1, ... , Tm}, u an element

of
(F" — 1)f, such that
w—1=u+cov mod f,

for some ¢ >0 and w € 13(F), v € {3. Then
w=cv mod f

where v € (F' — 1)f.

Proof. We can view 3/§* as a free abelian group isomorphic to Fflf with a
basis {z; ® v; @ ), | 4, j, k =1, ..., m}. Modulo f*, the group (F’ — 1)f is
generated by elements

([wi’ :L'j] - 1)(‘rk¢ - 1)7 ia ja k= 17 ceey ML

Let
u= Z di j x([wi, 25] — 1)(2x — 1) mod f*.

i,k
For a given triple (i, j, k), the sum of all coefficients in u, which contribute to
z; ® ; @z (and S3-permutations) must be divided by c¢. We have in §2/f* :

([zs, 2] = D)(2p — 1) — 2, @z Qap — 2 Q x; ® i,
([wh, ] —1)(z; — 1) m 2 @a; @) — 2 @ T @ Ty,
([zj, zp]) =)@ — 1) — 2, Q@ — Tk QT QT

and no more terms can contribute to z; ® z; @z, (and permutations). Clearly
only the product of commutators of the form [x;, x;, zx] and [z, z;, ;] with
different powers can contribute from the element w. We have:

1 — (g, xj, o) 700k =
fij k(@i @ x5 @) — 2 @23 @ Tp + T @ X5 @ T — TY, @ T; @ )
1— [k, @i, wy]e0d —

fk,i,j(xk®xi®xj_xi®xk Qrj+x; Qr; X — Xy ® T @ ;)
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Now we have

di g k(i @25 @ o — 5 @ 13 @ k) +di i, (Th © T3 @) — 13 @ 1) @ 1)+
dj 1, i(T; @ @ — T @ T; ® T;)+
Jijk(@i®@r;@r) —2; @ @ap + T X @ Xy — T @ T3 @ T5)+
Frij@ @@, — T, @ Q@ + T @ T @ Ty — T; @ Ty, ® ;)
=2 @x; @ wp(di j ke + fijk) + 25 @ 1 @ wp(—di j b — fij ok + Fryinj)+
T @ @ xi(d,i g — fijon + foyig) T2 @vp @ xj(—di,ij — fr,i,5)+
2 @k @ i(dj ki — frij) + Tk @5 @ui(—dj ki + fij k) =
co(zy, xj, xg), (5.27)

for some element v(z;, x;, rx) from §3/f1. Suppose first that all i, j, k are
different. Then (5.27) implies that

diyjk + fijokr =i = fijjok + Frigs Aiyig — fisgok + friggs
— i, = frigy djki = froigs —djei + fisjok
must be divided by c. Therefore, all d; j &, dg, i, j, dj, k,is [i,§, ks fr,4,; Must be

divisible by c.
Suppose i = j. Then we reduce all the expression to the element

di, k,i([2i, Tk] — 1) (25 — 1)
and a bracket 1 — [z;, 2y, 7;]/* 7. We then have
— fik,i®i @@ @k + (2fi ki + di k,i)Ti @ T @ X3+
(=fik,i — dik,i) Tk @ 3 @ x5 = cv(wy, Tp)
and we again conclude that d; 5 ; and f; ,; must be divisible by c. O
Next, let w € 3(F) and
w—1=u mod f*,

where
wue (RNF —1Df+f(RNF' —1)+1(2).

We claim that
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w=wwy mod [RNF', F|[R, F, Flyu(F),
such that
w; —1€(RNF —Df+f(RNF' — 1)+ f,
wy — 1€ r(2) +f,
that is, we can divide the problem of identification of the subgroup
FNA+(RNF = 1)f+fRNF —1)+r(2) +§)

into two parts:
(7) identification of

FN(1+(RNF -~ Df+§f(RNF —1) +f")

and
(4t) identification of
Fn(l+r(2)+f)

Let u = uy + us, where
u €E(RNF = 1Df+f(RNF —1), us €r(2).

Since we can work modulo [R N F’, F], we can assume that

uy € (ROF,— 1)f
Now, using the argument of Gupta from Lemma 1.5(B) [Gup8T7c|, we can
easily conclude that

Uy = €,,.02 mod f4,
where v5 has an entrance of elements z,,. Hence, by Lemma 5.20, we conclude
that u; = e,,.v3, where v3 contains some nontrivial entries of the element x,,.

Therefore, we have
w=env mod f

where v is an element from (RN F' — 1)f + f(RNF' — 1) + r(2). Since u is a
Lie element, v is again a Lie element and we conclude that

w=w’" mod [RNF' F|[R, F, Fly(F).

Now we can delete all the brackets from w’ with entries of z,, and make an
induction. The induction argument shows the following: let w € y3(F'), such
that

w—1€(RNF —1)f+fRNF —1)+r(2)+f
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then
w=wwy mod [RNEF', F|[R, F, Flyu(F),

such that
w —1€(RNF —)f+§(RNF —1) +f,
wy — 1 €r(2)+§

and Theorem 5.19 follows.

Now we return to the fourth dimension subgroup.

Since Dy(G) C 743(G), the dimension quotient D4(G)/v4(G) is exactly the
kernel of the map

—=3
"53,0 : Eg,o(G) — B3 o(G). (5.28)
For n = 3 the sequence (5.20) reduces to the following
0 — ker(im(d3 ) — im(d;, 1)) — kex(r3 o) — Da(G)/n(G) — 1
for every group G. The sequence (5.19) has the following form:

0— ker(néo) — coker(n) — coker(mé,o) — coker(néo) — 0,

where 7 : im(d} ;) — 1m(E}71). From the exact sequences (5.7) and (5.10), we
have a commutative diagram

H\(G) ® Hy(G) E; (@) Q(H,(G))

"Q'LJ\L T

(6pt](H1(G) © Hy(G))>——> E, ,(G) — Tor(Hi(G), Hi(G))

(5.29)
where T is as in (A.26).
Every element x € Hy(G) = Hy(F/R) can be presented in the form
= 1,07, A7) mod ys(F), with T[, [, £i] € R. Then the map
dj , restricted to the component H,(G) ® H,(G) is given by

k

z@g— [[IA" £, glIR, F, Flu(F), « € Hy(G), g € G,
1=1
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where f is the image of f € F in Gg,. On the other hand, it is easy to see
that the map 81,1 restricted to (Ha(G) ®@ H1(G))? is induced by

k k
(c®g1, 20g:)— > [0 0q+Y . ol o fi’, ©€ Hy(G), g1, g2 € Ga.

i=1

i=1

Hence we have the following diagrams:

H(G) ® Hy(G) E11,1 Q(H1(G))
| ] |
[F, Ryo (F)]v4(F) 3 (F) ¥3(F)
[R, F, Fly(F) [R, F, Fly(F) [F, ROya (F)]va(F)
(H\(G) ® Hy(G))*2 B, Tor(H, (G), H,(G))

|

(B (F)=1) (1) (@) P 5
CHE R B F - D
—=2 -—=2
E; o E;
and
]dl
J(F)
2(Ga) R F), FTiCE) E5o(F) —— 0
r| o | o | (5.30)
1@,1 3 2

Tor(Gab, Gab)

(RNF'-1)(1)+x(2)+f*

where 1dil and 13}71 are induced by dil and Eil respectively.
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Now Theorem 5.19 implies the following commutative diagram

g1 o(F 9
im('dy1) [Rmz(?g,;m(m E3 o(F)

ker(k3 o) = coker(n)) ———— coker('x} ()

A
Gab * Gab

e

where 77/ is the map induced by T' and

Va(G)
(5.31)

V5(G) = ker{Gap ¥ Gap — COker(lﬁ;la,o)}-

Hence for n = 3 the diagram (5.21) has a simple form and we have the
following:

Theorem 5.21 (Hartl-Mikhailov-Passi [Har08]). There exists the following
natural system of monomorphisms and epimorphsism

ker(k3 o) —= Dy(G)/74(G)

7

Va(@G) Gy % Gup

As an immediate consequence of the above result, we have various condi-
tions for the fourth dimension quotient of a group G to be trivial.

Corollary 5.22 [f either ker(m%o)7 or Vo(G), or Gap 4 Gy 1s trivial, then
Dy(G) = u(G).

We now proceed to generalize the above construction to higher dimen-
sions. For any endo-functor F' : Ab — Ab, let £;F = L;(F, 0) be the ith
derived functor of F' at level 0 in the sense of Dold and Puppe [Dol61] (see
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Appendix A.15). Clearly, the map "%1171,1 can be presented in a natural
diagram

0 —— Kui(G) —— EL | —— £L"(Ga) — 0

|l l

0 —— T,a(G) —— Epyy — £10" (Gap) —— 0

for some functor K,,_1 : Gr — Gr. Denote

d, —1 [
1 =1 n-1,1 141 1 n-1,1
E, o= coker(K, 1 = E, ), E, ,=coker(T,,.y = E, )

n k)

In this notation we obtain the following natural diagram:

n—1 Id]"'*'ﬂ 171 2
21'& (Gab) — En,() — EmO — 0

l ol ]
n,0 n,0
lan—l 1 -

£ @" (Gap) —— "By g —— Ep g —— 0

—1 .
where the maps 'd), | ; and 'd, ; ; are induced by the maps d}, ; ; and

d,_y 1 respectively.
Define the functor S, : Ab — Ab by setting

Sn(A) = coker(L™(A) — ®@"(A)), A € Ab.

Clearly, £15,(A) = coker{€;L"(A) — £, ®™ (A)}. In this notation, snake
lemma implies the following analog of the diagram (5.21):

ker('ry, o)
ker(’fi,o) I ker(’*i,o) T kOr(“ZT(})
~ ~
T~ n(GINDy11(G)
V"’l(G) = ’vn+1(C;r)l

|

Yn (G)NDy 1(G)
Vn41(G). imker( kL, )

coker(&,, ) <—— £,5, 1(Gap)

7

coker('x;, o)

(5.32)
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where &, s im('d), , ;) — im(la,ll_L 1) and V,,_1(G) is the kernel of the com-
position of the natural maps L1 S,,_1(Gap) — coker(¢) — coker(*xl ). Hence,

for every group G and n > 3, there is a natural subgroup of £1Sn,1(Gab)
'Yn(G)mDnM(G)
71L—1(G)' iln(ker(l’@n.o)) :

namely V,,_1(G), which maps canonically to the quotient
Denote this map by

n(G) N D1 (G)

on V@) = 26 e (L)

Forn =3, £,5(Ga) = Gap 4 Gop and the map v, is an epimorphism (see
Theorem 5.21).

Remark 5.23

It may be noted that, heuristically speaking, the contribution of the functor
£15,(Gap) to the structure of the (n 4 1)-st dimension quotient becomes
smaller and smaller as n increases.

Remark 5.24

The map Ei_u : T (GQ) — ELO can be described explicitly (see, for

example, the above description of Eil) and the exact sequence (5.8) implies
that

m(ker('ry, o) = Ry (F) N (1+ (RO F' = 1)(n = 2) + 1) /Ry (F)

In particular, im(ker('x}, ()) = 0 provided Hy(G) = 0 by Corollary 5.11.

5.4 Homotopical Applications

For n > 1, consider the simplicial n-sphere:

S(? = {*}v S S’Z—l = {*}7 SZ = {*’ 0}7 Sﬁﬂ = {*7 500, .-, S,LO'},

and the corresponding Milnor’s F[S™]-construction (see A.10). Clearly, F[S™]
is a free group with ("+k) generators, for k > n, and F[S"]; =1 for k < n.
Then there is a weak homotopy equivalence

|F[S™]| ~ Q8™ (loop space)
and, hence, the isomorphisms of homotopy groups:

Wz(F[Sn]) >~ 7T7;+1(Sn+1), 7 > 1.
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Moreover, it has been shown by Wu [Wu,01] that for every simplicial group
X, for which X}, is a free group of rank (Z) for k > n and Xy =1 for k < n,
there is a weak homotopy equivalence F[S™] — X.

Theorem 5.6 implies that the Curtis spectral sequence with initial terms

By o = mg(wp(F[S™) /p41 (F[S™) (5.33)

converges to a filtration of the homotopy group of the (n+ 1)-sphere. On the
other hand, it may be observed that the abelianization F[S"]y, is exactly
the simplicial group N~(Z[n]) (see A.6), here by Z[n] we mean the chain
complex --+ — 0 —7Z — 0 — .-, where Z occurs in degree n. In particular,
the free abelian simplicial group F'[S"],; has the following homotopy groups:

Z, i =n,

0 itn (5.34)

WAPTS”hb){

Hence, the initial terms of the Curtis spectral sequence can also be written
as
1
E, , = L£,LP(Z, n),

where £,LP(—, n) denotes the gth derived functor of the pth Lie functor at
level n, in the sense of Dold and Puppe (see A.15). Tt follows that the structure
of homotopy groups of spheres is based on the theory of Lie functors. In this
section we study the homotopical aspect of the theory of Lie functors.

The derived functors of Lie functors have highly non-trivial structure.
Recall the result of Schlesinger [Sch66]: if p is an odd prime then

Zy, k=2i(p—1)—1,i=1,2,..., [n/2

. (5.35)
0, otherwise

£n+kLP(Z7 n) = {

However, for a non-prime m, the computation of derived functors £;L™(Z, n)
is much more complicated.

The description of homotopy groups (5.34) is a motivation to introduce
the notation K(Z, n) = F[S™]a, which we will use in this section.

Graded Functors

For A € Ab, define the commutative graded ring A(A) as a quotient of the
tensor ring T(A) by the ideal generated by the elements x ® z, x € A. It
defines the series of exterior power functors

A Ab — Ab, k=0, 1, ...

as kth degree component of A.
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For A € Ab, the commutative graded ring SP(A) is the quotient of the
tensor ring T(A) by the ideal generated by elements z @y —y® z, z, y € A.
The kth degree component of SP (k= 0, 1, ...) defines a functor

SP* : Ab — Ab.
By definition, we have the natural epimorphisms
Ik : @F(A) — AF(A),
sk : @F(A) — SPF(A)
which we denote by

lh:a1® - Qagr—a, A~ ANag, ay, ..., ar €A
SL:a1 Q@ Q@ag—ay...ag, ai, ..., ap € A.
For A € Ab, define the commutative graded ring I'(A), called the divided

power ring over A, generated by the elements v;(x) for each z € A and each
non-negative integer ¢, of degree t, subject to the relations

Yo(x) =1, (5.36)
Ye(ra) = iy (x), (5.37)
w@+y) = > w@)y) (5.38)
itj=t
s+t

et = (7T sto) (5:39

The kth degree component of I" defines a functor

I, :Ab— Ab

for k = 1,2, .... For k = 2, the functor I, coincides with the universal

quadratic functor due to Whitehead (see (A.14)).
For an abelian group A with basis {z1, ..., x4}, the group I';(A) is also

a free abelian group generated by elements
S
{3 (1) i (@) | Y iy =k, ij >0}
j=1

There is a natural map
g Te(A) — @%(A)

defined by setting

9k Ve (1) ooy, (x2g) Z Ty Q- ® Xy,

(155 k)
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where (i1, ..., i) in the definition of g ranges over the set of integral n-
tuples in which j appears r; times for all 1 < j <'s.

Let f: P — @ be a homomorphism of abelian groups. For n > 1 and any
k=0,...,n—1, consider the Koszul map

dy1 : AFTH(P) @ SP R HQ) — AF(P) @ SPF(Q)
defined by setting

i1 1 AN APkt D Qg2 - G
k+1

Z(—l)kﬂ_im N NP A APyt @ f(Pi)aks2 - - - dns

=1

pl,...,pkHEP, Qk+27--~,QnEQ-

The complex

Kos™(f): 0— A"(P) B A1 (PYoQ ™ ...
— PRSP Q) L SPMQ) —» 0 (5.40)

is called the Koszul complex. Analogously one can define a map
i1 T (P) @ A" FHQ) — T(P) @ A H(Q), k=0,...,n—1

and obtain the following complex of abelian groups:

Kos"(f): 0— D(P) & 0y (P) Q™.
S PRAHQ) B ANQ) =0 (5.41)

The complexes Kos™(f) and @"( f) are the total degree n-component com-
plexes of the Koszul complexes A(P) ® SP(Q) and I'(P) ® A(Q) attached to
the map f : P — Q. It turns out that for a free abelian group P and the
identity homomorphism f : P — P, the complexes Kos™(f) and Kos (f) are
acyclic. The above Koszul complexes are considered in, for example, [Qui68],
[I1171, Chapter 1, Section 4.3]. The above constructions imply the canonical
isomorphisms:

£ SPR(A, n) ~ & AR (A, n—1), (5.42)
LN (A n)~ & g Th(A,n—1), n>1, k>1,i>k, (5.43)

called the Bousfield-Quillen décalage formulae (see [Bre99]).
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The 2-sphere

Consider the simplest homotopical application of the above spectral sequence
applied to the case of the 2-sphere S2. It is one of the deep problems of
algebraic topology to compute homotopy groups 7, (S5?). In low dimensions
one has (see [Tod62]):

n 234 5 6 7 8 9 10 11 12
T (S?) |2 Z Ly Ly Ly ® Ly Ly Ly Lz Lns Ly Ly B Lo

n 13 14 15 16 17 18 19
70 (S?) | Z4 © Zo 257 © Zsy 757 T Lo Lo L5” D Zs

The simplicial group K(Z, 1) has K(Z, 1),, a free abelian group of rank n

with generators x((]n), RN x;njl, written as
Z‘En) =Sn—-1--- 3i+1§i5i71 ... 800 (544)
with degeneracy maps s; : K(Z, 1),-1 — K(Z, 1),,, i =0, ..., n—1 defined

via standard simplicial laws. Then the Theorem 5.6 implies that that the
lower central series spectral sequence with initial terms

E) = £,L7(Z, 1) (5.45)

converges to the graded group associated with a filtration of m,(S?).

Consider first the simplicial group ®" K (Z, 1) constructed by applying the
rth tensor power functor to each dimension of K(Z, 1). The Eilenberg-Zilber
equivalence together with Kunneth formula (A.15) for tensor products of
chain complexes imply that

£, 0 (Z,1)~Z, £ & (Z,1)=0, i#r

That is, the rth tensor power ®"K(Z, 1) gives a model of K(Z, r). The
definition of the ‘shuffle’ map (see (307)) shows that the generator of the
cyclic group £, ®" (Z, 1) is the coset of the element

0= S (-1)feriningD g gl € @7K(Z, 1),
(i1 ovn s ir)ES,
The following well known fact now follows:

Proposition 5.25 The homotopy groups m,(S*) of the 2-sphere are finite
forn > 4.

Proof. The natural map s, : " K(Z, 1), — L"K(Z, 1), sends 6, to the
element
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se(b)= D (e W ),
(i1, .., ir)ED,
which is trivial for » > 2 due to Jacobi identity. Since the r-multliplication
in L"K(Z, 1) can be defined as the composition map

L"K(Z, 1) — @"K(Z, 1) — L'K(Z, 1),

coming to the level of homotopy groups, we conclude that every element of
L£.L7(Z, 1) is annihilated by multiplication by r, for r > 2.

Hence, the initial terms of the spectral sequence (5.45) are finite for p > 2.
Clearly, B} , = my(K(Z, 1)) = 0, ¢ > 1. The terms Ej , = £,L%(Z, 1) are
also finite for ¢ > 2 (moreover, they are all zero); one can see this by arguing
as above and using the fact that ®?K (Z, 1) is a model of K (Z, 2). The needed
statement then follows from the convergence of (5.45) to the graded group
associated with 7.(5?) by Theorem 5.6. [J

Remark 5.26

Using group-theoretical properties of the simplicial groups L" K (Z, n) for the
Eilenberg-MacLane spaces K(Z, n), Schlesinger gave algebraic proof of the
well-known Serre’s Theorem (see [Sch66)): for ¢ > 0,

Z @ finite group, ¢ = 2n — 1, n is even,

Tntq(S™) = {

finite group, otherwise.

The main ingredient of the proof of Theorem 5.6 is the following group-
theoretical result due to Curtis [Cur63]:

Theorem 5.27 Let X be a free simplicial group, which is m-connected (m >
0). Then v (X)/vr+1(X) is {m + logy r}-connected, where {a} is the least
mleger > a.

The proof is based on the following decomposition of the Lie functors.

Curtis Decomposition

Let {*} be the set with the single element *. Define T'(1) = {x}. Suppose we
defined T'(k), 1 < k <n — 1. Then define

T(n) = | {T(k) x T(n - k)},

1<k<n-1

where x is a formal operation. Set T' = U,>1T'(n). Then T is the free (non-
associative) monoid generated by . The first terms T'(n) can be written as
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T(1) = {=},

T(2) = {*},

T(3) = { ()%, *(xx)}

T(4) = {(x) (), (((rx))5), (e((rx) %)), (e (x))), (e (o) )5)

The set T is called the set of types. The type t € T'(n) is of weight n. We will
write wt(t) = n in this case.

Define a pre-order in the set T'. Let t, s € T. We set t < s if wt(t) < wt(s).
Suppose now that the pre-order is defined for elements of weight less than
n and wt(t) = wt(s) = n. The types t and s can be written uniquely
as products t = tita, s = s152. We set ¢ < s if either max{s;, sa} >
max{ty, t2}, or min{ty, to} < min{s;, so} and max{t|, to} < max{sy, s},
and max{si, s2} < max{ty, to}. In the case t < s, but not s < ¢, we set t < s.
For example, we have

Define the set of basic types B = U,>1B(n), a subset in T, inductively. Let
B(1) =T(1) = {*}. Suppose we defined B(k), k < n. Then B(n) consists of
the types t1to, where ¢, to are basic types and t» < ¢y, and if t; = wv then
v S tg.

It can be checked that the pre-order in T induces an order in the set of
basic types B. In low dimensions the terms of B are:

B(1) = {x},

B(2) = {*x},

B(3) = {xxx},

B(4) = {(s0x) (sx) <o},

B(5) = {( % #) () < % % x %},

B(6) = { () () () < (3 3 5 ) (o 3k k) < (oo ok ) (k) <ok ok ok sk ok
(s sk ok ko) (skok ) <ok sk ok ok ok ok k)

B(S) = {((+)(40) (55) (55)) < (5 4 5) (5 5 58) < (54 8) (6) (1 5 5)

< (oo ko) (k) <k sk ok ok ok ok ok

For any R-module M, the set of basic types gives a filtration of the Lie
functor L(M). For a basic type t € B(n), define the R-submodule F*(M) in
L(M) as the submodule generated by Lie brackets with the configuration s,
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where s € T'(n), s < t. For example,

Fo (M) = LAM), F&E) (M) = L2L2(M).
For every t € B(n) denote by G*L™(M) the quotient F*(M)/F*(M), where

s is the immediate predecessor of ¢ in B(n).

Notation. If ¢ is the greatest element in B(n), i.e., the element *---x
(n terms), denote G*L™ (M) by J™(M).

It is easy to see that J"(M) is the metabelianization of L™, i.e.,
JN(M) = L™ (M)/(L™(M) N LELE(M)).
Clearly, the nth Lie functor can be presented as a direct sum

LMy = @ G,
teB(n)
This is a functorial decomposition, since for every ¢t € B(n), G' can be viewed
as a functor in the category of R-modules.

For a given R-module, let SP™(M) denote the symmetric n-fold tensor
power of M.

Proposition 5.28 (Schlesinger [Sch66]). Let M be a free Z-module and n >
2. There exists the following natural exact sequence:

0— J"(M) - M @ SP™ (M) = SP™(M) — 0,

where 1, 1s the natural multiplication map, and the inclusion © is given by
setting

i ma, oo, my] e my @ (me, oL, my) —me® (M, mg, ..., My), mj € M.

Every basic type t € B(n) can be written uniquely as a sequence of prod-
ucts

t=t1... tg, (5.46)

where all t; are certain basic types. Suppose there exists 0 < a < k, such
that

ty =11 =" =tk_as1 > tk—a,
and toty...tg_q > tp_ar1- Then we will write t € B'(n; a). If there exists

0 < a < k,such that t, = -+ = tg_qy1 = to...-t1...tp_q, we will write
t € B%(n; a). We will denote by 9" the greatest type in B(n).
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It is easy to see that

(n) =" U | (B'(n; a) U B*(n; a)).

a>0

The following Theorem shows that one can get complete description of the
values of the Lie functor from the description of the functor J" together with
symmetric tensor products.

Theorem 5.29 (Curtis [Cur63]). Let M be a free Z-module.
1. Lett € B'(n; a) and let (5.46) be its presentation as a product. Then

Gth(M) . Gtu...tk,aLwt(to...tk,a)(M) ® SPa(Gtkavt(tk)(M)).
2. Lett € B*(n; a) and let (5.46) be its presentation as a product. Then
Gth(M) ~ Ja+1 (Gtk LWt(tk)(M)).

For example, in low degrees, we have the following decompositions (we
assume M is a free Z-module):

L2(M) =J*(M),

L3(M) =T (M),

LA M) =TT (M) @ JH(M),

L2(M) =(JX(M) @ J*(M)) & J*(M),

LOM) =2 (M) @ J* T3 (M) & (J'(M) @ J*(M)) & J°(M)
LT(M) =

(J3(M) @ SP? JA(M)) @ (J° (M) @ J*(M)) ® (J>J*(M) ® J*(M))
@ (JH(M) @ J*(M)) @ J(M)
LM =T2 T2 T2 (M) @ J*JHM) @ (J3(M) @ J2(M) @ J*(M))
@ J(M)® JH(M)® JJHM) @ (JH(M) @ SP? J*(M))
@ (JS(M) @ J*(M)) @ J3(M)

We will refer to such decompositions as the Curtis decompositions of the
Lie functors.

Remark 5.30
In the above decomposition the direct sum of functors does not mean that it
is preserved by homotopy. For example, the exact sequence

LL2L%(Z, 2) — £LNZ, 2) — LT (Z, 2)

is not split:
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LeL2LA(Z, 2) = Zy, L6LNZ,2) =0, L6JYZ,2) =0
and the boundary map
£:JNZ, 2) — LeLPLA(Z, 2)

is an isomorphism.

The Sandling-Tahara Decomposition

An alternative way to reduce the homotopy theory of the Lie functors to the
homotopy theory of the symmetric powers and metabelian Lie functors is as
follows.

Let G be a group with torsion-free lower central quotients, for example a
free group, then there is the following decomposition [San79]:

g"/g"t = Z ®Spai(%‘(G)/%‘+1(G))a
(ary...,an) =1

where the sum runs over all non-negative integers ai, ..., a, such that
S ia; = n (here SPY(M) = Z for an abelian group M). For a free Z-
module M, therefore, one has the following decomposition:

R"M)= > (XQ)SPULI(M).
(aty ... ap) =1
For example, in the case n = 6, we have the following decomposition:
@5 (M) = L5(M) & (M @ L>(M)) @ (L*(M) @ L*(M)) @ SP? L2 (M)

® (M e LY (M) @ L3(M)) @ (SP*(M) ® SP? L*(M))
@ (SP3(M) @ L3(M)) @ SPS(M).

We will, however prefer to use the Curtis decomposition as it is more conve-
nient for our purpose.

The Simplicial Groups J"K(Z, 1)

Let G be a simplicial abelian group. Define CG, the cone over G, as the
simplicial abelian group with
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CGn=Gn®Gp-1 @ @Gy,

i (an, ..., ap) —

(0in, Oi—1Gp—1,. .., Nan_it1, OoGn—i+an_i—1, Gni—2,-.., Gy), L<Mn,
On : (any ooy ag) — (Onan, ..., O1aq),
Si i (ny ooy ag) = (8iGny ooy S0Qn—iy 0, Qp_i—1, ... , Qo).

For every simplicial abelian group G, there is a natural injection i : G — CG.
The cokernel of the injection i is called the suspension of G. The suspension
defines a functor, so -called suspension functor

3 : SAb — SAb,
which has the property
Hy, 11 (NEG) = 1,11(8G) = m,(G) = H,(NG),

for a given simplicial abelian group G.
For a given endofunctor 7" on the category Ab of abelian groups, consider
its cross-effects
T, : Ab" — Ab,

which can be determined by the property

T(M&---eM)= P T4, ..., M),

(UI PEEEN G'S)
where the direct sum is taken over all non-empty ordered subsets (o7, ... , 05)
c{1,...,n}.
Given free modules K7, ..., K,, consider the module K = K1 ®---® K,,.

Suppose we have an ordered basis of each of the modules K;. Define the
natural order on the resulting basis of K by setting all the basis elements
of K1 to be greater than the basis elements of K;. Clearly, the Z-basis of

J"(Ky, ..., K,) consists of the elements

[x1, ..., x], (5.47)
such that z; > x9 < 23 < --- < x,., with the property that for each i =
1, ..., n, we have at least one element z; from Kj in (5.47).
Proposition 5.31 (Curtis [Cur63]) For any free modules Ky, ..., K, there
18 a direct sum decomposition

Ty, Ky) ~ @D T (K) @ SPT(EKy) @ -+ @ SPT (Ko, +
R

D K SP(10) - 5P (K.,
R/
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where the first direct sum is taken over
R={{r,...,r} | m€Zm >2,1>1, ZWZT},
the second sum is taken over
R={{m;r,....,rn}|2<m<n,r,>0,r>1, fori #m, Zri:r—l}.
In particular, in the simplest case n = 2, one has
J(Ki, K) = K ® K».

The main tool in the theory of suspended simplicial abelian groups is the
following spectral sequence.

Theorem 5.32 (Dold - Puppe [Dol61]). For a given functor T and a sim-
plicial abelian group G, there is a spectral sequence {E;,’q}, which converges
to the graded group associated with a filtration of m.(TXG). Its first term is
given by

E) ,=m(T,(G, ..., G)),

with the natural differential
d' gy (Ty(G, ..., Q) = 1y (Tpa (G, ..., G)).

In the case T is a quadratic functor, i.e. T(K7, K», K3) = 0 for any abelian
groups Ki, Ko, K3, then the above spectral sequence degenerates to the fol-
lowing long exact sequence:

= 1 (T(G, Q) = 1, (T(GQ)) — Ty (TEG) —
Tn-1(T(G, G)) = 7,1 (T(G)) — ... (5.48)

The free simplicial abelian group X modelling K(Z, 1) is the suspension
over the group K(Z, 0), the constant simplicial group with the identity sim-
plicial homomorphisms. The decompositions of the Lie functors given by
Theorem 5.29 reduces the general question about the structure of the spec-
tral sequence (5.45) to the homotopical properties of the functors J™ and
SP™. For n = 2, J?> = L% is a quadratic functor, hence J*(M, M, M) =
J*(M, M, ..., M) = 0. Therefore, for a given simplicial module M, the
spectral sequence in Theorem 5.32 degenerates to the exact sequence (5.48).

The following result follows from the sequence (A.31). However, we will
provide a proof using the sequence (5.48).

Proposition 5.33 (Schlezinger, Curtis [[Sch66], [Cur63]]). For any n > 1,
q > 0, one has
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Z, if n is odd and g =n
Lo gL (Zyn) = Ly J (Zyn) = Lo, if q=1,3,...,2[n/2] —1,

0 otherwise

Proof. The proof is by induction on n > 1. Observe that J?(A, B) = A® B
and therefore, J?K(Z, n) ~ K(Z, 2n). The sequence (5.48) has the following
form in our case:

= T (K(Z, 2n)) — £,J(Z, n) — L1 J*(Z, n+1) —
T 1(K(Z, 2n)) — £, 1J*(Z, n) — ... (5.49)
For n = 1, clearly, the simplicial groups J?°K(Z, 1) and K(Z, 2) have the
same homotopy groups. Suppose by induction that the statement is proved

for n > 1. Consider the following cases.
Case I: n=2k. In this case £, ,J*(Z, n) =0 for ¢ > n and

Loigt(Z,n) = Lriq1 S (Zyn+1) =7y, q=1,3,...,2k— 1.
Also we have one more nontrivial term, coming from 7o, (K (Z, 2n)):
Loniod*(Z, n+1) = mo,(K(Z, 2n)) = Z.

All other homotopy groups are zero.
Case II: n=2k+1. In this case we have £,,,J*(Z, n) =0, ¢ > n+ 1 and
again

Loigt (Zyn) = Loiq1J*(Zyn+1) =2y, q=1,3,...,2k—1.
The difference with the Case I is that there is an exact sequence

0 — Lon2J*(Z, n+1) — 7o, (K(Z, 2n)) -
LonJ(Zyn) — Lon1J*(Zyn+1) =0,

where the map « is induced by the natural projection

®?K(Z, n) — J*K(Z, n).

Observe that for K; =Z, i =1, ..., n, one has
JN(Ky, ..., Ky,) = Z Kn@SP" K, ®---®SP™ K, (5.50)
R/

since J!(K;) =0, [ > 2, R’ is the same set as in the Proposition 5.31 and the
result follows. [J
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Remark 5.34 It may be noted that the case n = 1 of Proposition 5.33 im-
plies that 7;(L?(X)) = 0, i = 0,1 for every free simplicial abelian group X
with my(X) = 0.

Proposition 5.35 (Curtis [Cur63]). Forr >3, £,J7(Z,1) =0, i > 0.

Proof. Set K = K(Z, 0). Using the decomposition (5.50), we get
m(J(K, ..., K))=0,i>1

and
mo(J (K, ..., K))=7Z, n>2.
Therefore, the groups m;(J"K(Z, 1)) are equal to the homology of the com-
plex
- m(J5 (K, K, K)) -5 mo(J3 (K, K)) = 0,

which consists of free abelian groups. Observe that JI, (K, ... , K) = 0. The
homomorphism

dp :mo(JL(K, ..., K)) = m(Jr_1(K, ..., K))

is induced by the map
n—1

S (Do JHK, ... K) = Jh (K, . K),

=1

where «; is induced by the map
-1
K — K% (ay, ..., ap) = (a1, -0, i1y G+ Qiss Giso, oo s Gp).

The group J' (K, ..., K) is a free abelian group, with a basis consisting of
the elements

k@k"® - k™ e Kp@SPK @ -@SP™ K, {m;ry,...,rn}€R,

where all K; are infinite cyclic and we write k™ for the element k ® --- ®
k (r; times) in SP™(K). Since all K; are infinite cyclic, we can say that
JI(K, ..., K) is a free abelian group with basis R'. We can identify the
group mo(JH(K, ..., K)) with J' (K, ..., K,), since the simplicial group
we consider is constant. The maps d,, are defined for the basis elements as
follows:
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m—1
dp (m;ry, oo, ) (D) (m =157, .o, T+ Tigts en s o)+
i=1
n—1
Z(—l)l(m; Tly eev s Ti FTid1y oovy Tn)y M >3,
i=m
n—1
(2571, ooy rn) = Y (D257, oo P T, ey TR
i=2

For example, for n = 3, we have the following map:

ds :(2; 11, 7o, 73) > —(25 71, T2+ 73),

(35 71, 72, 73) = (25 71 12, 73) — (25 71, T2+ 73).
Now consider the map
(bn . J:;(Kl, ey Kn) b 77;,+1(K15 ceey Kn+1), n Z 2

defined as follows.
Case I. Let n > 2, r, =0, then

{n; T1y eovy rnflfla 03 1}7
q)n:{nﬂ'lm”vrnflvo}’_’ {TL+1 Tl eeoy Tl — 1, 1, O}a Tpo1 > 2,
07 ’I"n,1:1
Case II. Let n > 2, r,, # O:
M T, ooy T, Ty — 1, 1}, 7y > 2 —=6(m, n
@{m;rl, '7rn}'_> { s 11y y I'm—1, T'n ) }7 n Z ( 5 )7
0, m#mn, r, =1,

where §(m, n) is the Kronecher symbol: é(m, n) = 1, m = n, §(m, n) =
0, m # n.
We have the composite map

D,y ody: JI(Ky, ..., Ky) — JI(Ky, ., Ky,

defined as follows:
m—1

D, q0dy:{m;ry, ..., Tn}HZ(—l)i(m—l; Tlyeoos TitTinty ooy Tn—1, 1)+
=1

n—1

Z(—l)i(m; Tly ey T+ Tig1y coe s T — 1, 1),

i=m

for r,, >0, r, > 2—3(m, n), and
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@y ody s {mim, e oy, O o
n—1
(—1)Z(n— 1, T1y «vvy ’/‘i—|—7‘i+1, ey 1 — 1, 0, 1)—|—
i=1
n—1
(—1)z+1{n; Tlyeevy Tno1 — 1, 1, 0},

1

7

if r,—1 # 1, with
O, od,({n;ry, ... o, 1,0Y) = (=1)""Hm;ry, ..., o, 1,0}
On the other hand, we have the composite map

dn+1 O(I)n : J:;(Kl, ey Kn) - J,:;(Kl, ceey Kn)7

defined as follows:

dn+1 O(pn : {m; Tiy ooy rn} =
m—1
Z(—l)l(m— Ly, ooy i rigty st — 1, 1)+
i=1
n
Z(—l)’(m; Tly ooy it Tigdy oov s ™o — 1, 1),
=m

for r,, >0, r, >2—46(m, n), and

dn+1 o (I)n : {n7 Ty ovov sy Tn—1, 0} =
(=1)"™{n; ri, oo bt
n—1
Z{n— 17, ooy i+ igty oooy o1, 0, 13+
i=1
n
Z(—l)’“{n; Ty ooy T4 —|—’l”7;+1, ey p—1 — 1, 1, 0}
i=1
for 1,1 # 1, with dp11 0 ®,({n; 71, ..., 2, 1, 0}) = 0. Now it is easy to

observe that the map

(=1)" '@,y 0dyoy + (—1)"dpi1 0 @y J(KY, .., Ky) — JH(K LK)
is the identity map. Therefore, the maps ®,, present the contracting homotopy
of the complex J = (J/ (K, ..., K,), d,), hence the homology of J are
trivial and £,J7(Z, 1) =0, r» > 3.0

Corollary 5.36 (Dold - Puppe [Dol61]). Let n > 2. Then the simplicial group
SP" K(Z, 1) is contractible, i.e. £;SP™(Z, 1) =0, i > 0.
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Proof. The result easily follows from Propositions 5.28 and 5.35. J
Theorem 5.29 and Proposition 5.35 imply the following;:

Corollary 5.37 Let k > 1, then the simplicial group L***'K(Z, 1) is con-
tractible, i.e. LL**Y(Z, 1) =0, i > 0.

Remark 5.38
The topological reason for the validity of Corollary 5.37 is the existence of
the Hopf fibration S* — 52, which induces the isomorphism of homotopy
groups in dimensions > 3.

The following result is proved in [Dol58b]: for r > 2,

Z, i = 2n,

£, SP"(Z, 2) = {0 i 420

This description follows also from Bousfield-Quillen décalage formulae (5.42)
and (5.43). As shown in [Dol61], for n even, the homomorphism

T (SP" VK (Z, n) @ K(Z, n)) — £, SP"(Z, n)

is the r-multiplication Z — Z. This information is enough to compute the
homotopy groups of the simplicial abelian groups J"K(Z, 2) for r > 2. How-
ever, we give another way of computation, using the spectral sequence from
Theorem 5.32.

Proposition 5.39 Let r > 2. Then

Z,, i=2r—1

GIN(22) = {0 i 2 —1

Proof. Consider the functor J" (K7, ..., K,,) applied to the simplicial group
K(Z, 1). Since all symmetric powers SP* K(Z, 1) (k > 2) are contractible,
we have

W*(JT(Klv ey K’ﬂ)) = 07 n 7é = 17

where K; = K(Z, 1). For the nontrivial components we have

o (Ky, oo, Kp) =1 (JA(K)) QK@ ... @ Ko+
KoK @K@ @K g+ + K 1 @K @ @K,_1)~Z"

’/TTJT(KM R K’I“) =
(K@K @K ® @K, 4+ + KK @K ® - @ K,_) = 2%,

7TjJ7'(K1, ey KT) = WjJT(Kl, ey Krfl) = 0, j?é r.
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The spectral sequence degenerates to the following form:

)
5 Kr—l)) — £2T71JT(Z, 2) — 0. (551)

0— £9,.J7(Z, 2) = m.(J" (K1, ..
WT(JT(Kl, ..

Denote

E(ila BRI ZT) = Z (_I)SiQTL(U)[‘T((jll)a SN 1'((;:)]

o=(01,...,07)EL

For every r > 3, the elements

&(2,1,3,...,7r),&03, 1,2, ...,7r), ..., &r 1,2, ...,r—1)
represent the basis elements of the group m,.J" (K, ..., K,) ~ Z"1. The
homotopy group m,.J" (K7, ..., K._1) has the basis represented by the fol-

lowing elements:
Ci:f(i, 1, 27 PPN ,T—l)’ ’[,:27 __.7',"_1

together with the following element

o= Z [z, 2, xffg), o x(gr’l)],

o=(01,...,0.)EA,

where A, is the alternating subgroup of X,.. We have the following values for

the map p defined on the basis of m.J" (K7, ..., K,):
p:&(2,1,3,...,7)— 2¢; — ¢
—£(3,1,2,...,7)—c1+co—c3;
E(4,1,2, ..., 1)~ ¢+ 3 — ey
2k, 1,2, ..., 1) — 1+ Cop—1 — Cok;
—&2k+1,1,2, ..., 7r) = c1 + con — Copt1;
(_1)T£<T7 1a 2a cee T 1) —c1+ Croq-

Clearly, the map p is a monomorphism, hence £,.J"(Z, 2) = 0 by (5.51). Tak-
ing the quotient of m,.J" (K1, ..., K,_1) by the image of the homomorphism
p, we conclude that

Lor_1J"(Z, 2) = coker(p) = Z,

with a generator represented by the image of the element ¢;. (I

Corollary 5.40 Let p be a prime. Then £9, 1L%P(Z, 1) = Z,,.
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Proof. Using the Curtis decomposition and Proposition 5.35, we conclude
that only the terms of the form JPJ2K(Z, 1) give a homotopical contribution
in the dimension 2p. Since J2K(Z, 1) has the same homotopy groups as
K(Z, 2), we have

Lop 1 JPTX(Z, 1) = Lo (L (Z,1) =17,

by Proposition 5.39. [J

5.5 Computations and Connectivity Results
Homotopy Groups of LBK (Z, 1)

Proposition 5.33 implies that

Zy, ifi=4,5,7,
LT TPTHZ, 1) = 2y, if i =6, (5.52)

0 otherwise

Proposition 5.35 together with the Curtis decomposition of the functor L®
implies that only the functor J2.J%.J? = A% A% A? gives the contribution to the
groups £;L%(Z, 1) for i = 4, 5.

The description (5.52) can be obtained using the suspension spectral se-
quence from Theorem 5.32. The cross-effects of the functor A2A? can be easily
computed as follows:

2A2(AB) = N (A) @ A® B N(B)® A® BS
A2 (A) ® A2(B) @ N2(A® B)
2NN A|IBIC) = AN (A)@BoCao N (B)e Co Ao N (C)® A® BD
ARBRBRCPARBRARCHARCRBRC
2AYABICID) =A®BeC®DdA®CRBD® A D®B®C.
Set K1 = Ky = K3 = K4y = K(Z, 1). The initial terms of the suspension
spectral sequence for A2 A2 K(Z, 2) are of the form:
Bl 3 =m3(AN* N (K, 1)) = Zy
By 5 = m3(A* A? (K| Ka)) = Zo
E2{4 = m(A2A? (K| KY)) = Z%3
(N A2 (K| Ky |K3)) = Z2°°
( (K

AN (K| K| K3 Ky)) = 293
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with all other terms equal to zero. The differential E1173 « Ej 5 turns out to
be trivial. According to the above decompositions of cross-effects of the func-
tor A?A2, denote the generators of E41,4 by ol, o, a3, generators of E§’4 by

B, ..., 3% generators of E2174 by v', 42, v*. The differentials in the complex
Bt it
By ¢ By & Eiy (5.53)

)

are defined on the generators as follows:
dit ol 28t —28% 4 23°
C¥2 — 65 o 64 + 66
ag’—’65—2ﬂ2+,66
d‘;”d‘ :ﬁl — fyl — 273

B2 s A — 2
B = 295 — 7
B 291 — 29
8% =2

3% = 27,.

Simple computations show that the homology groups of the complex (5.53)
are Z4 and Z, and the description (5.52) follows from a natural weak equiv-
alence \’°K (Z, 1) ~ K(Z, 2).

Recall the following simplicial construction from (Remark 3.5 [Bau00]).
Let X be a free abelian simplicial group. There is a natural maps

v (X) — moi(A2X),
given by

[x] — Z (—1)Sig”(“1""’b">[sbi e Sh Ty Sa, - Sy 2], T € X,

(a1, ..., ai;b1, .., b5), a1=0

where the sum is taken over all (4, 7)-shuffles (a1 < -+ < a;, by < -+ < b;)
which are permutations of {0, ..., 2i — 1} with a; = 0. The homomorphism
v is a part of the left homomorphism in (A.31), considered in the appro-
priate dimension. In particular, the homotopy group m(J2J*J*K(Z, 1)) =
I'(Zy) = Z4 is generated by the image of the map ~, applied to the gener-
ator of m3(J2J?K(Z, 1)). Using the generators (5.44) for K(Z, 1), we con-
clude that the generator of £4J2J2J%*(Z, 1) is the homotopy class of the
element
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x =, 291, (2, &), 28, 28, 2, 21—
e, 27, [, 2, (128, 25, 12, 2+
M”21, [, 2O, (128, 25, 27, 28—
M”21, [, 20, (28, 2, 1287, 28+
M”27, [, 2, (28, 25, 2, 28—
M”21, [, 22, (28, 25, 2§, 2+
e, 21, [, 200, (28, 28, (2§, 287+
e, 270, [, =0, (2, 25, (287, 287+
M, 25, (2, 290, (287, 287, [28, 2§ 7)—
(M”25, 2, 20, (28, 28], (28, &),

The Curtis decomposition of the fourth Lie functor is the following:
0— J2JH(M) — LYM) — J' (M) -0

(we assume that the abelian group M is free). Therefore, for every free sim-
plicial group X, we have a boundary homomorphism

i s i JHX) — P TH(X). (5.54)
Consider the element
‘[L =
7 7 7 7 7 7 7 7
> e, 200, 2, 2], 25, 2], 27, &)
(il,...,is)EAr,, 01<to, 13<ty, 13<i5, 15<ig

c JUPK(Z, 1); (5.55)

The element p is presented as the sum of 30 brackets. It is straightforward
to check check that u € J*J2K(Z, 1);. The element Jgu also can be viewed
as a sum of 30 brackets, however, 10 brackets from ¥gu can be pair-wisely
deleted. Other 20 brackets with the help of Jacobi identity can be trans-
formed to a sum of 10 brackets, which defines exactly the element x. Since
£:J*J*(Z, 1) = Z4 by Proposition 5.39, we can conclude that the element p
defines the generator of L7J*J?(Z, 1) and the map ¥ is an isomorphism.

Now the Curtis decomposition of the functor L8 implies the following
description of derived functors:

Zo, ifi=4,5,7,

0 otherwise.

LL3(Z, 1) = {



5.5 Computations and Connectivity Results 275

The Curtis decomposition of the functor £2" implies that only the func-
tors J2...J? (n times) give a contribution to the groups £,1£%"(Z, 1) and
therefore the simple induction on n gives the following

Proposition 5.41 (Curtis [Cur63]). For n > 2, £,1L%" (Z, 1) = Zs.

Homotopy Groups of L'°K(Z, 1)
The only nontrivial component of the Curtis decomposition of the 10th Lie

functor for the simplicial group K(Z, 1) is J°J*K(Z, 1) = K(Zs, 9). That is,

Zs, i=9

SiLIO(Z7 1) = { .
0, i#9

by Proposition 5.39.

Homotopy Groups of L'2K(Z, 1)

The nontrivial components of the Curtis decomposition of the 12th Lie func-
tor for the simplicial group K(Z, 1) are the following:

JEBJ2, JBIRIE, AR e JRO?, JS TP
Proposition 5.39 implies that

Ze, i = 11

LI (Z, 1) = ,
0, i# 11

The homotopy groups of J2J3J?K(Z, 1) = J>*K(Z3, 5) can be described due
to the universal coefficient sequence for quadratic functors (A.31). We get that
J2J3J*K(Z, 1) is K(Zs3, 10). The simplicial abelian group J*J?K(Z, 1) ®
J2JPK(Z, 1) = K(Z4, T) ® K(Zs, 3) has the following homotopy groups:

Zo, i =10, 11

JJVPK (2, 1) @ JPJPK(Z, 1)) =
il Z. e ZD)=Y0 i 21011

Since for a free abelian group A, the composition map

Ls(A) — ®3(A) — L3(A)
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is the multiplication with 3, and ®@*J?J?K (Z, 1) ~ ®3K(Zs, 3) has trivial
homotopy groups in dimensions < 8, we conclude that

&I TPINZ, 1) =0, i <8.

Homotopy Groups of LYK (Z, 1)

Using Proposition 5.39, we obtain the contractibility of the functors
J2J2 @ SP2 I I, PP JRJ?, JRIRIR @ 2R, TP e JB?

applied to the simplicial group K(Z, 1). Thus, we have

Z:, i=13
0, i #13

LMz, 1) = £, T T2, 1)

Homotopy Groups of LK (Z, 1)

Nontrivial components of the Curtis decompositions of the 16th Lie functor
for K(Z, 1) are:

JETRTR TR, JPTAR JRRO?, TR @ SPE T2, I8P @ JRJ%, I8P

The exact sequence A.31 implies

Ly, i =15
Ty B s, 1 =14
Ly DLy ® Ly S Lo, 1=13
Lo ® Ly D Ly @ Ly @ Zo, 1 =12
Lo @®Zo DLy DLy ®Ls®ZLy, i=11
ST T(T, 1) = Ly © Ly ® Ty ® Ly ® Zoo, z::l()
Ly ® Ly ® Loy ® Loy ® Lo, i=9
Lo B Lo ® Lo & 2o, i—8
Lo ® 7Ly & Lo, i=17
Lo @ Lo, i=6
Zy, i=5
0, otherwise

together with other homotopy groups in dimensions > 9. Also the se-
quence (A.31) implies the complete description of the homotopy groups of
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J2IVPK (7, 1):

Zsy, i=28,9,10,11, 12, 13, 15,
STV Z, 1) =K Zs, i =14,

0 otherwise.

Proposition 5.39 and sequence (A.31) imply that

Zo, i=12,15
7 (JUPK(Z,1) @ SP2 J2J*K(Z,1)) = Zo ® Zy, i=13, 14
0, otherwise
6 9 5 Zo, 1=14,15
mi(J°J°K(Z,1)® J*J*(K(Z, 1))) =
0, otherwise

Theorem 5.44 implies that there is an isomorphism
£10SPY(Zy, 3) ~ Lo J T2 T (2, 1) =~ Zs,

moreover,

&IV TN Z, 1) =0, i < 8.

The arguments, used in the proof that 94 is an isomorphism now imply that
the map

SJUPTAZ, 1) — LTI TR T2, 1)
is nontrivial and its image is cyclic. We obtain the following description of
homotopy groups

Zo, i=5

gLz, 1) = ,
Z2 @ ZQ, 1= 67 7

with certain other non-trivial homotopy groups in dimensions > 8.

Homotopy Groups of L8K(Z, 1)

It is easy to see that the only contribution to the homotopy groups of
LB¥K(Z, 1) at dimensions < 8 comes from the functor J*J?J? in the Cur-
tis decomposition. To detect certain elements of the homotopy groups of
LBK(Z, 1), we need an information about the structure of the simplicial
abelian group JPJPJ?K(7Z, 1) (for p = 3).
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Simplicial Group JPJPJ2K (Z, 1)
Let K; = K(A, m) for some m > 2. Then
mi(J"(K) ® SP™(K) @ --- @ SP™ (K,,)) = 0,

i<2m4m-3+Y (2r+m—2)=2r+n(m—2)—1
=2

i (K; @ SPT(Kp) ® --- @ SP™(K,,)) = 0,

z'<m+Z(2ri—2+m):2(r—1)+(m—2)n+m.
i=1

Thus, for m > 3, we have
m(J (K, ..., K,)) =0, i <2r+n(m-—2)—1.
Therefore, for i < 2r + 2(m —2) — 1, we have
LinJ (A, m+1)=£L,J(A, m).
Therefore,
LiJ (A, m)=2L,,J"(A, m—1), i <2r+2(m—3),

provided m > 3. For the particular case p an odd prime and K(A4, m) =
K(Zy, 2p — 1), we have

LipaJP(Zy, 2p — 1) = £9,J°(Z,, 3),
Lyp—3J?(Zyp, 2p — 1

Lip—2JP(Zy, 2p — 1
Lip 1 JP(Z,y, 2p — 1

The following result is an immediate consequence of the exact sequence
for the functorSP? analogous to (A.31) given by [Bau00]:

Proposition 5.42 Let X be a free abelian simplicial group with m;(X) =
0, i <k and 7j(X)®Zy = Tor(m;(X), Zs) = 0 for all j. Then 7;(SP*(X)) =
0, i <2k +1.

Let X be a free abelian simplicial group with m;(X) = 0, ¢ < k. Then,
clearly, m;(®™(X)) =0, i < nk. Since the composition

LHM) — @' (M) — LH(M)
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is just the multiplication with ¢, we have that
tm L (X) =0, t < nk.

Using the induction, we conclude:

Proposition 5.43 Let X be a free abelian simplicial group with m;(X) =
0, ¢ < k and 7j(X) are finite p-torsion free for all j. Then m;(SPP(X)) =
0, ¢ < pk.

Let p be an odd prime. We have 7;(SPP™! K(Z,, 3) ® K(Z,, 3)) =0, i <
3p. Hence
Lap-adP(Zy, 2p — 1) = L9, JP(Zy, 3) = Lopy1 SPP(Zy, 3),
Lip—3JP(Zy, 2p — 1) = Lop 1 JP(Zy, 3) = Lopy2 SPP(Z,, 3),
Lip—2JP(Zy, 2p — 1) = Lop 2 JP(Z,, 3) = Lopy3 SPP(Z,, 3),
Lap1JP(Zy, 2p — 1) = Lop13JP(Zyp, 3) = Lopya SPP(Zy, 3), p>3

The following statements are due to Dold and Puppe:

Theorem 5.44 (Dold - Puppe [Dol61, Satz 12.10]). Let X be a free simplicial
abelian group with m;(X) =0, i <k (k> 1). Then
(1) the suspension homomorphism

7:(SP™(X)) — mi1 (SP"(2X))

is an isomorphism for i < 2k +2n —4 and epimorphism for i =2k +2n — 4,
(2) if p a prime, n=7p", r >0

Tht2n—2(SP™(X)) ~ m(X) ® Zy.
(3) if p a prime, n =p", r >0,
pri(SP(X)) = 0, i < 2k + 2n — 4.
Taking n = p, X = K(Z,, 3), Theorem 5.44 2) implies that
£0,01SPP(Z,, 3) = Z,.

Hence,
Lap-adP(Zp, 2p — 1) = Zp. (5.56)
In particular, £5J°J3J*(Z, 1) = Zs.
We can complete the results of the above analysis in the following table of
the lower terms of the Curtis spectral sequence:
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n 124 6 8101214 16 18
SL(Z, 1)J000 0 0 00 0 7 Zs
L7, 1)[00 0 0Z,0 0 0 Zy®Zy O
L£6L™(Z,1)[000 0 0 0 0 0 Zy®Zy O
L7, 1)[00 0 Z3Z,0 0 0 Z, O
£L™MZ,1)[000 0Z,000 0 0
277, 1)[00Z,0 0000 0 0
2,77, 1)[0Z0 00000 0 0
£L"Z,1)[Z00 00000 0 0

7T2(S2) =

7T3(S2) = Z,
7T4(S2) = ZQ,
7T5(52) = ZQ

Also we have that the group m(S?) has 12 elements. Another well-known
result, which easily follows by the described methods is that the groups 77(S5?)
and 7g(S?) are 2-groups. The simplest non-trivial differential in the Curtis
spectral sequence is given by

ds : £L8(Z, 1) — L6L19(Z, 1).

p-torsion in m.(S?)

The following well-known result, due to Serre, gives some information about
p-torsion in homotopy groups of S2:

Theorem 5.45 (Serre [Ser51]). The p-torsion of groups m;(S?) is Z, fori =
2p, 4p — 3 and trivial for i < 2p and 2p < i < 4p — 3.

Here we deduce this result as a consequence of a simple analysis of the
Curtis spectral sequence.

Lemma 5.46 Let p be an odd prime. Then £;L7(Z, 1) does not contain p-
torsion for i < 2p — 1.

Proof. Suppose £,L7(Z, 1) contains a subgroup Z, for some i < 2p—1. Then
the Curtis decomposition implies that there is a sequence (i1, ... , i), such
that

L Jim Jimr L JNZ, 1) D 7y, (5.57)

Proposition 5.35 implies that i; = 2. Then J2J"K(Z, 1) is K(Z;,, 2iy — 1).
Suppose (i3, p) = 1. In this case one has the triviality of the p-torsion
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part Tor(&; Jém Jim=1 .. J(Z, 1), Z,) = 0 and we have a contradiction with
(5.57). Hence iy = p- ¢, ¢ > 1. In this case J2J1K(Z, 1) is (2p - ¢ — 2)-
connected. Therefore, the simplicial group Jé=Jim-1... J1K(Z, 1) is also
(2p - ¢ — 2)-connected, which contradicts (5.57). Hence the assumption is
not possible and the statement is proved. [J

Analogous analysis of the triple composition functors J%J2J4K(Z, 1)
implies the following:

Lemma 5.47 Let p be an odd prime. Then £;L7(Z, 1) does not contain p-
torsion for 2p — 1 <i < 4p — 4.

One can easily check that Tor(Ly, 4L"(Z, 1), Z,) = 0 for n # 2p* and
Tor(Ly,-3L"(Z, 1), Zy) = 0 for n < 2p*. Now Theorem 5.45 follows from
Corollary 5.40, isomorphism (5.56), Lemmas 5.46, 5.47 and the spectral se-
quence argument.

Derived Series Filtration

One can easily see the analogy between Curtis decomposition of Lie func-
tors and derived series methods used for the proof of Theorem 3.2 (com-
pare definition of v, (F (k)) with definition of the metabelian Lie functors
J™ : Ab — Ab). This analogy gives a natural motivation to define a derived
series filtration for homotopy groups of simplicial groups.

For a given simplicial group G, consider the following filtration of the
graded abelian groups:

(@) 2 @G) 2@ 2.,
where
(@) = ker{m.(G) = m.(G/5:(G)}, i=1,2, ...
and the dual filtration:

#0(G) c7P(G) - S (6,

defined as 7 (G) = m.(G) \ 7(G), i=1,2, ....
For the free simplicial group F[S!], the above analysis shows that

U (F[SY) = m(F[SY), o) (FISY) =0, i > 1,

7t
) (F[S") = m(F[S")), 77 (FIS) =0, i > 2,

7r2p71(F[Sl]) > Serre’s p-element, which defines the p-torsion of s, (S?),
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7 F[S') > 2-torsion element of 74(S?),
F[S']) > generator of m;(S?).

Roughly speaking, the ith term of this derived series filtration consists
of the homotopy elements which come from derived functors of components

of the Lie functor which can be decomposed as a composition of (i — 1)
metabelian Lie functors, i.e., the J-functors.

Connectivity Results

Consider the Koszul complexes (5.40) and (5.41). Define the functors
‘/i,rm Vi,n:AbHAb, ’L:L e,
by setting

Vi n(P) = ker(d;) = ker{ \'(P) @ SP"*(P) — A""!(P) ® SP""*!(P)}

Vin(P) = ker(d;) = ker{I;(P) @ A" (P) — I;_1(P) @ A" "*}(P)}

The functors V;, ,, V; ,, are particular cases of the so-called Schur functors.
By definition, Vi ,,(P) = J"(P).

For a free group P and the identity homomorphism f : P — P, the Koszul
complexes Kos™(f), Kosn( f) are acyclic. Hence, for every free abelian group
P, we have the following sequence of short exact sequences:

0— Vi n(P)— SP" (P)® P — SP™(P) — 0,
0 — Vo, n(P) — SP" *(P) @ A*(P) — Vi, n(P) — 0,

0— Vn,n(P) - /\n<P) - nfl,n(P) — 0,

0— Vi n(P)— A" HP)® P — A"(P) — 0,

0 — Vo n(P) — A" 3(P)® I4(P) — Vi n(P) — 0,
0= Vypn(P)— Ih(P)— V1 a(P)— 0.

Hence, for every free simplicial abelian group X, we obtain the following
exact sequences of homotopy groups:

= e (SP™(X)) — (Vi (X))
— m(SP" HX) ® X) — mp(SP™(X)) — ...,



5.5 Computations and Connectivity Results 283

= M1 (Vi n (X)) = m (Vo (X))
— 1 (SP" (X)) @ A* (X)) = m(Vin(X)) — ...,

e 7rk+1(vn71,n(X)) - Wk(vn,n(X))
— 1 (AN(X)) = (Voo n (X)) — ..o
o= T (A(X)) = (Vi (X))
— m(A"THX) © X) = m(AM(X) — .o

= T (Vi (X)) = m(Va, o (X))
— 7rk(/\"72(X) @ Ih(X)) = m(Via(X) — ...

N 7rk+lvn71,n(X) - Wk(vn,n(X))
— (D (X)) = (Vi1 n(X) — oo
Hence, the inductive argument and (A.15) imply the following:
Theorem 5.48 (Dold - Puppe [Dol61, Satz 12.1]). Let X be a free abelian
simplicial group and k > 1, n > 2 be integers. If m;(X) =0, i < k, then

for i <n, provided k =1,
fori < k+2n—2, provided k > 1.

™ (SP™"(X)) =0, {

The above result yields the following

Corollary 5.49 Let X be a free abelian simplicial group and r > 2, k > 1
be integers. If mi(X) =0, i < m, then

fori <r—1, provided m =1,
fori <m+4 2r — 3, provided m > 1.

mi(J" (X)) =07{

Proof. Proposition 5.28 implies that there exists an exact sequence of ho-
motopy groups

o ma (SPT(X)) = (X)) = m(X @ SPTHX)) - ..
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In view of Theorem 5.48 and Kiinneth Theorem (see (A.15)), if k& > 1, we
have

mi(J (X)) =0, i <min{m +2r — 3, 2m+2r —4} = m+ 2r — 3;
furthermore, if m =1 then m;(J"(X)) =0, i <r—1.0

Proof of Theorem 5.27 In view of Kan’s version of Hurewicz Theorem
for free simplicial groups (see A.10), it suffices to prove the following:

Let X be a free abelian simplicial group with 7;(X) = 0, 4 < m, then m;(L" (X)) =

0, i < {m+log, r}, where for an integer a, {a} is the least integer greater or equal
than a.

In view of the Curtis decomposition of the functor L7 (X) (see Theorem 5.29),
it is enough to prove the above statement for the components G*L™(X), t €
B(r). For a given t € B(r) there is a unique decomposition t = t;...t,q),
where all ¢;-s are basic types. Observe that h(t) > log, r. Therefore, it suffices
to prove the following

Let X be a free abelian simplicial group with m;(X) = 0, i < m, then m;(G*L"(X)) =
0, i <m+ h(t).

We proceed by induction on r > 2. For r = 2 the statement follows from
Remark 5.34 and Corollary 5.49. Suppose r > 2 and the statement holds for
all 2 <7 < r.

Case I: Let t € B'(r; a). Then

GtLr(X) ~ Glo--tr aLW't(tUH~tk ,,)(X) ® SPa(Gtk’LWt(tk’)(X))
for some integers k, a and wt(tx) > 2. By induction hypothesis,
(Gl e [t (X)) =0, i <m+ k — a.

The case a = 1 clearly follows from the Kiinneth formula (A.15). Suppose
a > 1. Applying Corollary 5.49 and induction hypothesis, we conclude that

mi(SP (G L) (X)) = 0, i < {m +logy wt(t)} + 2a — 2.
The Kiinneth formula (A.15) then shows that
mi(G'L"(X)) =0, i <m+k+a—1+ {m+logy, wt(tr)} (> m + h(t))

and the needed statement follows.
Case II: Let t € B?(r; a). Then

GtLr (X) ~ Ja+1 (Gtk Lwt(tk.)(X))

for some integers k, a. By induction hypothesis,
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,R_’L_(GtkLWt(tk)(X)) =0, i <m+h(t)—a.

Since h(t) — a > 1, the needed statement follows from Corollary 5.49.
Case III: Let ¢t = t9". The statement follows from Corollary 5.49 and
Remark 5.34. O

p-Local Version

Proposition 5.50 Let X be a free abelian simplicial group with m;(X) =
0, i <m, p a prime, r < p, then Tor(m;(SP" (X)), Z,) =0, i < rm.

Proof. For r = 2 the statement follows from (A.31) and the exact sequence
0 — A%(X) — ®*(X) — SP*(X) — 0.

Suppose the statement is true for all s < p. If s +1 < p, then consider the
following composition map

SPH(X) — SP*(X) ® X — SP*™(X),

which is induced by multiplication with (Sf) = s+ 1 (see [Dol61], Korollar

10.9) Since Tor(m;(SP*(X)), Z,) =0, i < sm, we get
Tor(m;(SP*(X) ® X), Zp) =0, i < (s + 1)m.

Therefore, (s + 1)m;(SP**1(X)) = 0, i < (s + 1)m and the needed statement
follows. OJ

Theorem 5.51 Let p be a prime, X a free simplicial group, such that
mi(X) =0 fori < m (m > p). Then m;(v-(X)/vr+1(X)) is p-torsion free
fori < {m+ (2p —3)log,r}.

Proof. The case p = 2 follows from Theorem 5.27. We assume p > 2. Again,
in view of the Curtis decomposition of the functor £L"(X) (see Theorem 5.29),
it is enough to prove the above statement for the components G*L"(X), t €
B(r). For a given t € B(r) consider its decomposition ¢ =t ... ¢, where all
t;-s are basic types.

Case 1. First let ¢t = t9" and G'L"(X) = J"(X). For r > p the statement
follows from Corollary 5.49, since

2r —3 > (2p—3)log,r (r = p).
Suppose that » < p. We have the following exact sequence

o= T (SPT(X)) — m(J(X)) = m(SPTTHX) @ X) — ...
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and we conclude that Tor(m;(J"(X)), Z,) =0, ¢ < rm—1 due to Proposition
5.50. We have
m+ (2p — 3)log,r <rm —1 (m > p)

and the needed statement follows.
Case II. Let ¢t € B'(r; a). Then

GtLT‘(X) ~ Gt0~~-tk—aLWt(to-ntk—a)(X) ® SPa(Gtk LVVt(tk)(X))
for some integers k, a and wt(¢x) > 2. By induction hypothesis,
Tor(ﬂ'i(Gto'“tk’aLWt(tO'”tk’“)(X)), Zp) _ O7
i < {m+ (2p —3)log, wt(to...txa)},

Tor(m; (G LY )Y 7)) = 0, i < {m + (2p — 3) log, wt(tx)}.

The case a = 1 follows from the Kiinneth formula. Suppose a > 1. Apply-
ing Theorem 5.48 induction hypothesis and Kiinneth formula, we conclude
that

Tor(m;(G'L" (X)), Z,) = 0,
i <{m+ (2p—3)log, wt(to...txa)} +2a — 2+ {m + (2p — 3) log, wt(tx)}
(=m+(2p—3)log,7)

and the needed statement follows.
Case III. Now suppose that t € B?(r; a) and

GUL"(X) ~ JoH (Gt L) (X))
for some integers k, a. By induction hypothesis,
Tor(m; (G L") (X)), Z,)) = 0, i < m + (2p — 3) log, wt(t).
The needed statement follows from Case I. J
Remark 5.52

The statement of Theorem 5.51 can not be generalized for all m > 0 with
the same valuation. For example, one has

T J K (Z3, 1) D Zs.
Remark 5.53
Take A = K(Z, 2). Then for a prime p > 2, one has

mi(JP...JPA) =0, 1< (2p—3)n

n terms
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by Corollary 5.49. The exact sequence

w1 (SPP JP . JPA) — mi(JP ... JP A) —
—— ——
n—1 terms n—1 terms
7 (SPPL P JP AR JP.. . JP A)
N—— N—_——

n—1 terms n—1 terms

and Proposition 5.50 imply the isomorphism

WQP_Q(SPP JP .. JP A) 27T2p_3(Jp...JpA).

n—1 terms n terms

The induction argument together with Theorem 5.44 2) imply that

7T(2p,3)n<(]p . Jp A) = Zp.

n terms

Analyzing the connectivity of components in the Curtis decomposition of
LP", one can see that only the component J? ... J? gives a contribution at
——

n terms
dimension (2p — 3)n and there is an isomorphism

ﬁ(gp,g)n(ﬁpnA) = 2Ly, n > 1.

Suspensions

Here we recall from [Ell08] a simple group-theoretical interpretation of nilpo-
tence of stable homotopy elements.

Consider n > 1 and Milnor’s construction F[S™]. We have the Curtis
spectral sequence (5.33), which converges to homotopy groups of the (n+1)-
sphere S™ L. Theorem 5.27 and the sequence (A.31) imply the following:

Z,1=2,n=1
7rn+1(£;1K(Z7 n)): ZZ; 1=2,n>1
0,7>2

Therefore,
T = M2 (") = Zo, m > 1.

Recall the argumets from [Wu,01, Example 2.21], where the fact that 77 = Zs
was proved using commutator calculus in F'[S™]. Consider the lower terms of
the simplicial group F[S™]:
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F[5"], = F(o),

F[Sn]7L+1 = F(SOU7 e Sna)a
F[S" 1o = F(sjsi0 | i < j),

In the simplicial group F[S™] the following relations take place for i + 1 <
7 <n:

[sio, sjol, k=]
Ok([sj-18i0, sj+18:0]) = {1’ i ;é]j (5.58)
[8i+10, Sip20], k=1i+1
6k([8i+287;+10', Si+38i0']) = [Si+10', 31‘0'}7 k=1+3 (559)
1 otherwise
[8i410, Siz20], k =1+ 1
$i0, Siyo0|, k=142
8k([8i+251‘0, Si+35¢+10]) = [ 2 } (560)

[sioy Sit10], k=143
1 otherwise

Recall now the Homotopy Addition Lemma (see [Cur71], Theorem 2.4):

Theorem 5.54 Let G be a simplicial group, y; € G, 0 <i<n+1, d;jy; =
1, 0 < j < n. Then the following relation holds in m,(G)

o] = [ya] + [ya] — -+ (=1)" M ynya] = 0

(the operation is written additively) if and only if there exists an element
y € Gpa1 such that dyy = y;, 0<i<n+1.

Theorem 5.54 together with (5.58) imply that
[sio, sjo] € B(F[S™]), i+1<j. (5.61)
Theorem 5.54 together with (5.59) imply that
[$i+10, Sit20][si110, sio] € B(F[S"]). (5.62)
Analogously, (5.60) imply
[8i110, 8i120][8:0, 8iy20] '[si0, si110] € B(F[S™]).

Hence,
[$i110, Sit20][si0, Siy10] € B(F[S™]) (5.63)

in view of (5.61). Now (5.62) and (5.63) imply that

[si0, sis10]* € B(F[S™).
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Since the natural map F[S™| — F[S™]/v3(F[S™]) of simplicial groups induces
isomorphism
T 1 (F[S™]) = 1 (F[S"]/3(F[S"])),

we can choose the generators of F[S"], 1 which define the non-trivial class
in 7,41 (F[S™]) as [s;0, sip10] for every 0 <i <mn — 1.

It is easy to see that we can take also the element [syo, s10] in F[S']y as
a generator of m(F[S']) = m3(5?) = Z. Let us denote

F[Sl}k = Fk = F(.To, ey :L‘kfl)

with &; = sg_1...8;...s90. Following [Wu,01], define another set of genera-
tors of F by setting:

Y; = .Z’jl‘;il, j= 0, ceey k— 2, Yk—1 = Th—1-

It directly follows from the definition of homotopy groups of F[S'], that
7, (F[S']) can be identified with a certain quotient of the intersection sub-
group (yo)¥* N ... N {yr_2)Fx N (y_1)F*, where y 1 = (yo ... yp_1) "' As it
was shown in [Wu,01], this quotient is exactly the one, given in (A.21), i.e. the
boundaries in F[S!]; can be identified with normal subgroup [[y_1, ... , yr_1]]-

Now the generators of F[S™], 1 which define nontrivial homotopy class in
the first stable homotopy group 77 define the elements from F[S'];, which
correspond the homotopy classes of composition maps

Sk+l _ Sk e SS N SQ,

where every map is viewed as a suspension over the Hopf fibration. Consider
these elements.
1. First, let Fy = F(yo, v1), then the element

[y()a yl] ¢ [[y*h Yo, yl“

corresponds to the homotopy class of the Hopf fibration S® — S2.
2. Let F3 = F(yo, 1, ¥2), then the element

([vo, 1], [Yo, v1vel] € [[y-1, Yo, v1, ¥2]]

corresponds to the homotopy class of the composition map §* — S3 — S2.
3. Let Fy = F(yo, 1, Y2, y3), then the element

[[[90» y1], [y07 ylm]]» [[yo, y1]7 [ym y1y2y3]]] ¢ Hy—h Yo, Y1, Y2, y3]]

corresponds to the homotopy class of the composition map S° — §* — % —

S2.
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4. Let F5 = F(yo, Y1, Y2, Y3, Y1), then the element

[[Hym y1]7 [ym y1y2]], Hym y1]7 [y(), y1y2y3]}]7
([[yos v1ls [wo, yawells [[Yo, vils [vo, Y1y2y3yal]l]
& [[y-1. vo, Y1, Y2, Y3, Yal]

corresponds to the homotopy class of the composition map ¢ — $° — §* —
S3 — S2.

5. Let Fs = F(yo, Y1, Y2, Y3, Y4, Us), then the element

[[[Tyo, v1, [wo, yiwells [[vo, 1l [yo, yryeus]ll,
w0, w1ls (w0, yawell, [[vo, nils [vo, viyv2ysyallll,
(llyo, w1l: [wo, v192]], [[wo, w1l [0, vav2ysl]ls
[[[ym y1]7 [yo, y1y2]], Hyo, y1], [yo, y1y2y3y4y5}]}]]
€ [ly-1, yo, Y1, Y2, Y3, Y4, Y5)]

corresponds to the (trivial !) homotopy class of the composition map
ST 80 85 8t 8% 5%

The triviality of this map can be proved using standard methods in homotopy
theory [Tod62]. This is the simplest case of the Nilpotence Theorem, due
to Nishida [Nis73], which states that every element in the ring of stable
homotopy groups of spheres is nilpotent.



Chapter 6
Miscellanea

In this Chapter we present assorted examples involving the group ring construction.

6.1 Power-closed Groups

Modular dimension subgroup play a fundamental role in understanding the
power structure of p-groups (see e.g., [Sco91], [Wil03]).
Let G be a p-group. Then G is said to be k-power closed, k > 1, if every

product ¥ ... mek x; € G, n > 1, can be written as y? for some y € G.

Theorem 6.1 (Wilson [Wil03]). If G is a p-group of nilpotency class less
than p*, then G is k-power closed.

This result is proved by carrying out an extensive study of the modular
dimension subgroups D, r,(G). Note that, for every z € G and k > 1,
= Dy v, (G); therefore, Theorem 6.1 follows from the following:

Theorem 6.2 (Wilson [Wil03]). Let G be a finite p-group such that v,. (G) C
Dy g (G) for some k. Then Dprien p (G) C {a?" |z € G} for positive
integers (.

An immediate consequence of Theorem 6.2 is the following;:

Corollary 6.3 (Wilson [Wil03]). Let G be a finite p-group of nilpotency
class c. Let k be the minimal integer such that ¢ < p**'. Then Dpk+Z’Fp(G) c

{xpz |z € G} for positive integers .

6.2 Braid Groups

The lower central series of pure braid groups (see §1.2, p.15) plays an im-
portant role in the theory of braid invariants. A singular pure braid is a

R. Mikhailov, I.B.S. Passi, Lower Central and Dimension Series of Groups, 291
Lecture Notes in Mathematics 1952,
(© Springer-Verlag Berlin Heidelberg 2009



292 6 Miscellanea

pure braid with a finite number of transversal intersections. Any invariant
of braids which takes values in some ring R can be viewed as a collection
of maps P, — R, n > 2. Let v : P, — R be an invariant of pure braids.
Then we can extend v to be defined on singular braids, by the following rule
(so-called Vassiliev skein relation):

o) =0 ) = o(X),

where the above diagrams represent braids which differ by one intersection
inside a ball and completely identical outside the ball. Clearly, this rule makes
it possible to extend the invariant v to be defined on singular pure braids. An
invariant v of pure braids is said to be an invariant of type k if its extension
vanishes on all singular braids with more than k& double points. We say that
two braids By and By are k-equivalent if v(B;y) = v(Bsy) for any invariant v of
type less than k.

One can formally view a singular pure braid with n strands as an element
of the integral group ring Z[P,] by setting

X =X =X ez[p,) (6.1)

Then the extension of the invariant v defines a Z-linear map
v:Z[P,] — R.

Clearly, any singular braid with exactly one double point defines an element
of the augmentation ideal A(P,) of Z[P,], since it is a “difference” of two
pure braids. It is easy to see that any singular braid with exactly two double
points can be drawn as a composition of two singular braids with exactly one
double point each. In general, any singular braid with k£ double points can
be written as a composition of k singular braids with one double point each.
With composition of braids corresponding to the multiplication in the group
ring Z[P,], any singular braid with n strands and more than k double points
represents an element from the kth power of the augmentation ideal of Z[P,].
On the other hand, any pure braid can be deformed to the trivial one by the
sequence of crossed moves:

K=Xe X=X

This implies that the augmentation ideal of Z[P,] is the Z-linear closure of
elements of the form (6.1), i.e., of singular braids with n strands. Similarly,
we conclude that the kth power of the augmentation ideal of Z[P,] is the
Z-linear closure of singular braids with n strands and not less than k£ double
points.

Let p; and ps be pure braids with n strands. For k£ > 1, the above argument
shows that there is an invariant v of type k which differs on p; and p, if and
only if p; — ps determines a nontrivial element in the quotient Z[P,]/A*(P,);
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this is equivalent to saying that 1 — pip,* ¢ AF(P,), i.e., pipy' ¢ Dp(Py),
the kth dimension subgroup of P,. It is easy to see, in view of (Chapter 1,
1.6), that the lower central series and the dimension series are identical for
the pure braid groups. Hence, we have the following

Proposition 6.4 Two pure braids p1, ps with n strands are k-equivalent if
and only if pipy ' € Vi (P,).

A similar equivalence occurs in the case of classical knots. Every knot is
the closure of some braid. However, different braids can determine isotopical
knots. In analogy with singular braids, one can define the singular knots and
type k invariants as knot isotopy invariants which vanish for singular knots
with more than k& double points. As for braids, we say that two knots K; and
Ky are k-equivalent if v(K) = v(K>) for any invariant v of type less than k.

Theorem 6.5 (Stanford [Sta98]). Let Ky and K be knots. Then K, and K,
are k-equivalent if and only if there exists a braid b € B,, and a pure braid
p € P, for some n, such that Ky is the closure of b, but K, is the closure

of bp.

Remark. It may be noted that the residual nilpotence of the pure braid
groups implies that non-equal (non-isotopical) braids always differ by some
invariant of finite type. However, the same result for knots does not follow
immediately and the conjecture about completeness of invariants of finite
type for knots is still open.

6.3 3-dimensional Surgery

The applications of the dimension subgroup theory to the 3-dimensional
surgery was discovered by G. Massuyeau [Mas07]. Here we recall the con-
struction from [Mas07].

Let S be a surface. The mapping class group M(S) of S is the group of
all isotopy classes of orientation-preserving homeomorphisms of S to itself.
There is a natural action of M(S) on the first homology group of S, hence
there is a natural homomorphism

W M(S) — Aut(H,(S)).

The kernel of ¥ is called Torelli group of S and denoted by Z(.S). The home-
omorphisms of S to itself acting trivially on homology are called Torelli au-
tomorphisms.

Let M be a compact oriented 3-dimensional manifold and H C M a han-
dlebody. Consider a Torelli automorphism h : (M) — 9(M). Then one can
construct a new 3-dimensional manifold M}, in the following way:
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M;, = (M \ mt(H)) Up H.

The transformation
M ~~ M,

is called a Torelli surgery. One can naturally generalize this definition for the
case
M ~~ MI

where I is a set of pairwise disjoint handlebodies in M with selected Torelli
automorphisms.

Following M. Goussarov and K. Habiro, given k > 1, call two compact
oriented 3-manifolds M and N, Yj-equivalent if there exists a Torelli auto-
morphism h, which belongs to the k-th term of lower central series of the
Torelli group 9(H), such that

M ~ M, = N.

Let A be an abelian group and f a topological invariant of compact oriented
3-manifolds with values in A. We call f an invariant of degree at most d if, for
any manifold M and every set I of pairwise disjoint handlebodies H;, i € I’
with selected Torelli automorphisms h; : O(H;) — O(H;), i € I, the following
identity holds:
S ()T f(Mp) =0 € A,
r'cr

Two Yj.1-equivalent manifolds are not distinguished by invariants of degree
at most k [Mas07]. The converse statement is proved for integral homology
3-spheres by M. Goussarov and K. Habiro [Hab00], [Gou99]; however, in
general, the converse statement is not true [Mas07]. The special interest of
the equivalence of the above equivalence relations is in the case of homology
cylinders. Given an oriented surface 3, the homology cylinder over ¥ is a
cobordism M between ¥ and —X, which can be obtained from ¥ x [1, —1] by
a Torelli surgery. Homology cylinders form a natural monoid Cyl(X), where
the product is the composition of cobordisms. It is shown in [Hab00] and
[Gou99] that the quotient of the monoid Cyl(X) by the Yj.i-equivalence
relation is a group.

In [Hab00] and [Gou99] the following filtration of the monoid Cyl(X) is
introduced:

Cyl(¥) = Cyl () 2 Cyly(X) 2 Cyly(2) 2.,
where
Cyl, (%) ={M € Cyl(2) | M is Y}, — equivalent to 3 x [1,—1]}.

For 1 < k <, the quotients Cyl,(X)/Y; are finitely generated subgroups of
Cyl(2)/Y; and for 1 < ky + ko <, one has
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[Cyly,, (2)/ Y7, Cyly, (5)/Y1] € Cyly, 4, (2) /Y7

(see [Hab00], [Gou99]). The following result provides a connection between
the above equivalence relations and the dimension subgroup theory.

Theorem 6.6 (Massuyeau [Mas07]). Let 1 < d < k. The following state-
ments are equivalent:

(1) The homology cylinders over a surface ¥ are Yy.1-equivalent if and
only if the Z-valued invariants of degree < d do not separate them.

(2) Da1(Cyl(2)/Yis1) = Cylgs1(E)/Yisr.

Note that the problem of description of dimension subgroups Dy, 1(Cyl(X)/
Yi+1) seems to be highly non-trivial. It is shown in [Mas03] that the group
Cyl(X)/Y; contains elements of order 2.

6.4 Vanishing Sums of Roots of Unity

We mention next an interesting application, due to T. Y. Lam and K. H.
Leung [LamO00], to a problem in number theory.

Given a natural number m, the problem asks for the computation of the set
W (m) of all the possible integers n for which there exist mth roots of unity
ai, ... , ap in the field C of complex numbers such that oy + --- + «,, = 0.

Let G = (z) be a cyclic group of order m. Let m = p{' ... p% be the
prime factorization of m with p; < ... < p, and { = (;,, a primitive mth root
of unity. Let N[G] be the subgroup of Z[G] consisting of elements a € Z[G]
with coefficients in N, the set of non-negative integers. Consider the ring
homomorphisms

0 ZIG) = Z[¢], €:Z|G] —Z (6.2)
defined by z — ( and z — 1 respectively.

Since, for every prime p and a primitive pth root ¢ of unity,
1+¢+--- 471 =0,
it is easy to see that
Npi + -+ -+ Np, C W(m). (6.3)
That equality holds in (6.3) follows from the following

Theorem 6.7 (Lam - Leung [Lam00]). For every o € N[G] Nker ¢, €(a) €
22:1 Np;.

Call a nonzero element 2 € N[G] Nker ¢ to be minimal if it cannot be
decomposed as a sum of two nonzero elements in N[G] Nker ¢. For any group
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H, let
o(H):= Y heN[H]
heH
Let P; be the unique subgroup of G of order p;. The elements g.c(FP;) with
g € Gandi—1,...,r, are clearly all minimal elements in N[G] N ker(¢p);
call these elements symmetric minimal elements. The crux of the argument
in the proof of Theorem 6.7 is the following

Theorem 6.8 (Lam - Leung [Lam00]). For any minimal x € N[G] Nker(p),
either

(A) z is symmetric, or

(B) 7 > 3 and e(z) > ey(x) > p1(p2 — 1) + ps — p2 > p3, where () denotes the
cardinality of the support of x.

To deduce Theorem 6.7 from Theorem 6.8, note that it clearly suffices to
consider minimal elements in N[G]Nker(y). By Theorem 6.8, such an element
is either symmetric or » > 3 and e(x) > p1(ps — 1) + p3 — p2. Thus either
e(x) = p; for some i, or

€(x) >pilp2 —1) > (p1 — D(p2 — 1),

and consequently e(x) € Np; + Np,. O

We thus have

Theorem 6.9 (Lam - Leung [Lam00]). For any natural number m,
W(m) = Np; +--- + Np,,
where py, ... , pr are all the distinct prime divisors of m.

The above result in turn has an application to representation theory of
finite groups.

Theorem 6.10 (Lam - Leung [LamO00]). Let x be the character of a represen-
tation of a finite group G over a field F' of characteristic 0. Let g € G be an
element of order m = pi' ...p% (where py < p2 < ...p,) such that x(g) € Z,
and let t == x(1) + |x(g9)|- If x(g9) <0, thent € > Np;. If x(g) > 0 and t is
odd, then t > ¢, where £ (= p1 or ps) is the smallest odd prime dividing m.

6.5 Fundamental Groups of Projective Curves

Let k be an algebraically closed field of characteristic p > 0. For a projective
curve D over k, let m4(D) denote the set of isomorphism classes of finite
groups occurring as Galois groups of un-ramified Galois covers of D. A group
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G occurs as a quotient of the fundamental group m1(D) if and only if it lies
in w4 (D). For an integer g > 0, let m4(g) denote the set of finite groups G
for which there exists a curve D of genus g such that G lies in w4 (D). Let
d(G) denote the minimal number of generators of the group G, and let t(G)
denote the number of generators of the augmentation ideal gg, of the group
algebra k[G], as a k[G] module.

Theorem 6.11 (Stevenson [Ste98]). Let g > 2 be a positive integer and let
G be a finite group with normal Sylow p-subgroup P, such that d(G/P) < g.
Then G lies in wa(g) if and only if t(G) < g.



Appendix A
Simplicial Methods

A.1 Chain Complexes

For any commutative ring R, a chain complex K of R-modules is a family
{Kp, d,} of R-modules K, and R-homomorphisms d,, : K, — K,,_1, defined
for all integers n such that d, d,+1 = 0. An n-cycle of K is an element of the
submodule C,,(K) = kerd,,, and an n-boundary is an element of d,, 11 (K, +1).
The homology of K, denoted H(K), is the family of modules

H,(K)=Xkerd,/imd,.

If K and K’ are complexes, a chain transformation f : K — K’ is a family
of module homomorphisms f,, : K,, — K], such that for all n

d/nfn = fnfldn-

Denote by Ch(R) the category of chain complexes of R-modules, i.e., the
category whose class Ob(Ch(R)) of objects consists of the chain complexes K,
and the set Homep,(z)(K, K') of morphisms between two objects K, K’ is
the set of all chain transformations f : K — K'. Every chain transformation
J € Homep,r)(K, K') induces a family of homomorphisms

Hy,(f) + Ho(K) — Hy, (K')
defined by
H,(f)(c+dK,+1) = f(c) + dK,, ., ¢ € kerd,.

A chain homotopy s between two chain transformations f, g € Homey(g)
(K, K'), denoted s : f ~ g, is a family of module homomorphisms

. !
Sy Ky — Ky

299
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such that
d/n+13n + Sp-1dn, = fr. — Gn-

Theorem A.1 Ifs: f~g: K — K', then
Hn(f) = Hn(g) : Hn(K) — Hn(K/), —00 < n < o0.

A chain transformation f € Homeyr)(K, K') is said to be a chain equiv-
alence if there exists a chain transformation 2 € Homgp(g)(K', K) and ho-
motopies hf ~ 1, fh >~ 1k.

Corollary A.2 If f € Homeyg) (K, K') is a chain equivalence, then the
induced map H,(f): H,(K) — H,(K') is an isomorphism for each n.

A.2 Simplicial Objects

Let C be a category. A simplicial object X, in C is a family {X;}i>0, X; €
Ob(C) together with two families of morphisms

d; € HomC(Xq, Xq_l), S; € HOIIlc(Xq, Xq_._l), 0<1i<gq,
called the face and the degeneracy maps respectively, which satisfy the fol-
lowing identities:
didj = djfldi, 1 < g,
8;8j = 8j415i, 1 < J,
diSj = ijldia 1< g, (Al)
dij = aj4185 = Zd,
d7;8j = deifl, 1> 5+ 1.
A simplicial morphism f : X, — Y, is a family f; € Home(X;, Y;), @ > 0, of

morphisms compatible with the face and the degeneracy maps. The category
of simplicial objects in C will be denoted by SC.

The simplicial category (also called ordinal number category) A consists of
the objects

Ob(A) ={[n]:={0,1, ..., n}}
and order preserving maps {f : [n] — [m]} as elements of Homa ([n], [m]). In

particular, there are the following morphisms, called the face and degeneracy
maps, in this category:
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di:[n—1]—[n], 0<i<n,

o [n+1]—n], 0<i<n,

9;:{0,1,... ,n—1}—={0,1,...,i—1,i+1,...,n},
o;:{0,1,... ,n+1}—={0,1,...,i,i,... ,n}

It is easy to check that the maps §;, o; satisfy the following cosimplicial
relations:

0503 = 6;05_1, © < J,

0;0; = 00541, © < J,

0j0; = 0;05-1, 1 < j, (A.2)
0j0; = 0041 = id,

00; = 0,105, 1> 7+ 1.

Furthermore, all elements of Homa (—, —) can be written as compositions of
these face and degeneracy maps. It thus turns out that a simplicial object in
a category C is simply a contravariant functor from the simplicial category
A toC, i.e.

SC = {A? — C},

where A°P denotes the opposite category of the category A. By a simplicial
group (resp. ring, abelian group, topological space, etc.) we shall mean a
simplicial object in the category of groups (resp. the corresponding category).

Example A.3

For a given topological space X, the total singular complex S(X) of X is the
simplicial set defined as follows.

For n > 0, let
n
A ={(o,...,xn) ER™ [ 0< 2 <1, ) my =1}
=0
Define
et Ap1 — Ay, 0<7<n,
ijAnJrl—)An, OSZSTL,
by
67;:(1'0, "'7‘Tn)'_>(‘r07 ...71'1'_1707 Ty, ~-~5-Tn)a
f]‘ : (1‘0, ey xn+1) — (.130, ceey Tj—1,T5 —|—.13j+1, Lj42y «vn sy xn+1).

A singular n-simplex of X is a continuous map o : A, — X. The family
{S(X)n}n>o of sets is a simplicial set with the face and degeneracy maps
given by
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di : S(X)n — S(X)nfl, 0 S ) S n,
55 :8(X)y = S(X)pt1, 0<j <mn,
defined by
di(o) =0o0e;, sj(o)=0cof;, 0c€S(X)n.

Let R be a simplicial ring. Then a simplicial abelian group M is called a
left simplicial R-module (or, simply an R-module), if there exists a simplicial
map f: Rx M — M such that, for each i, f; defines an R;-module structure
on M;. Similarly, if G is a simplicial group, we can define simplicial G-set
(resp. simplicial G-space) to be a simplicial set X (resp. topological space)
with a simplicial map G x X — X.

A.3 Geometric Realization Functor

Let X be a simplicial set. The geometric realization | X| of X is the topological
space obtained from the disjoint union

U, x Ay,

n

where the set X, is viewed as a topological space with discrete topology, by
making the following identifications:

(dixa p) ~ ({177 eip)a ("E, p) S Xn X Anfla
(Sixa p) ~ (:L‘, flp)a ($, p) € Xp1 X An~

This construction defines the geometric realization functor
| | : SSet — Top

from the category SSet of simplicial objects in the category Set of sets to the
category Top of topological spaces.
The geometric realization can also be described as the coequalizer

L] (X x A= (X0 x An) — |X].
¢:[n]—[m] n

A.4 Skeleton and Coskeleton Functors

Let Ay be the full sub-category of the category A consisting of sets of cardi-
nality at most k + 1, k£ > 0. Then any element from

SiC = {AY — C}
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is called a k-truncated simplicial object in C. Clearly, for any k > 0, we have

a functor
Tr* . SC — SiC,

which “truncates” the simplicial object at level k, i.e., forgets the part of
simplicial object which appears in dimensions greater than k. It is known
that, in case C has finite colimits, the functor Tr* has a left adjoint functor
sk”, called the k-skeleton functor. Similarly, if C has finite projective limits,
then Tr® admits a right adjoint functor cosk”, called the k-coskeleton functor.
The k-skeleton functor can be constructed precisely by iterating the process
of taking the so-called simplicial cokernels. For the detailed description of
this construction, see [Dus75].

Example A.4

Let F be a free group with generators {x;};c; and R its normal subgroup
generated, as a normal subgroup, by the set {r;};c;. Consider the free prod-
uct Fy = F % Fg, where Fp is the free group with basis {y;};cs. Then we
have the following three homomorphisms between free groups:

d():F1_7F7 T; — Xy, ZGI, yj'_)]‘7 jGJ,
di:Fy = F, zi—ua, i €1, yj—r;, jeJ,
sop: F—F, z;—x;, 1 €1.
It easy to see that the simplicial identities are satisfied for these maps and

we have the 1-truncated simplicial group

dy
S(X,R)=F ZZ F.
=

We describe the 1-skeleton of this simplicial group. We have

sk! S(X,R)g=F = F(x;, i € I),

sk! S(X,R)1 = Fy = F(so(xi),rj, i € I, j € J),

sk! S(X ,R)y = F(s1s0(x;),50(r;),51(r;), i € I, j € J),

sk! S(X ,R)3 = F(sas150(x:) , 5150(75) , 8251(75) , s280(rf), i € I, j € J),

where, for a set X, by F(X) we mean the free group generated by X. One
can easily write the simplicial maps in sk'(S(X,R)) in a natural way.

In a similar way, we can define the simplicial Lie algebra sk' S(X,R) for
the case of a free Lie algebra F generated the the set {x;};c; and its ideal
R, which is a smallest ideal containing the set of elements {r; € F'}, j € J.
Then we get the 1-truncated simplicial Lie algebra S(X, R) and its 1-skeleton,
viewed as a simplicial Lie algebra.
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A.5 Moore Complex and Homotopy Groups

Let C be one of the following categories:

Gr:= the category of groups,
Lie:= the category of Lie algebras,
rMod:= the category of R-modules for some commutative ring R with identity.

For a given simplicial object X € SC, define a complex (N,(X), d.), called
the Moore complex of X, by setting

No(X) = [ ker(d; : Xn — Xy 1), (A.3)

0<i<n

and the homomorphism d,, to be the restriction of d, : X, — X,_1 on
N, (X).

The homotopy groups m;(X), i > 0, of a given simplicial object X, € SC
are defined as the homologies of its Moore complex:

7;(X) := Hi(N.(X),d.), i > 0. (A.4)

Tt is easy to show that, for any X € SC, 7;(X) is an abelian group for i > 1.
For a given simplicial group G, denote by Z,(G) the nth chain subgroup
of G, i.e.,
Zn(G) =ker(d,) = () ker(d;),

0<i<n

and by B, (G) the nth boundary subgroup of G, i.e.,

Thus we have, by definition,
m(G) = Z,(G)/Bn(G), n>0.

In the case of an abelian simplicial group G, there is an equivalent way to
compute the homotopy groups. Consider the chain complex {G,,, d,}, where

n

d, = Z(—l)idi : G, — G

i=0
It can be checked directly that d,, o d,+; = 0, and

The following Proposition follows directly from the definition of homotopy
groups of simplicial groups (resp. R-modules).
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Proposition A.5 Let 1 - H - G — K — 1 be a short exact sequence of
simplicial groups (resp. simplicial R-modules). Then there exists an induced
long exact sequence of homotopy groups:

o min(H) - 1 (G) 5 i (K) —» m(H) — ...

It is easy to see that, for any simplicial group G, the my-functor coincides
with the coequilizer functor:

dy, dy
70(G) = coeq(G1 == Gy).
A similar formula holds for simplicial R-modules.

For a given element f € Gy, there is a simplicial automorphism Fy : G — G
defined by

Friaow (spf)'oslf, 2 € Gy, (A.5)
Let f € By(G), that is f = d f1, where dyfi = 1. Then
sgdifi = sf}’ldgsofl =...=dppsyfi, n>1
and
disi fi = sodi1sy ' fi= ... =s{dofi =1, 0< i <my
hence

ng = Sgdlfl S Bn(G)

Therefore, the map Fy defines an action of the group m(G) on the abelian
group m,(G), n > 1, i.e., m,(G) can be viewed as a Z[mo(G)]-module.

The computation of 7 (G), even for the case of quite simple simplicial
groups G, can turn out to be nontrivial. We present the computation for the
case of simplicial groups which generalizes Example A.4.

Example A.6

(Brown-Loday [Bro87]) Let GG be a simplicial group, such that G5 is generated
by degeneracy elements, i.e.,

G2 = <80(G1), 81(G1)>. (Aﬁ)

Then ~
im(dy) = [ker(dy), ker(da)]. (A7)

Hence, we have () @)
- ker do N ker d1
™E) = Neor(dy), er(dr)] (A.8)
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In Example A.4, the condition (A.6) clearly holds for the 1-skeleton
sk! S(X, R). Therefore, the formula (A.8) holds. Clearly, we have
ker(do) = (y;, j € )™,
ker(dy) = (y;r;', 5 € )™,
and : F 1 F
(yj, g€ )0 yr;, j €)™
[<yj7 VA J>Fla <yj7ﬂ;17 VES J>F1}

The action of 7(G) on 7 (sk! S(X, R)) is given by conjugation:

m(sk' S(X, R)) =

(A.9)

fRo x[ker(dy), ker(dy)] = f'aflker(dy), ker(dy)],
x € ker(dy) Nker(dy), x € F(X).

For the case of Lie algebras one can get an analogous result. First note,
that for a simplicial Lie algebra G in which G5 is generated by the degeneracy
elements, the relation (A.7) again holds (where the bracket [.,.] denotes the
product in a Lie algebra) [Akc02]. Therefore, for a free Lie algebra F' with
generating set {x;};c; and a subset {r; € F'};cs, one has

(yj7 j€ J)Fﬂ(yj—rj, jE J)F
[(yj, J € J)F,(y; —rj, € J)F]

We say that the Moore complex N,(X) of a simplicial object X in a
category C is of length < k if N,,(X) = 0 for all n > k + 1. The simplicial
objects with Moore complex of length < n form a category; we denote this
category by SC(n).

mi(sk' S(X, R)) = (A.10)

Proposition A.7 If R is a principal ideal domain and X is a projective
simplicial R-module, then N(X) is a complex of projective R-modules.

A.6 Dold-Kan Correspondence

The following result is the key to the construction of derived functors.

Theorem A.8 The functor N : SgMod — Ch(R) is an equivalence of cate-
gories.

To prove this result it is clearly enough to construct an inverse map
N~':Ch(R) — SgMod,

which is constructed by setting
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(N'C)= @B f(Cm), C€Ch(R).
fin]—=[m]

For example, for a given chain complex C of R-modules, the first few terms
of N7'C can be written as

(N_lc)() = Co,
(N710)1 =01 50(00),
(N7IC)y = Cy ® 50(C1) ® 51(C1) D 5050(Cy).

A.7 Eilenberg-Zilber Equivalence

For (A, 1), (B, d3) € Ch(R), the tensor product (A ®r B, 0) € Ch(R) is
defined as follows:

(A®R B)n = ®prg=nip @r By,
Aa®b)=8a®b+ (—1)¥" g @ dyb.

For X, Y € SgMod, the tensor product X ®r Y € SrMod is defined as
follows:

(X QR Y)n =X, ®r Yna
Oi(z®@y) =iz @0y, 0<i<n,
silz®y) =sx® sy, 0<i<n.

For z € X,,, y € Y,,, the map

fra@ym Y Onpir ... On10nz @0y,

pta=n

called the Alerander-Whitney map, induces the homomorphism of the nor-
malized complexes

f:N(X®RY)— N(X)®r N(Y). (A.11)
The converse map

V:NX)@r NY)— N(X®rY) (A.12)
is induced by the ‘shuffle-map’, defined as follows. For p, ¢ > 1, let

(a; b):(ala"'aap; bla"'abq)
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be a permutation of (0, ... , p+¢—1),suchthata; < ... <ap, b1 < ... < bg.
We will refer to such (a;b) as a (p; ¢)-shuffle. Denote sign(a;b) to be the sign
of the permutation (a;b). For z € X,,, y € Y, define

Viz®yr Z (—1)tamablg, sz @ sp, ... Sp Y-
(p;q)—shuf fles (a;b)

The maps (A.11) and (A.12) define the isomorphism of the chain complexes:
NX®rY)~N(X)®r N(Y), (A.13)

called the Filenberg-Zilber equivalence.

In the case when R is a principal ideal domain, and X is a free R-simplicial
module, Kiinneth formula implies that there exists the following split exact
sequence of R-modules

0 — @,Hu(N(X)) ®r Hos(N(Y)) = Ha(N(X) 85 N(Y)) =
&, Torf (H(N(X)), Ho i 1(N(Y))) — 0, (A.14)

which can be written as

0— @mp(X)@rmn—i(Y) > mp(X ®rY) —
@®; Torf (my(X), 7 1(Y)) — 0, (A.15)

due to the Eilenberg-Zilber equivalence (A.13).

A.8 Classifying Functor W and Homology

Let G be a simplicial group. Define the simplicial set WG by setting:
WG, =G, X Gp1 X ... xGy, n>0 (A.16)

with face and degeneracy maps

dz(gn7 cee g(])z(dig'ru di*lgnfh cee (dognfi)gnfifh In—i—2y « -+ go)a i<’l’L,
dn(gna cee gO) - (dngnv dnflgnfla ey dlgl)v
8i(Gns -+ 5 90) = (SiGns Si-1Gn-15 -+ » S09n-1, L, Gn-i-1, - » Go)-

The simplicial set WG has a natural structure as a G-set, namely the one
where the left G-action is given by

go(gnu ey g()) = (ggn; In-1y - - 7.90)7 QEGn
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The space WG is the quotient of WG by the left G-action. Let ¢ : WG — WG
be the quotient map.

A reduced simplicial set is a simplicial set having only one vertex i.e., a
simplicial set X in which X is a singleton. Denote the sub-category of the
reduced simplicial sets by rSSet. Then the construction WG defines a functor

W : Gr — rSSet, (A.17)

called a classifying space functor on the category Gr of groups. Clearly, the
components of WG can be written as

WG[):L WGn:Gn,1 X Gy X+ -+ XGU, n > 0.
The face and degeneracy maps are defined as

do(9) =1,di(g) =1, g € WG, so(1) =1,

dO(gm cees 90) = (gnflv SR 90)»

div1(gny - 1 90) = (digns -+, d1Gn—iv1, Gn—i-1doGn—i> Gn—i-25 - - » 90);
80(gn—1s -+ 5 90) = (1, Gn-1, -+ 9o);

Sit1(gn-1 -+ 5 90) = (8iGns -+ 5 50Gn—is L, Gn—i—1, -+ » 90)-

Let M be a simplicial G-module. Following Quillen, define a graded abelian
group, called homology of G with coefficients in M by setting

H.(G, M) = m(ZW G| ®z1c) M),

where Z[WG] and Z|[G] are free abelian simplicial groups obtained by apply-
ing the group ring functor to WG and G respectively.

For a group G, consider the constant simplicial group with G; = G and all
face and degeneracy maps equal to the identity map. Let M be a G-module,
then, clearly, H.(G, M) is the same as ordinary group homology of G with
coefficients in M. Clearly, Z ®zc) ZIWG] = Z[WG], where Z is viewed as a
constant simplicial G-module. Hence,

H.(G, Z) = m.(Z[WG)).

A.9 Bisimplicial Groups

For a given category C, a bisimplicial object in C is a functor
AP x AP — C.

Clearly, in analogy with simplicial objects, any bisimplicial object can be
viewed as a set of objects X,, ,, € C, connected by certain maps. In this way,
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fixing the first index m, one gets the simplicial object X,, . and fixing the
second index n, the simplicial object X, ,,.

Let G be a bisimplicial group, i.e., a bisimplicial object in the category Gr.
It can be viewed as the data

G= {Gm,n7 d?u 8?7 d;}, S§}7
where each Gy, (m, n > 0) is a group and
d_}jl : Gm,n - Gmfl,na 0< .] < m,
: Gm,n - Gm-&-l,wu 0<7<m,

:Gm,n - Gm,nfly 0 S]S n,
:Gm,n - Gm,nJrla 0 SJS n.

V)
e S

d

S

<.

are homomorphisms satisfying appropriate relations. Define the diagonal DG
of the bisimplicial group G to be the simplicial group given by setting
(DG)n = Gn,ru dj = d? o d;), S5 = 8? ¢} S}).

Theorem A.9 (Quillen [Qui66]). For a bisimplicial group G there are two
spectral sequences:

Ez,q = Wgﬂg(G) = Tp41q(DG),

E;’q = W;’]TZ(G) = 7+ q(DG),
where ﬂgwg(G) (resp. ﬂgﬂg(G)) is the p-th homotopy group of the “horizon-
tal” (resp. “vertical”) simplicial group obtained by taking the q-th homotopy
group of each of the “vertical” (resp. “horizontal”) simplicial groups.

For a simplicial group X, € SGr, there is a natural first quadrant spectral
sequence

E;q = H,(X,, R) = H,,,(WX., R), (A.18)
A D (A.19)

A.10 Certain Simplicial Constructions

Kan’s Construction

Let us recall the Kan’s loop group construction. This is the functor

G : rSSet — SGr, (A.20)
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with the properties:

(i) mn1(GX) = ma(X), X € SGr,
(i1) (GX), is a free group, n > 0.

For a given X € rSSet, define the loop group GX € SGr as follows:

Let (GX), be the free group on the elements of X,;; modulo the
n-degenerate elements, i.e., elements of the form sgz, = € X,,; thus (GX),
can be presented as

(GX)n = F(Xn+1)/F(s0(Xn)), n > 0.
The face and degeneracy maps are defined by

(dol‘)doT( ) = 7(d12),
( ) T( z+lx)’ 1> O,
iT(7) = 7(si417), 1 >0,

where 7(z) denotes the class of the element x € X,,;; in (GX),,. Obviously,
for any X € rSSet, (GX),, is the free group on the set X,,;1\s0X,.

_ The loop functor G is a left adjoint functor to the classifying space functor
W. These functors have the following main property:

For any reduced simplicial set X and a simplicial group I', the canonical maps
GWI)—T, Xw—W(GX)
are weak homotopy equivalences (see, for example, [Goe99, Section V).

A simplicial group X € SGr is called free if, for all n > 0, the components
X, are free groups, and there are sets of free generators B,, C X,,, n > 0,
such that s;(B;,) C B, foralln >0, 0 <i<n.

It is easy to see that free simplicial groups and CW-complexes have a lot of
similar properties. To handle these similarities, Kan introduced the concept
of CW-basis for a given free simplicial group [Kan59].

Let F be a free simplicial group. A family {98, },>0, B, C Fp, is called a
CW-basis of F' if

(i) B, is a basis of F;
(ii) si(z) € Bpyi forallz € B,,, n >0, 0<i<mn;
(iii) if =z € B, is non-degenerate, then d;(z) =1, n>1, 0<i<n—1.

The non-degenerate elements of a C'W-basis of F' are called generators
of F. For a given generator z € 9B,,, the element d,,(z) € B,,_1 is called the
attaching element of x.

It is shown in [Kan58b] that any free simplicial group has a CW -basis. It
follows directly from the definitions that a free simplicial group is determined
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by the generators of its CW-basis together with their attaching elements.
Similar is the case for CW-complexes: every CW-complex is determined by
its cells and attaching maps.

Let X be a reduced simplicial set, I" a simplicial group. Then a twisting
function 7 : X — I' is a function which lowers dimension by one and is such
that, for every n > 0 and o € X,,, the following conditions are satisfied:

7(di(0)), 0<i<n-—1,
7(dn-1(0))7(dn(0) ",
5i(1(0)) = 7(si(0)), 0 <i <n,

7(sn(0)) = 1.

QU
3
AN
—~

2
—~
2
~—

Il

The twisting functions have a strong relation with the functor G (A.20) dis-
cussed above [Kan59]. Namely, for any reduced simplicial set X and a twisting
function 7 : X — I, there exists a simplicial homomorphism g : GX — T
such that ¢(5) = 7(0), 0 € X, where 7 is the image of o in GX. Therefore,
there is a one to one correspondence between twisting functions X — I" and
simplicial homomorphisms GX — I.

Let K be a CW-complex with a single 0-cell. The total singular complex
S(K) contains the first Eilenberg sub-complexr S*(X), which consists of n-
simplices o : A, — K of S(K), such that o(4;) is the 0-cell in K for 0 <
i < n, where A;, 0 < i < n are vertices of A,,. The Kan’s construction is a
simplicial map

7:SYK)— By,

where By is a free simplicial group, 7 a twisting function, which satisfies the
following conditions:

(i) the elements 7(o.) are distinct and form the generators of a CW-basis of B,
where ¢ runs through the cells of K of dimension at least one;

(ii) for every sub-complex L C K, 7(S(L)) C B(L), where B(L) C By denotes the
simplicial subgroup of By, generated by elements 7(o.), o. € L.

A twisting functor satisfying the above conditions defines a combinator-
ial homotopical model for based loops QK over the complex K. Namely, it
defines a weak homotopical equivalence

OK ~ |BK|

In the reverse direction, for any free simplicial group B, there exists a
reduced CW-complex K, together with a twisting function 7 : S(Kpg) — B,
which satisfies the above conditions (i)-(ii) and is such that there are weak
homotopy equivalences Kp, ~ K and Bk, ~ B.
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Example A.10

Let F be a free group with generators {z;};c; and R a normal subgroup of
F generated, as a normal subgroup, by the set {r;};cs. Form the standard
two-dimensional complex K corresponding to the group presentation

<.’Ei, iEI|T‘j,j€J>.

The complex K is reduced, it has a single 0-cell, 1-cells are in one-to-one
correspondence with the basis elements {x;};cr, 2-cells are in one-to-one
correspondence with the elements {r;};c;. Then Kan’s construction is the
1-skeleton of the truncation, described above:

B =sk'(S(X,R)).
Hence, the second homotopy module of K can be described as

T (K) N <yj7 .] € ‘]>F1 N <yjrj_15 .] S J>Fl
2 — B — 3 )
(ys, 5 € VB (yrt, G € )P

with the action of 7;(K) = m(sk' S(X,R)), defined via the degeneracy map
S0-

Milnor’s F[K]-construction

For a given pointed simplicial set K, the F[K]-construction [Mil56] is the
simplicial group with F[K], = F(K, \ %), where F(—) is the free group
functor. There is the following weak homotopy equivalence:

|F[K]| ~ QX|K].
Consider the simplicial circle S' = A[1]/0A[1]:
St ={x}, S{ ={x,0}, S5 ={x,500,510},...,5 ={x20, ... ,2,},

where z; = s, ... 8 ... so0. The F[S!]-construction then clearly has the
following terms:

1

F[5™o =0,

F[S"), = F(0), free abelian group generated by o,
F[Sl]g = F(sp0,$10),

F[S"Y3 = F(sisjo |0<j<i<?2),
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The face and degeneracy maps are determined naturally (with respect to
the standard simplicial identities) for these simplicial groups. For example,
the first nontrivial maps are defined as follows:

9; : F[S']y — F[S";, i =0,1,2,
Oy : 800 +— 0, 8§10 +— 1,
01 : 890 — 0, 8§10 +— O,

Oy : 800 — 1, s10— 0.

The above construction gives a possibility to define the homotopy groups
7, (S?) combinatorially, in terms of free groups. Since the geometrical realiza-
tion of F[S!] is weakly homotopically equivalent to the loop space Q25?, the
homotopy groups m,(S?) are naturally isomorphic to the homotopy groups
of the Moore complex of F[S']: m,1(S?) ~ Z,(F[S'])/B.(F[S']). Here Z,
and B, denote the cycles and the boundaries of the Moore complex of the
corresponding simplicial group.

The explicit structure of the cycles and boundaries for F[S'] can be given
in terms of certain normal subgroups in F[S']. This was realized by Jie Wu
[Wu,01]. In fact, we have

~ <y—1>F N <y0>F n...n <y'n—1>F

Tns1(S?) : (A.21)
" [[yflv Yo, - - - aynflﬂ

where F' is a free group with generators 4o, ... ,¥n-1, ¥-1 = (Y0 -+ Yn_1) ',

the group [[y—1,¥0, - -- ,Yn—1]] is the normal closure in F of the set of left-
ordered commutators

[27, ..., 25t (A.22)

with the properties that e; = +1, z; € {y_1, ... ,yn_1} and all elements in

{y-1, ... ,yn—1} appear at least once in the sequence of elements z; in (A.22).

Hurewicz Theorem

The following simplicial analog of Hurewicz Theorem was obtained by Kan
(see [Kanb8a, Theorems 17.5, 17.6]):

Let F be a simplicial free group with 7; (F) = 0, ¢ < n (n > 0), then 7; (F/[F, F]) =
0, i <mn, and the natural homomorphism 7,1 (F) — 7,41 (F/[F, F]) is an isomor-
phism.

A.11 Free Simplicial Resolutions

For a given category C, an augmented simplicial object in C is a pair

(X, X_4), XeS8SC, X ¢ecC
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together with a morphism dy € Hom¢ (X, X_1), such that
dodo = dodl : X1 — X_l.

The augmented simplicial objects in C naturally form a category, which we
denote by aSC; the m-truncated augmented simplicial category can also be
defined in the obvious way; we denote it by aSC,,.

An augmented simplicial group (X, X_1) is called a resolution of X_; if
m(X) =0, n > 0 and m(X) = X_;. The resolution (X, X_;) of a group
X 4 is called free simplicial resolution of X 1 if X is free.

A method of construction of free simplicial resolutions in the category
of commutative algebras was described first by Andre [And70]. We start
with the description of general construction of free simplicial resolutions from
[Keu].

For a given (X, X_1) € aSC, define the nth simplicial kernel to be

Zn(X, Xfl) = {(.To, ey IL'n+1) S X;rlz+2 | dil’j = djflil,’i, 7 < ]}

Analogically the group Z, (X, X_1) can be defined for any (X, X_;) € aSC,,
for m > n. For such an object, there are n 4+ 2 natural morphisms

Di - Zn(X7 X*l) - Xna

pi: (T, o, Tpp1) —x, =0, ..., n+1
and n + 1 morphisms

qi - Xn - Zn(X7 Xfl)

gi : ¥ — (s;—1dox, ..., $i1d; 12, x, T, $;di1x, ..., Sidpx), T € X,

The free simplicial resolution of a given object X _; € C can be constructed
inductively. Firstly we choose a set E of generators of X_;. Define X, to
be a free object in C with basis F, which we denote by F(Ep), and define
dy : F(Ey) — X_1 to be the natural surjection. Now suppose we have defined
an object (X, X_y) € aS8C,,, where X,, is a free object in C over some set
E,,. Complete the set |J;", ¢:(Ey) to the set Y, of generators of Z, (X, X_,).
Then put E,, 11 = {e, | en € Y3}, and define X,, ;1 to be a free object F/(E,, 1)
in C on the generating set F, 1. The maps d;, s; are defined by setting

di =pi, si=q;, 1=0,...,n+1,

where we use the identification of generators of Z, (X, X_;) with elements in
X1

Similarly one can construct a free simplicial resolution starting with a
free simplicial group X which is aspherical up to a fixeddimension, say n.
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The above method gives an algorithm for converting X into a free simplicial
resolution without changing X;, i < n.

The free simplicial resolution of a given group can be constructed as an
inductive limit of skeleton filtration, also constructed by step-by-step proce-
dure [Mut99]. Let G be a group, given as a quotient G = F/R, where F is
a free group with basis {x;};e; and R its normal subgroup generated, as a
normal subgroup, by the set {r;};c;. We use the notation from Example A.4.
The first step in the construction of a free simplicial resolution of G is the
l-skeleton F! =sk! S(X, R). Clearly,

mo(F 1) =G.
Now, in general, m(F'!), which is generated by cosets
ailker(dy), ker(dy)], i € T,
is nontrivial. We can then define a new simplicial group F?:
Fo=F,F=F,F=sk'(F)«F(a; |i€T), ...

with obvious face and degeneracy maps, where all terms in dimensions > 3
are free groups generated by degeneracy elements. Clearly,

7T0(F2) = G, 7T1<F2) =0.

Continuing this process by induction, “killing” homotopy groups at each di-
mension, we get the required free simplicial resolution of a given group.

A functorial construction for a free simplicial resolution of a given group
can be given by the composition of the classifying space functor and Kan’s
loop group construction. Every group I" can be viewed as a simplicial group X
with X,, = I and all face and degeneracy maps an identity. The composition
of the functors G and W defines the free loop construction over a group I

GW : Gr — SGr,
which has the property:
W()(GWF) = F, WZ(GWF) =0,7>0.

Clearly, GWT is a free simplicial group; thus it can be viewed as a free
simplicial resolution of I'.

Theorem A.11 (Comparison theorem [Keu]). Let (X, X_1) be a free simpli-
cial resolution of X_1, (Y, Y1) a resolution of Yy and a : X 1 — Y_| a
group homomorphism. Then

() there exists a simplicial map v: X —'Y, such that mo(y) = o
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(#2) for any simplicial map v : X — Y with my(y") = « there exists a simplicial
homotopy h : v — ~'.

Proof. (i) Let {B,, C X, }n>0 be the sets of free generators with s;(B,,) C
Bpi1, n > 0,0 <t <n. We construct v by induction. Let

Vo1 : X — Y,

be the map a. Now, since my(Y) = Y_q, the map dy : Yy — Y] is an epi-
morphism. Hence, for any zy € By, there exists an element y € Y{, such
that

d()y = ’}leUZL'. (A23)

Define the map
Yo @ Xo — Yo

by setting 7o : @ — y, « € By where y is defined by (A.23). Now suppose we
have defined maps v; : X; — Y;, —1 <¢ < n—1, n > 1, which satisfy the
standard simplicial identities. We proceed to define v,, : X,, — Y,,. Clearly, for
x = 8;(xy) € By, 9 € Bp-1, 0 <i < n—1, we can define 7, () = s;vn—1(20).
Now let z € B, \ U/ $i(Bn_1). Then
(’ynfld[)xa R ’Ynflpynx) € anlX'
The asphericity of X implies that there exists an element y € Y,,, such that
diy = Yn-1dsy, 0 <@ <n;

define v, () = y. This completes the construction of .

(ii) The inductive construction of the simplicial homotopy h : v — +' is
standard; one can find all details in [Keu]. O

A.12 Functorial Properties

Let R be a ring and n a non-negative integer. Define the strong truncation
functor

str,, : Ch(R) — Ch(R)
in the category of chain complexes over the ring R by setting
str, (K); = K;, i <mn,

strp, (K),, = K,/ ker(d,,),
str,(C); =0, i >n+1,
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for K € Ch(R) with obvious boundary maps.

The following results, which are due to Gruenenfelder, generalize the re-
sults from [Dol58a]. We follow the treatment in [Gru80).

Theorem A.12 Let R be a principal ideal domain and X a projective sim-
plicial R-module. Let X' € SgrMod and f; : mi(X) — mi(X'), i > 0. Then
there exists a map f: X — X', which induces the maps f;.

Proof. We construct the required map as N 1g : X — X’ where g : N(X) —
N(X') is the map between Moore complexes which induces the maps f; :
Hi(N(X)) — Hi(N(X')).

Since X is a projective simplicial R-module, N(X); are projective
R-modules for ¢ > 0 by Proposition A.7. The component N(X); can be

presented as N(X); = ker(d;) ® im(d;). Therefore, the R-modules ker(d;)
and im(d;), ¢ > 0, are projective. Thus, there exist maps ¢, g/ such that the
following diagram is commutative:

0 —— im(d;y) — ker(d;) —— H;(N(X)) —— 0

gy i g; l fi i

0 —— im(d},,) —— ker(d}) —— H,(N(X')) —— 0

)

and we have the required map
9{ ® giy +im(dir) @ ker(dir) — im(dy,,) @ ker(dj,). O

Theorem A.13 Let S be a ring, R a principal ideal domain and X €
SrMod, X’ € SsMod projective simplicial modules. Let F : rpMod — gMod
be a covariant functor. Then

(7) Any sequence of homomorphisms {f; : m;(X) — 7 (X')},

t < n induces homomorphisms { fr,; : 7;(F(X)) — m(F(X'))},

1< n.

(32) If fi is bijective for i < n and surjective for i = n, then the same is true for

fr i, i <n.

Proof. The homomorphisms f; can be extended to homomorphisms between
homotopy groups of strong truncations of the given simplicial modules:

fi : 7Ti(StI'n+1(X)) — Wi(Strn+1(X/)), 7 Z 0.

By Theorem A.12, we can assume that the sequence f;, ¢ > 0, is induced by
a map
fistr, (X) — str, (X7).

Since stry,+1(X) is a direct summand of X, such that str,1(X); = X;, i <mn,
it follows that F(sk,11(X)) is a direct summand of F(X) with
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F(Strn+1(X))7; = F(X)Z, ) Z n.

Thus
mi(F(X)) = mi(F(strp1(X))), i <n.

The sequence of maps {fr ;}, i <n, can be defined as
fri s mi(F(X)) = mi(F(strpg (X)) — mi(F(strp (X)) = m(F(X")).

(ii) Consider the following decomposition of the functor Nof : N(str, (X)) —
N (str, (X)) :

N(str,(X)): im(dpy1) —— N(X)p —— NX)p1y —— ...

Lo H H

C: P —— NX)y —— NX)py — ...

o l |

N(str, (X)) : im(d,,,) —— N(X'), —— N(X'), 4 — ..

*

where the left hand square is a pullback. First note, that the natural pullback
properties imply that the map ( induces isomorphisms

H;(B) : Hi(C) — H;(N(str,,(X")))
for all 7 > 0. Since P is projective R-module, the map
N 'oBoN:NC)— str,(X)

is a homotopy equivalence of strongly truncated simplicial groups. Obviously,
the functor F' preserves homotopy; hence

F(N'oBoN): F(N'C)) — F(str,(X"))

is a homotopy equivalence. We have C; = N(str,(X));, ¢ < n, and a
monomorphism Cp; — N(str,(X))ps1. Hence F(C); = F(N(stry (X)),
i < n, therefore

m(F(N" o BoN)): mi(F(NTY(C))) — mi(F(stra (X))
is an isomorphism for ¢ < n. The fact that the simplicial R-modules under
consideration are projective implies that 7, (F(N~!o 3o N)) is an epimor-
phism. Therefore the map
7 (F(X)) =~ mi(F(strp (X)) — m(F(NYC)) — 7 (F(str,, (X)) =~ m;(X7)

is an isomorphism for i < n, and an epimorphism for i = n. [J
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A.13 Derived Functors

Derived functors play a fundamental role in different areas of mathematics.
The reader can find in [Ina98] an exposition of the general technique of derived
functors. Here we mention only some examples of derived functors on the
category of groups. However, it may be noted that the same construction
is possible for other algebraic categories, like Lie algebras, crossed modules,
cat'-groups etc.

Let T : Gr — Gr be a functor on the category Gr of groups, T(1) = 1.
Theorem A.11 clearly implies the following

Proposition A.14 Let (X, X_1) and (Y, Y_1) be two free simplicial resolu-
tions of X 1 =Y _1. Then, for alln >0,

T (T(X)) = m (T(Y)).

From the above Proposition the definition of left derived functors of the
functor T', denoted L;T, ¢ > 0, follows naturally:

LT : Gr— Gr, L;T:Gr— Ab, i > 1,
are defined as
L;T:T v~ m(T(F,)), i >0,

where F, € SGr is a free simplicial resolution of I € Gr, and Ab is the
category of abelian groups. Proposition A.14 implies that the resulting groups
are independent of the choice of the free simplicial resolution Fl.

Example A.15

Let
Zy:Gr— Ab, ' I'/y (), I' € Gr,

be the abelianization functor. Let X be a free simplicial resolution of I'. By
definition, X; is free for all i > 0,

m(X) =T, m(X)=0, i>1.
Form the following bisimplicial group:

Yig =W X)) = 27,

7

Computing first homotopy groups of Y; ; for a fixed j, we get

mo(Z[(WX3);]) = ZW ()],
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On the other hand, computing first homotopy groups with fixed indices 4,
we get o
T (Z[(WX;);]) = Hp(X5), n > 0.

Since X; are free, we conclude that the last term is Z in dimension zero,
abelianization X;/v2(X;) in dimension one, and trivial in all other dimen-
sions. Thus, by Theorem A.9,

LnZ5(I') := (X /72(X)) = T (ZW(ID)]) = Hnya (1), n 2 0.
Example A.16

Let Z, : Gr — Gr, n > 2, be the functor which maps every group I to its
quotient by the nth term of its lower central series:

Zy T Ty, (D).

Let I' = F/R and X a free simplicial resolution of I" with first two terms Fp,
Fy as in Example A 4, i.e.,

Fy=F, Fi=F(y;|ljeJ)*F,

where y;’s are in one to one correspondence with a normal basis of R. Then,
clearly,
LoZn(I) =Ty (L), n>2.

The short exact sequence of simplicial groups
L= (X) = X — X/7(X) = 1,
gives the following long exact sequence:
- = m(X) = m(X/ (X)) = mo(ym (X)) = mo(X) — m0(X/ (X)) — 1.
Since X is aspherical and LyZ,, = Z,,, we have
L1Z,(I') = m(X/7n (X)) = ker{mo(yn (X)) = ()}
The group 7y(7,(X)) is a coequalizer of the diagram

dy
'Yn(Fl) z ’Yn(F)a

where the maps d, d; are restrictions of degeneracy maps in X. Clearly,

ker(dy) = [(F(y; | j € )™, no1FY]

and
im(di |ker(dy)) = [R, n-1F].
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Hence,

Y (F)

mo(1n (X)) = R, o 1F

and therefore,

Y (F) - Y (F) }:Rm'Yn(F)

L) =k B m ] T R B) (B waF]

This is the same as the nth Baer invariant of I", which we denote by M) (I")
(see Section 1.4); that is, £1Z,(I") = M"™)(I"), n > 2.
Example A.17

For a given group F and its normal subgroup R, define the series {3, (R, F)}n>1
by setting:

0 (R, F)=[R, F], 6p1(R, F) = [0n(R, F), 6,(F)].
Let I" be a group given by a free presentation I" = F'/R. Counsider the functor
D,:6r—Gr, I'—1TI/6,(I), n>1.
Then the same method as in the previous example gives the following:

RNO6,(F)

ﬁo@n = @n, ﬁl@n = m

For example, the first derived functor of the metabelianization functor is

RO[[F, F], [F, F]]

£192 = TR ] [F, 7]

Example A.18

Consider the commutator subgroup functor T : G — [G, G]. Then the fore-
going arguments easily imply that for a given group G = F/R, one has the
following:

EH =0,
LT(G) = ¢ 7] (A.24)
HH—Q(G)a i > 0.

A.14 Quadratic Functors

A functor F' : Ab — Ab is quadratic, i.e., has degree < 2, if F(0) = 0 and if
the cross effect

F(A|B) = ker(F(A® B) — F(A) @ F(B)), A, B € Ab,
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is biadditive. We then have a binatural isomorphism
F(A® B)=F(A) @ F(B) @ F(A|B)

given by (Fj,; Fi,; i12), where iy : A — A@® B; i : A — A® B and i1z :

29
F(A|B) — F(A @ B) are the inclusions. Moreover, for any A € Ab one gets
the diagram [Bau00]

F{A} = (F(A) & FA|4) & F(A)). (A.25)

Here P = F(p1 + p2)ite : F(AJA) — F(A® A) — F(A) is given by the
codiagonal p1+py : ABA — A, where p; and p, are the projections. Moreover,
H is determined by the equation i19H = F(iy + i3) — F'(i1) — F(i2) where
i1+ : A — A® A is the diagonal map.

We recall from [Eil54] the definitions of certain quadratic functors.

Tor (A, C):

For abelian groups A and C, the abelian group Tor(A, C) ([Eil54], §11, p. 85)
has generators

(a, myc), a€ A, ceC, 0<meZ, ma=mc=0
and relations

a1 + ag, m, ¢) = (a1, m, ¢) + (a9, m, ¢), if ma; = mas =me=20

(
(a, m, c1 + ¢2) = (a, m, c1) + (a, m, ¢2), if ma =mec; =mey =0
(a, mn, ¢) = (na, m, c), if mna =mec =10

( = (

a, mn, ¢) = (a, m, nc), if ma = mnc = 0.

In particular, we have the functor A — Tor(A, A)) on the category Ab.
We denote the class of the triple (a, m, ¢) by 7,(a, ¢).
Q(A): Let A be an Abelian group. Then the group Q(A), defined by
Eilenberg-MacLane ([Eil54], p.93), is the Abelian group generated by sym-
bols w,(z), 0 <n € Z,x € A, nx =0 with defining relations

Wk () = kw,(x), ne =0,

kwpg(x) = wy(kx), nkx =0,

wn (kx + y) —wn (kz) —wn (y) =wnk (2 + y) —wnk () —wnr(y), nkz =ny =0,
Wy (T+Yy+2) —wn (T + y) —wn (2 + 2) —wn (Y + 2) +wn () +wn (y) +wn(2) =0,

nxr =ny =nz = 0.
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We continue to denote the class of the element w,,(x) in Q(A) by w,, (x) itself.
Eilenberg-MacLane ([Eil54], p.94) constructed a map

E : Tor(A, A) — Q(A)

by setting
Ta(a, ¢) = wy(a+ ¢) — wn(a) — wn(c).

A natural map
T:Q(A) — Tor(A, A) (A.26)

can be defined by setting
wp () — T (x, x), v € A, nx =0.
Clearly the composite map
EoT:Q(A) — Q(A)

is multiplication by 2; for, as a consequence of the defining relations the
elements w, (x) satisfy
wy, (mz) = mw, ()

foralmeZ, 0<neZ, xc A

Whitehead functor I';(A): The homogeneous component I';(A) of the
graded functor I'(A) (see (5.36)-(5.39)) of degree 2 can be identified with
the Whitehead functor ([Whi50], [Eil54], pp.92 & 110) T’y : Ab — Ab, A —
T'5(A), where the group I's(A) is defined for A € Ab to be the group given by
generators y(a), one for each x € A, subject to the defining relations

y(=z) =7(2), (A.27)

Y@ +y+z) =y +y) —v(@+2) —v(y+2)+v(x) +v(y) +v(2) =0 (A.28)

for all x, y, z € A.

R(A): For A € Ab, let »A denote the subgroup consisting of elements x
satisfying 22 = 0. Define R(A) ([Eil54]. p.120) to be the quotient group of
Tor(A, A) ® T'y(A) by the relations

Tm(x, ) =0, mz =0, (A.29)
vo(s+t) —ya(s) — 2(t) = 12(s, t), s, t € A (A.30)

The functors A — TI'y(A), Tor(A, A), Q(A), R(A) are all quadratic func-
tors on the category of Abelian groups, i.e., all these functors have degree
< 2. Furthermore, R(A) = Hs;K(A;2); Q(A) = H;K(A;3)/(Z/3Z @ A),
R(A|B) = Q(A|B) = Tor(A, B) and R(Z) = Q(Z) = 0 and R(Z/n) =
Z/(2,n); UZ/n) =17Z/n.
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The square functor. Let Ab, denote the category of graded Abelian groups.
For A, B € Ab, let A® B and A B := Tor(A, B) be respectively the tensor
product and the torsion product of A, B. The notion of tensor product of
Abelian groups extends naturally to that of tensor product A ® B of graded
Abelian groups A, B by setting

(A® B), @A@B

i+j=n

>
We also need the ordered tensor product A ® B of graded Abelian groups,
which is defined by setting

for A, B € Aby. In an analogous manner, we can define, for A, B € Abg,

torsion product A * B and ordered torsion product A ¥ Bas

i+j=n i+j=n, 1>7

The tensor product, torsion product and the ordered tensor and torsion
product are, in an obvious way, bifunctors on the category Ab,.

Let A? be the exterior square functor on the category Ab. The weak square
functor

5q” : Ab, — Aby
is defined by

Ty(A), if n=2m, m odd,
5q¢%(A)n = { A2(A,,), if n=2m, m even,

0, otherwise.

Let (Z2)oda be the graded Abelian group which is Z, in odd degree > 1
and trivial otherwise; thus (Zs),4q is the reduced homology of the classifying
space RPy, = K(Zj,1). The square functor Sq* : Aby, — Ab, is defined as
follows:

>
Sq%(A) = A ® (A (Z2)oda) ® sq” (A).
Define next the torsion square functor

Sq*(A) : Ab, — Ab,

by setting
Sq*(A) = (A% (A® (Z2)oaa)) ® 54 (A),
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where
Q(A,,), n=2m, m even

5¢*(A)n =< R(Ap), n=2m, m odd
0, otherwise
Now we are ready to formulate so-called universal coefficient theorem for
the functor A? due to Baues and Pirashvili [Bau00]. Let X be a simplicial

group which is free Abelian in each degree. Then there exists [[Bau00], (4.1)]
a natural short exact sequence of graded Abelian groups

0 — S¢° (1. (X)) = m(A’X) = Sq*(m (X))[-1] — 0 (A.31)

where 7.(X) and 7,(A%2X) are the graded homotopy groups of X and A?X
respectively.

The exact sequence (A.31) leads to the description of the derived functors
of the second lower central quotient functor. Since for a free group F', there
is a natural isomorphism

Y2(F)/3(F) ~ N*(Fup),

for every free simplicial resolution F, — G, we obtain the following natural
exact sequences:

0 — Hy(G) ®@ Hi(G) — m(72(F)/v3(F)) — QUHI(G)) — 0
0 — H3(G) @ Hi(G) ® Ih(Ha(G)) — ma(v2(Fy) /v3(Fy))
— Tor(H2(G), Hi(G)) — 0

Similar descriptions exist for other quadratic functors (see [Bau00]). Con-
sider the functor -
I': Gr — Ab,

which is the composition of the abelianization and the functor I'y. For every
group G there exists the following exact sequence of groups (see [Bau00)]):

0 — Hy(G) @ (H\(G) ® ) — L1T(G) — R(H,(G)) — 0.

A.15 Derived Functors in the Sense of Dold and Puppe

Let T : Ab — Ab be a functor with T(0) = 0 and A an abelian group.
For n > 0, consider a free simplicial abelian group P, with the following
properties:

() P;=0, i<n,
(i) 7n(P) = A,
(iii) 75 (P,) = 0, i # n.
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Define the ith derived functor of T' (in the sense of Dold and Puppe [Dol61])
for the pair (A, n) as

LT(A, n):=m(T(P,)).

Standard arguments, similar to ones given in Proposition A.14, show that
this definition is independent of a choice of P,. As an example of P,, we can
choose the free abelian simplicial group

P, = N"'((A1 = Ap)[n]),

where N~! is the inverse map to the Dold-Kan map (see A.6), A; and Ay are
free abelian and the sequence

0—-A —-A)—>A—0

is exact. For n = 0, we will use the notation £;T(A) := £,T(A4, 0).

The derived functors in the sense of Dold and Puppe play a fundamental
role in topology in view of the following fact. For every abelian group A and
n > 1, there exists a natural spectral sequence

Ez,q = £P+q SP‘I(A7 n) = Hp+qK(A7 n) (A32)

which converges to the homology of the Eilenberg-MacLane space K (A, n).
This sequence degenerates [Bre99] and, therefore, the derived functors
Lp1qSPY(A, n) define a canonical filtration of Hy,,K (A, n).

Clearly, the sequence (A.31) provides a method of computing the derived
functors of the exterior square. The universal coefficient theorem for quad-
ratic functors SP? and I given in [Bau00] imply the following description of
derived functors:

SP?(A), i =0, n =0,

A%A i=1,n=0

[y(A), i =2n, n # 0 even,

A2(A) @ Tor(A, Zs), i =2n, n# 1 odd,

£;SP?(A, n) ={ R(A), i=2n+1, n#0 even,

Q(A), i=2n+1, n odd,

ARZsy, i =n+2,n+4, ...,n—|—2["7’1],

Tor(A, Zy), i=n+3,n+5, ..., n+2[27] + 1, i # 2n,

0, otherwise;
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A2(A), i=0, n=0,

Ty(A), i =2n, n odd,

A%*(A) @ Tor(A, Zs), i =2n, n # 0 even,
Ry(A), i=2n+1, n odd,

Q9(A), i =2n+1, n even,

ARZy, i=n+1,...,n+2[2L] +1, i # 2n,
Tor(A, Zs), i=n+2,n+4, ..., n+2[”7’1],

0, otherwise;

LA2(A, n) =

['y(A), i =2n, n even,

A2(A) @ Tor(A, Zs), i = 2n, n odd,

Ry(A), i =2n+1, n even,

Lil2(A, n) =4 Q(A), i =2n+1, n odd,

A®Zy, i=nn+2,....,n+2[%L], n>0,

Tor(A, Zy), i=n+1,n43,...,n+2[22] + 1, n > 0, i#2n,

0, otherwise.

For polynomial functors of higher degrees the functorial description of the
derived functors is a deep problem. For example, consider the tensor cube. It
follows from the work of MacLain [Mac60] that the derived functors can be
described as follows.

®3(A)a i = 07
£, ®% (A) = { (Tor(A, A) @ A)**/Jacy, i =1,
Tor(Tor(A, A), A), i =2

where Jacs, is the subgroup in (Tor(A, A) ® A)®3 generated by elements
(a,n, D) @c+ (¢, n,a) @b+ (b, n, c)®a, a, b, c€ A, na=nb=mnc=0.

The derived functor £ ®?* (A) is a part of the following short exact sequence
[Mac60]:

0 — Tor(A, A)® A — £ @ (A) — Tor(A® A, A) — 0.
For an analogous description of the derived functors of the symmetric and

the exterior powers see [Bre99] and [Jea02].

A.16 Derived Limits and Fibration Sequence

Let
L R e R LI e LA (A.33)
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be an inverse system of groups in the category Gr. Then the group Ilg, =
1, Gi, defined as the unrestricted product, acts on the set Isee = [[; G by
setting

(907"'7 9n;s “’)0(1'07 ooy Ty ) = (g(Jx(lfO(gfl), ey gnmnfn(gr:-l&-l)v )7

Ziy gi € Gi.Let 1= (1,1, ..., 1, ...) be the identity element in IT;G;. Then,
by definition,
@Giz{QGHGrGi |gol=1}.

K2

The derived limit lin; G, of the system (A.33) is defined to be the set of
orbits of IIse; under the above action of Ilg,:

3 1 — . ~ . .
@i G; i =UguGi/{x ~gox: g€llg, x € lge:Gi}.

In general, l&ni G, is a pointed set, but in case the group G; are all abelian,
it has a natural structure of an abelian group. Clearly, we can define the
inverse and derived limit in the case of an inverse system of abelian groups
by the exact sequence

where the homomorphism f : [, G; — [[; G is defined by

(90, 915 - s Gns ) = (g0 folgr ), 1di(9")s - s gnfu(gnin)s ---)-

The following result is well-known.

Proposition A.19 Let
1—-{G,} = {G,} = {G/} —1 (A.34)

be a short exact sequence of inverse systems of groups. Then there is a
sequence

1 —lim G, — lim G,, — lim G —
P pr— —
n n n
lim' G, — lim' G, — lim' G, — 1. (A.35)
of groups and pointed spaces which is exact as a sequence of groups at the

first three terms, as a sequence pointed sets at the last three terms, and the
set map

: " EENN a4
lim G, — lim; G},
extends to a natural action of lim. G” on lim! G/, such that elements of
1 1

mi Gl are in the same orbit if and only if they have the same image in

lim! G,,.
1
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In case (A.34) is a short exact sequence of abelian groups, then the se-
quence (A.35) is a long exact sequence of abelian groups.

It is of interest to note a characterization for the vanishing of the derived
limit of a given inverse system of abelian groups.

An inverse system (A.34) of abelian groups is said to satisfy the Mittag-
Leffler condition if, for every m > 0, the chain

lm(fm) 2 lm(fm © fm+1) 2 lm(fm © fm+1 © fm+2) 2.
is stationary.

Proposition A.20 (Gray [Gra66]). Let (A.34) be an inverse system of count-
able abelian groups. Then gni G; = 0 if and only if this inverse system
satisfies the Mittag-Leffler condition.

Thus, in particular, for any inverse system of finite abelian groups, or for any
inverse system of epimorphisms of abelian groups, its derived limit vanishes
always.

Example A.21

Let p be a prime. Consider the inverse system
=257 ... -7

of monomorphisms of the additive group of integers, defined by
p-multiplication, i.e.,
zvpz, 2 € L.

Then one has
.1 .
lim 7= (lim  Zpn)/Z,
i.e., p-adic integers modulo the rational integers.
Proposition A.22 (Harlap [Har75]). Let (A.34) be an inverse system of fi-
nitely generated abelian groups. Then

either (A.34) satisfies the Mittag-Leffler condition and l&ni G; =0,

or im' G; is uncountable.
1

Theorem A.23 [Bou72]. Let C be a category with initial object x € Ob(C)
and
o X, =Xy — . — Xy o ox

a tower of fibrations in SC with compatible base points. Then for any i > 0,
there exists the following natural exact sequence:
* — lﬂn; T (Xp) — m(lim X)) — lm (X)) — .
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