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Preface

A fundamental object of study in the theory of groups is the lower central
series of groups whose terms are defined for a group G inductively by setting

γ1(G) = G, γn+1(G) = [G, γn(G)] (n ≥ 1),

where, for subsets H, K of G, [H, K] denotes the subgroup of G generated
by the commutators [h, k] := h−1k−1hk for h ∈ H and k ∈ K. The lower
central series of free groups was first investigated by Magnus [Mag35]. To
recall Magnus’s work, let F be a free group with basis {xi}i∈I and A =
Z[[Xi | i ∈ I]] the ring of formal power series in the non-commuting variables
{Xi}i∈I over the ring Z of integers. Let U(A) be the group of units of A. The
map xi �→ 1 + Xi, i ∈ I, extends to a homomorphism

θ : F → U(A), (1)

since 1 + Xi is invertible in A with 1 − Xi + X2
i − · · · as its inverse. The

homomorphism θ is, in fact, a monomorphism (Theorem 5.6 in [Mag66]). For
a ∈ A, let an denote its homogeneous component of degree n, so that

a = a0 + a1 + · · ·+ an + · · · .

Define
Dn(F ) := {f ∈ F | θ(f)i = 0, 1 ≤ i < n}, n ≥ 1.

It is easy to see that Dn(F ) is a normal subgroup of F and the series
{Dn(F )}n≥1 is a central series in F , i.e., [F, Dn(F )] ⊆ Dn+1(F ) for all n ≥ 1.
Clearly, the intersection of the series {Dn(F )}n≥1 is trivial. Since {Dn(F )}n≥1
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viii Preface

is a central series, we have γn(F ) ⊆ Dn(F ) for all n ≥ 1. Thus, it follows that
the intersection

⋂
n≥1 γn(F ) is trivial, i.e., F is residually nilpotent.

Let G be an arbitrary group and R a commutative ring with identity. The
group ring of G over R, denoted by R[G], is the R-algebra whose elements
are the formal sums

∑
α(g)g, g ∈ G, α(g) ∈ R, with only finitely many

coefficients α(g) being non zero. The addition and multiplication in R[G] are
defined as follows:∑

g∈G

α(g)g +
∑
g∈G

β(g)g =
∑
g∈G

(
α(g) + β(g)

)
g,

∑
g∈G

α(g)g
∑
h∈G

β(h)h =
∑
x∈G

( ∑
gh=x

α(g)β(h)
)

x.

The group G can be identified with a subgroup of the group of units of R[G],
by identifying g ∈ G with 1Rg, where 1R is the identity element of R, and it
then constitutes an R-basis for R[G]. The map

ε : R[G]→ R,
∑

α(g)g �→
∑

α(g),

is an algebra homomorphism and is called the augmentation map; its kernel
is called the augmentation ideal of R[G]; we denote it by ∆R(G). In the case
when R is the ring Z of integers, we refer to Z[G] as the integral group ring
of G and denote the augmentation ideal also by g, the corresponding Euler
fraktur lowercase letter.

The augmentation ideal ∆R(G) leads to the following filtration of R[G]:

R[G] ⊇ ∆R(G) ⊇ ∆2
R(G) ⊇ . . . ⊇ ∆n

R(G) ⊇ . . . . (2)

Note that the subset G∩
(
1+∆n

R(G)
)
, n ≥ 1, is a normal subgroup of G; this

subgroup is called the nth dimension subgroup of G over R and is denoted
by Dn, R(G). It is easy to see that {Dn, R(G)}n≥1 is a central series in G,
and therefore γn(G) ⊆ Dn, R(G) for all n ≥ 1. In the case when R is the
ring Z of integers, we drop the suffix Z and write Dn(G) for Dn, Z(G). The
quotients ∆n

R(G)/∆n+1
R (G), n ≥ 1, are R[G]-modules with trivial G-action.

There then naturally arise the following problems about dimension subgroups
and augmentation powers.

Problem 0.1 Identify the subgroups Dn, R(G) = G ∩
(
1 + ∆n

R(G)
)
, n ≥ 1.

Problem 0.2 Describe the structure of the quotients ∆n
R(G)/∆n+1

R (G), n ≥ 1.

Problem 0.3 Describe the intersection ∩n≥1∆n
R(G); in particular, charac-

terize the case when this intersection is trivial.

In the case when F is a free group, then, for all n ≥ 1, γn(F ) ⊆ Dn(F ) ⊆
Dn(F ). The homomorphism θ : F → A, defined in (1), extends by linearity
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to the integral group ring Z[F ] of the free group F ; we continue to denote
the extended map by θ:

θ : Z[F ]→ A.

Let f be the augmentation ideal of Z[F ]; then, for α ∈ fn, θ(α)i = 0, i ≤ n−1.
With the help of free differential calculus, it can be seen that the intersection
of the ideals fn, n ≥ 1, is zero and the homomorphism θ : Z[F ] → A is a
monomorphism (see Chap. 4 in [Gru70]). A fundamental result about free
groups ([Mag37], [Gru36], [Wit37]; see also [Röh85]) is that the inclusions
γn(F ) ⊆ Dn(F ) ⊆ Dn(F ) are equalities:

γn(F ) = Dn(F ) = Dn(F ), for all n ≥ 1. (3)

This result exhibits a close relationship among the lower central series, the
dimension series, and the powers of the augmentation ideal of the integral
group ring of a free group. Thus, for free groups, Problems 1 and 3 have a
definitive answer in the integral case. Problem 2 also has a simple answer in
this case: for every n ≥ 1, the quotient fn/fn+1 is a free abelian group with
the set of elements (xi1 − 1) . . . (xin

− 1)+ fn+1 as basis, where xij
range over

a basis of F (see p. 116 in [Pas79]).
The foregoing results about free groups naturally raise the problem of

investigation of the relationship among the lower central series {γn(G)}n≥1,
dimensionseries{Dn, R(G)}n≥1,andaugmentationquotients∆n

R(G)/∆n+1
R (G),

n ≥ 1, of an arbitrary group G over the commutative ring R. While these
series have been extensively studied by various authors over the last several
decades (see [Pas79], [Gup87c]), we are still far from a definitive theory. The
most challenging case here is that when R is the ring Z of integers, where a
striking feature is that, unlike the case of free groups, the lower central series
can differ from the dimension series, as first shown by Rips [Rip72].

Besides being purely of algebraic interest, lower central series and aug-
mentation powers occur naturally in several other contexts, notably in
algebraic K-theory, number theory, and topology. For example, the lower
central series is the main ingredient of the theory of Milnor’s µ̄-invariants
of classical links [Mil57]; the lower central series and augmentation powers
come naturally in [Cur71], [Gru80], [Qui69], and in the works of many other
authors.

The main object of this monograph is to present an exposition of different
methods related to the theory of the lower central series of groups, the di-
mension subgroups, and the augmentation powers. We will also be concerned
with another important related series, namely, the derived series whose terms
are defined, for a given group G, inductively by setting

δ0(G) = G, δn+1(G) = [δn(G), δn(G)] for n ≥ 0.

Our focus will be primarily on homological, homotopical, and combinatorial
methods for the study of group rings. Simplicial methods, in fact, provide
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new possibilities for the theory of groups, Lie algebras, and group rings. For
example, the derived functors of endofunctors on the category of groups come
into play. Thus, working with simplicial objects and homotopy theory sug-
gests new approaches for studying invariants of group presentations, a point
of view which may be termed as “homotopical group theory.” By homo-
logical group theory one normally means the study of properties of groups
based on the properties of projective resolutions over their group rings. In
contrast to this theory, by homotopical group theory we may understand
the study of groups with the help of simplicial resolutions. From this point
of view, homological group theory then appears as an abelianization of the
homotopical one.

We now briefly describe the contents of this monograph.
Chapter 1: Lower central series We discuss examples and methods for inves-
tigating the lower central series of groups with a view to examining resid-
ual nilpotence, i.e., the property that this series intersects in the identity
subgroup. We begin with Magnus’s theorem [Mag35] on residual nilpotence
of free groups and Gruenberg’s [Gru57] result on free polynilpotent groups.
Mal’cev’s observation [Mal68] on the adjoint group of an algebra provides a
method for constructing residually nilpotent groups. We consider next free
products and describe Lichtman’s characterization [Lic78] for the residual
nilpotence of a free product of groups. If a group G is such that the aug-
mentation ideal g of its integral group ring Z[G] is residually nilpotent, i.e.,⋂

n≥0 gn = 0, then it is easily seen that G is residually nilpotent. This prop-
erty, namely, the residual nilpotence of g, has been characterized by Lichtman
[Lic77]. Our next object is to discuss residual nilpotence of wreath products.
We give a detailed account of Hartley’s work, along with Shmelkin’s theo-
rem [Shm73] on verbal wreath products. For HNN-extensions we discuss a
method introduced by Raptis and Varsos [Rap89]. Turning to linear groups,
we give an exposition of recent work of Mikhailov and Bardakov [Bar07]. An
interesting class of groups arising from geometric considerations is that of
braid groups; we discuss the result of Falk and Randell [Fal88] on pure braid
groups.

If 1 → R → F → G → 1 is a free presentation of a group G, then the
quotient group R/[R, R] of R can be viewed as a G-module, called a “relation
module.” The relationship between the properties of F/[R, R] and those of
F/R has been investigated by many authors [Gru70], [Gru], [Gup87c]. We dis-
cuss a generalization of this notion. Let R and S be normal subgroups of the
free group F . Then the quotient group (R∩S)/[R, S] is abelian and it can be
viewed, in a natural way, as a module over F/RS. Clearly the relation mod-
ules, and more generally, the higher relation modules γn(R)/γn+1(R), n ≥ 2,
are all special cases of this construction. Such modules are related to the sec-
ond homotopy module π2(X) of the standard complex X associated to the free
presentation G 	 F/R. We discuss here the work in [Mik06b]. The main point
of investigation here is the faithfulness of the F/RS-module (R ∩ S)/[R, S].
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We next turn to k-central extensions, namely, the extensions

1→ N → G̃→ G→ 1,

where N is contained in the kth central subgroup ζk(G̃) of G̃. We examine
the connection between residual nilpotence of G and that of G̃. In general,
neither implies the other.

The construction of the lower central series {γn(G)}n≥1 of a group G
can be extended in an obvious way to define the transfinite terms γτ (G)
of the lower central series for infinite ordinals τ . Let ω denote the first
non-finite ordinal. The groups G whose lower central series has the prop-
erty that γω(G) 
= γω+1(G), called groups with long lower central series, are
of topological interest. We discuss methods for constructing such groups.

It has long been known that the Schur multiplicator is related to the
study of the lower central series. We explore a similar relationship with
generalized multiplicators, better known as Baer invariants of free presen-
tations of groups. In particular, we discuss generalized Dwyer filtration of
Baer invariants and its relation with the residual nilpotence of groups. Using
a generalization of the Magnus embedding, we shall see that every 2-central
extension of a one-relator residually nilpotent group is itself residually nilpo-
tent [Mik07a].

The residually nilpotent groups with the same lower central quotients as
some free group are known as para-free groups. Non-free para-free groups
were first discovered by Baumslag [Bau67]. We make some remarks related
to the para-free conjecture, namely, the statement that a finitely generated
para-free group has trivial Schur multiplicator.

Next we study the nilpotent completion Z∞(G), which is the inverse limit
of the system of epimorphisms G→ G/γn(G), n ≥ 1, and certain subgroups
of this completion. We study the Bousfield–Kan completion R∞X of a sim-
plicial set X over a commutative ring R, and homological localization (called
HZ-localization) functor L : G �→ L(G) on the category of groups, due to
Bousfield, in particular, the uncountability of the Schur multiplicator of the
free nilpotent completion of a non abelian free group. After discussing the
homology of the nilpotent completion, we go on to study transfinite para-free
groups. Given an ordinal number τ , a group G is defined to be τ -para-free if
there exists a homomorphism F → G, with F free, such that

L(F )/γτ

(
L(F )

)
	 L(G)/γτ

(
L(G)

)
.

Our final topic of discussion in this chapter is the study of the lower
central series and the homology of crossed modules. These modules were first
defined by Whitehead [Whi41]. With added structure to take into account,
the computations naturally become rather more complicated. It has recently
been shown that the cokernel of a non aspherical projective crossed module
with a free base group acts faithfully on its kernel [Mik06a]; we give an
exposition of this and some other related results.
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Chapter 2: Dimension subgroups In this chapter we study various problems
concerning the dimension subgroups. The relationship between the lower cen-
tral and the dimension series of groups is highly intriguing.

For every group G and integer n ≥ 1, we have

γn(G) ⊆ Dn(G) := G ∩ (1 + gn).

As first shown by Rips [Rip72], equality does not hold in general. We pur-
sue the counter example of Rips and the subsequent counterexamples con-
structed by N. Gupta, and construct several further examples of groups
without the dimension property, i.e., groups where the lower central se-
ries does not coincide with the integral dimension series. We construct a
4-generator and 3-relator example of a group G with D4(G) 
= γ4(G) and
show further that, in a sense, this is a minimal counter example by prov-
ing that every 2-relator group G has the property that D4(G) = γ4(G). At
the moment it seems to be an intractable problem to compute the length
of the dimension series of a finite 2-group of class 3. However, we show
that for the group without the dimension property considered by Gupta and
Passi (see p. 76 in [Gup87c]), the fifth dimension subgroup is trivial.
Examples of groups with Dn(G) 
= γn(G) with n ≥ 5 were first constructed by
Gupta [Gup90]. In this direction, for each n ≥ 5, we construct a 5-generator
5-relator group Gn such that Dn(Gn) 
= γn(Gn). We also construct a nilpo-
tent group of class 4 with non trivial sixth dimension subgroup. We hope
that these examples will lead to a closer understanding of groups without the
dimension property.

For each n ≥ 4, in view of the existence of groups with γn(G) 
= Dn(G),
the class Dn of groups with trivial nth dimension subgroup is not a variety.
This class is, however, a quasi-variety [Plo71]. We present an account of our
work [Mik06c] showing that the quasi-variety D4 is not finitely based, thus
answering a problem of Plotkin.

We next review the progress on the identification of integral dimension
subgroups and on Plotkin’s problems about the length of the dimension series
of nilpotent groups.

Related to the dimension subgroups are the Lie dimension subgroups
D[n](G) and D(n)(G), n ≥ 1, with D[n](G) ⊆ D(n)(G) ⊆ Dn(G) (see Sect. 2.10
for definitions). We show that, for every natural number s, there exists a group
of class n such that D[n+s](G) 
= γn+s(G) 
= 1. In contrast with the integral
case, many more definitive results are known about the dimension subgroups
and the Lie dimension subgroups over fields. We review these results and
their applications, in particular, to the study of Lie nilpotency indices of the
augmentation ideals.
Chapter 3: Derived series We study the derived series of free nilpotent groups.
Combinatorial methods developed for the study of the dimension subgroups
can be employed for this purpose. We give an exposition of the work of Gupta
and Passi [Gup07].
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Homological methods were first effectively applied by Strebel [Str74] for
the investigation of the derived series of groups. We give an exposition of
Strebel’s work and then apply it to study properties analogous to those stud-
ied in Chap. 1 for the lower central series of groups; in particular, we study
the behaviour of the transfinite terms of the derived series. We show that
this study has an impact on Whitehead’s asphericity question which asks
whether every sub complex of an aspherical two-dimensional complex is itself
aspherical.
Chapter 4: Augmentation powers The structure of the augmentation powers
gn and the quotients gn/gn+1 for the group G is of algebraic and number-
theoretic interest. While the augmentation powers have been investigated by
several authors, a solution to this problem, when G is torsion free or torsion
abelian group, has recently been given by Bak and Tang [Bak04]. We give
an account of the main features of this work. We then discuss transfinite
augmentation powers gτ , where τ is any ordinal number. We next give an
exposition of some of Hartley’s work on the augmentation powers.

A filtration {PnH2(G, T)}n≥0 of the Schur multiplicator H2(G, T) arising
from the notion of the polynomial 2-cocycles is a useful tool for the inves-
tigation of the dimension subgroups. This approach to dimension subgroups
naturally leads to relative dimension subgroups Dn(E, N) := E∩(1+en+ne),
where N is a normal subgroup of the group E. The relative dimension
subgroups provide a generalization of dimension subgroups, and have been
extensively studied by Hartl [Har08]. Using the above-mentioned filtration
of the Schur multiplicator, Passi and Stammbach [Pas74] have given a
characterization of para-free groups. These ideas were further developed in
[Mik04, Mik05b]. We give here an account of this (co)homological approach
for the study of subgroups determined by two-sided ideals in group rings.

In analogy with the notion of HZ-localization of groups, we study the
Bousfield HZ localization of modules. Given a group G, a G-module homo-
morphism f : M → N is said to be an HZ-map if the maps f0 : H0(G, M)→
H0(G, N) and f1 : H1(G, M)→ H1(G, N) induced on the homology groups
are such that f0 is an epimorphism and f1 is an isomorphism. In the category
of G-modules, we examine the localization of G-modules with respect to the
class HZ of HZ maps. We discuss the work of Brown and Dror [Bro75] and of
Dwyer [Dwy75] where the relation between the HZ localization of a module
M and its g-adic completion lim←− M/gnM has been investigated.
Chapter 5: Homotopical aspects After recalling the construction of certain
functors, we give an exposition of the work of Curtis [Cur63] on the lower
central series of simplicial groups. Of particular interest to us are his two
spectral sequences of homotopy exact couples arising from the application of
the lower central and the augmentation power functors, γn and ∆n, respec-
tively, to a simplicial group. Our study is motivated by the work Stallings
[Sta75] where he suggested a program and pointed out the main problem in
its pursuit:
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Finally, Rips has shown that there is a difference between the “dimension subgroups”
and the terms of the lower central series ... . The problem would be, how to compute
with the Curtis spectral sequence, at least to the point of going through the Rips
example in detail?

To some extent, this program was realized by Sjögren [Sjo79]. However, in
general, it is an open question whether there exists any homotopical role of
the groups without the dimension property. The simplicial approach for the
investigation of the relationship between the lower central series and the aug-
mentation powers of a group has been studied by Gruenenfelder [Gru80]. We
compute certain initial terms of the Curtis spectral sequences and, following
[Har08], discuss applications to the identification of dimension subgroups.
We show that it is possible to place some of the known results on the di-
mension subgroups in a categorical setting, and thus hope that this point of
view might lead to a deeper insight. One of the interesting features of the
simplicial approach is the connection that it provides to the derived functors
of non-additive functors in the sense of Dold and Puppe [Dol61]. Finally, we
present a number of homotopical applications; in particular, we give an al-
gebraic proof of the computation of the low-dimensional homotopy groups of
the 2-sphere. Another application that we give is an algebraic proof of the
well-known theorem, due to Serre [Ser51], about the p-torsion of the homo-
topy groups of the 2-sphere.
Chapter 6: Miscellanea In this concluding chapter we present some applica-
tions of the group ring construction in different, rather unexpected, contexts.
As examples, we may mention here (1) the solution, due to Lam and Leung
[Lam00], of a problem in number theory which asks, for a given natural num-
ber m, the computation of the set W (m) of all possible integers n for which
there exist mth roots of unity α1, . . . , αn in the field C of complex numbers
such that α1 + · · ·+ αn = 0, and (2) application of dimension subgroups by
Massuyeau [Mas07] in low-dimensional topology.
Appendix At several places in the text we need results about simplicial
objects. Rather than interrupt the discussion at each such point, we have
preferred to collect the results needed in an appendix to which the reader
may refer as and when necessary. The material in the appendix is mainly
that which is needed for the group-theoretic problems in hand. For a more
detailed exposition of simplicial methods, the reader is referred to the books
of Goerss and Jardine [Goe99] and May [May67].

To conclude, we may mention that a crucial point that emerges from the
study of the various series carried out in this monograph is that the least
transfinite step in all cases is the one which at the moment deserves most to
be understood from the point of view of applications.
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Notation

Z the ring of rational integers.
Zn the ring of integers mod n.
Q the field of rational numbers.
R the field of real numbers.
C the field of complex numbers.
T the additive group of rationals mod 1, i.e., Q/Z.
Tp the p-torsion subgroup of T.
Σn the symmetric group of degree n.
〈S〉 the subgroup (of G) generated by a subset S (of G).
〈S〉G the normal subgroup of G generated by S.
G′ derived subgroup of G.
xy y−1xy, for elements x, y of a group.
[x, y] x−1y−1xy, the commutator of x and y.
[x, ny] [[. . . [x, y], . . . y]︸ ︷︷ ︸

n terms

]

[H, K] 〈[h, k] | h ∈ H, k ∈ K〉.
[H, nK] [ . . . [[H, K], K], . . . , K︸ ︷︷ ︸

n terms

].

H � G H is a normal subgroup of the group G.
{γn(G)}n≥1 the lower central series of the group G.
γω(G)

⋂
n≥1 γn(G).

{δn(G)}n≥0 the derived series of the group G.
δω(G)

⋂
n≥1 δn(G).

γω+1(G) [γω(G), G]
δ(ω)(G)

⋂
n≥1[δω(G), δn(G)].

δω+1(G) [δω(G), δω(G)].
P(G) the perfect radical of the group G.
KP the standard 2-complex associated with the group

presentation P = (X, ϕ, R).
gd(G) the geometric dimension of the group G.
cd(G) the cohomological dimension of the group G.

xix



xx Notation

hd(G) the homological dimension of the group G.
|X| the cardinality of the set X.
R⊕n the direct sum of n copies of the ring R.
πn(X) the nth homotopy group of the topological space X.
R[G] the group ring of the group G over the ring R.
U(R) the group of units of the ring R.
∆R(G) augmentation ideal of the group ring R[G].
U1(R[G]) the group of units of augmentation 1 in R[G].
δ+(G) the subgroup generated by the torsion elements

g ∈ G which have only finitely many conjugates in G.
g the augmentation ideal of the integral group ring Z[G].
N the class of nilpotent groups
Nτ the class of groups G satisfying γτ (G) = 1.
N0 the class of torsion-free nilpotent groups.
Np the class of nilpotent p-groups of finite exponent.
rC the class of residually C-groups.
Top the category of topological spaces.
ModR category of (right)R-modules.
Gr category of groups.
Hon category of homotopy n-types.
AlgR category of R-algebras.
LieR category of R-Lie algebras.
Ab category of abelian groups.
S the class of all solvable groups.
F the class of all finite groups.
LiT ith derived functor of the functor T : Gr→ Gr.
LiT ith derived functor LiT (−, 0) at level zero

of the functor T : Ab→ Ab (in the sense of Dold-Puppe).
Gab G/γ2(G), the abelianization of the group G.
LR(M) the free R-Lie algebra over the R-module M .
Ln

R(M) nth component of LR(M).
UR(L) the universal enveloping algebra of the R-Lie ring L.
S(A) the symmetric algebra over the abelian group A.
TR(M) the tensor algebra over the R-module M .
L : G �→ L(G) homological localization functor.
J̃k the class of residually nilpotent groups groups G for which

every k-central extension 1→ N → G̃→ G→ 1 has the
property that G̃ is residually nilpotent.

J̃ the class J̃1
tor(A) the torsion subgroup of the abelian group A.
Z∞ nilpotent completion of G.
X+ the plus-construction of the space X.
CM the category of crossed modules.
GL(R) the general linear group over R.
R∞X the R-Bousfield-Kan localization of the space X.
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Dn(G) nth integral dimension subgroup of the group G.
Hon the category of homotopy n-types.
L(X) the fundamental cat1-group of the space X.
Tn(A) the nth tensor power of the abelain group A.
SPn(A) the nth symmetric power of the abelian group A.
∧n(A) the nth exterior power of the abelian group A.
Jn(A) the metablian Lie functor Jn applied to the abelian group A.
UR(L) universal enveloping algebra of the R-Lie algebra L.
AR(G) the associated graded ring of R[G].
Zn:Gr→Gr the functor G→ G/γn(G).
Ch(R) the category of chain complexes of R-modules.
SC the category of simplicial objects in the category C.
N∗(X) the Moore complex of the simplicial object X.
W classifying space functor on the category of simplicial groups.
Γ(A) the divided power ring over the abelian group A.
Dn the quasi-variety of groups with trivial nth dimension subgroup.
� signifies end (also omission) of proof.



Chapter 1

Lower Central Series

The lower central series {γα(G)} of a group G, where α varies over all ordinal
numbers, is defined by setting γ1(G) = G, γα+1(G) = [G, γα(G)] and for a limit
ordinal τ , γτ (G) =

⋂
α<τ γα(G), where for subsets H, K of G, [H, K] denotes

the subgroup of G generated by all commutators [h, k] := h−1hk = h−1k−1hk, h ∈
H, k ∈ K. The group G is said to be transfinitely nilpotent if γα(G) = 1 for some
ordinal α, or simply nilpotent if α is a finite ordinal. In particular, if γω(G) = 1,
where ω is the least infinite ordinal, then G is said to be residually nilpotent. In this
Chapter we present various constructions and methods for studying the residual
nilpotence of groups. Our aim is primarily to investigate the transfinite terms of
the lower central series. The results discussed here can be viewed as an attempt to
develop a ‘limit theory’ for lower central series.

1.1 Commutator Calculus

Since we will have frequent occasion to work with commutators, we begin
with recording here some of the basic identities concerning them.

Let G be a group and let x1, x2, . . . , be elements of G. A simple commu-
tator [x1, . . . , xn] of weight n ≥ 1 is defined inductively by setting

[x1] = x1 and [x1, . . . , xn] = [[x1, . . . , xn−1], xn] for n ≥ 2.

The simple commutator [x1, x2, . . . x2︸ ︷︷ ︸
n terms

] will be denoted by [x1, nx2].

Commutator Identities

The following identities, which are straight-forward to verify, hold for arbi-
trary elements x, y, z in every group G.

R. Mikhailov, I.B.S. Passi, Lower Central and Dimension Series of Groups, 1
Lecture Notes in Mathematics 1952,
c© Springer-Verlag Berlin Heidelberg 2009



2 1 Lower Central Series

(i) [x, y] = [y, x]−1.
(ii) [xy, z] = [x, z]y[y, z] and [x, yz] = [x, z][x, y]z.

(iii) [x, y−1] =
(
[x, y]y

−1
)−1

and [x−1, y] =
(
[x, y]x

−1
)−1

.

(iv) [x, y−1, z]y[y, z−1, x]z[z, x−1, y]x = 1. (Hall-Witt identity)
(v) If γ2(G) is abelian, then

(a) [x, y, z][y, z, x][z, x, y] = 1.
(b) [x1, x2, x3, . . . , xn] = [x1, x2, xσ(3), . . . , xσ(n)], where σ is any per-

mutation of the set {3, . . . , n}.
(c) For n ≥ i ≥ 3, [x1, . . . , xi−1, xi, x−1

i , xi+1, . . . , xn] =
[x1, . . . , xi−1, xi, xi+1, . . . xn]−1[x1, . . . , xi−1, x−1

i , xi+1, . . . xn]−1.

1.2 Residually Nilpotent Groups

Free Groups

The first result about residual nilpotence of groups is due to W. Magnus
[Mag35].

Theorem 1.1 Every free group is residually nilpotent.

Proof. Let F be a free group and X = {xi | i ∈ I} a basis of F . Let A =
Z[[X]] be the ring of formal power series, in non-commuting indeterminates
Xi, i ∈ I, with coefficients in the ring Z of integers. Since 1+Xi, i ∈ I, is an
invertible element in A with inverse the power series 1−Xi+X2

i−· · · , the map
X → U(A), xi �→ 1 + Xi, where U(A) is the group of units of A, extends to
a homomorphism θ : F → U(A). The homomorphism θ is a monomorphism.
For, let w = x

εi1
i1

. . . x
εin
in

, with xij
∈ X, εij

∈ Z, 1 ≤ j ≤ n, be a reduced
word over X. Then, in the power series θ(w), the coeficient of the monomial
Xi1 . . . Xin

is εi1 . . . εin
. Thus θ(w) = 1 if and only if w = 1. A simple

induction on n ≥ 1 shows that for f ∈ γn(F ), n ≥ 1, the homogeneous
terms of degree i, 1 ≤ i ≤ n − 1, in θ(f) are all zero. It thus follows that
if w ∈

⋂
n≥1 γn(F ), then θ(w) = 1, and hence w = 1. Consequently F is

residually nilpotent. �

Free Poly-nilpotent Groups

If P is a group property, then a group G is said to be a residually P-group
if, for every non-identity element x ∈ G, there exists a normal subgroup N ,
depending on x, such that (i) x 
∈ N and (ii) the quotient group G/N has
the property P.
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Given a class C of groups, we refer to groups in the class C as C-groups, and
denote by rC the class of residually C-groups. Let us also adopt the following
notation for certain classes of groups:

Fp the class of finite p-groups;
N the class of nilpotent groups;
N0 the class of torsion-free nilpotent groups.
Np the class of nilpotent p-groups of finite exponent.

It is easy to see that a group G ∈ rN if and only if γω(G) =
⋂

n≥1 γn(G) = 1.
Clearly, if a property P implies the property Q, then a residually P-group is
also a residually Q-group. In particular, since prime-power groups are nilpo-
tent, rFp ⊆ rN.

Residual properties of groups were extensively studied by K. W. Gruenberg
([Gru57], [Gru62]).

Theorem 1.2 (Gruenberg [Gru57]). Every free nilpotent group F/γn(F ),
n≥ 1, is in the class rFp, where p is any given prime.

A free nilpotent group G = F/γn(F ), n ≥ 1, in fact, has the property
that the augmentation ideal of its group algebra Fp[G] over the field Fp of p
elements is residually nilpotent; equivalently, G ∈ rNp, which is in turn equiv-
alent to the intersection

⋂
m, r≥1 γm(G)Gpr

being trivial (see Passi [Pas79]).

Theorem 1.3 (Gruenberg [Gru57]). Let c1, . . . , cm be natural numbers, and
F a free group. Then the free poly-nilpotent group F/γcm

( . . . (γc1 (F ))) ∈ rFp

for any prime p > max{c1, . . . , cm−1}.

Thus, in particular, free poly-nilpotent groups are in the class rN. We will
see later (Theorem 1.20) that these groups are, in fact, in the class rN0.

Adjoint Groups of Residually Nilpotent Algebras

The theory of associative algebras was applied by A. I. Mal’cev [Mal68] to
study residually nilpotent groups. Given an algebra A, consider the adjoint
product (also called circle operation) which is defined by setting

g ◦ h = g + h− gh, g, h ∈ A. (1.1)

Let J(A) be the set of elements g ∈ A such that there exists an element
ḡ satisfying g ◦ ḡ = 0 = ḡ ◦ g. Then J(A) can be viewed as a group with
the binary operation defined by (1.1) having the zero element of the algebra
as the identity element; this group is called the adjoint group of A. Recall
that an associative algebra A is called residually nilpotent if

⋂
i Ai = {0}.

A simple relationship between residual nilpotence of algebras and that of
groups, observed in [Mal68], is that, for any residually nilpotent algebra A,
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the group J(A) is residually nilpotent. Thus a group G which embeds in
the adjoint group of a residually nilpotent algebra is necessarily a residually
nilpotent group.

It may, however, be noted that the residual properties of algebras and those
of groups are, in fact, quite different. For instance, Mal’cev [Mal68] proved
that a free product of residually nilpotent algebras is residually nilpotent; on
the other hand, it is easy to see that the free product Z2 ∗ Z3 of the cyclic
groups of orders 2 and 3 is not residually nilpotent.

As a consequence of his method of proving a group to be residually nilpo-
tent, Mal’cev obtained a sufficient condition for the free product of two resid-
ually nilpotent groups to be residually nilpotent:

If two groups G, H can be embedded into adjoint groups of residually nilpotent
algebras over fields of the same characteristic, then their free product G ∗ H is
residually nilpotent.

As simple examples of residually nilpotent groups of this type, we may men-
tion the groups Z ∗ Zp, Zpn ∗ Zpm for primes p.

Free Products

Necessary and sufficient conditions for the free product of a family of groups
to be residually nilpotent have been obtained by A. I. Lichtman [Lic78]. Recall
that an element g ∈ G is called an element of infinite p-height, p a prime, if,
given any two natural numbers i and j, there exist elements x ∈ G, y ∈ γi(G),
such that xpj

= gy. Lichtman’s characterization is as follows:

Theorem 1.4 (Lichtman [Lic78]). The free product of a family {Gj : j ∈ J}
of nontrivial groups with |J | ≥ 2 is residually nilpotent if and only if one of
the following conditions holds:

(i) All the groups Gj , j ∈ J, are in rN0.

(ii) For any finite set of non-identity elements g1, . . . , gk ∈
⋃

j∈J Gj , there exists
a prime p, depending on g1, · · · , gk, such that none of these elements is of infinite
p-height in the corresponding Gj .

Unit Groups of Group Rings

Let G be a group, Z[G] its integral group ring, ε : Z[G]→ Z the augmentation
map and g = ker ε, the augmentation ideal of Z[G]. Let U1 := U1(Z[G]) be
the group of units α ∈ Z[G] satisfying ε(α) = 1. Residual nilpotence of U1
has been studied by Musson-Weiss [Mus82]. It is easy to see that

γn(U1) ⊆ 1 + gn (n ≥ 1).
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Thus, if the augmentation ideal g is residually nilpotent, then the unit group
U1 is a residually nilpotent group. It is, however, possible for the unit group
to be residually nilpotent without the augmentation ideal g being residually
nilpotent; for example, if G is the cyclic group of order 6.

The residual nilpotence of augmentation ideals has been characterized by
A. I. Lichtman [Lic77]. To state the result, recall that if C is a class of groups,
then a group G is said to be discriminated by the class C if for every finite
subset g1, . . . , gn of distinct elements of G, there exists a group H in the
class C and a homomorphism ϕ : G→ H such that ϕ(gi) 
= ϕ(gj) for i 
= j.

Theorem 1.5 (Lichtman [Lic77]). Let G be a group. Then g is residually
nilpotent if and only if either G ∈ rN0, or G is discriminated by the class⋃

i∈I rNpi
, where {pi | i ∈ I} is some set of primes.

Lower Central Series of a Lie Ring
Let L be a Lie ring. The lower central series {Ln}n≥1 of L is defined

inductively by setting L1 = L, Ln+1 = [L, Ln], the Lie ideal generated
by the elements [a, b] with a ∈ L and b ∈ Ln, for n ≥ 1. Let A be an
associative ring with identity. We view A as a Lie ring under the operation
[a, b] = ab− ba (a, b ∈ A), and define A[n], n ≥ 1, to be the two-sided ideal
of A generated by An. Let U(A) denote the group of units of A. With these
notations, we have

Theorem 1.6 (Gupta-Levin [Gup83]). γn(U(A)) ⊆ 1 + A[n] for all n ≥ 1.

An immediate consequence of the preceding result is that if the associative
algebra A is such that

⋂
n≥1 A[n] = 0, then U(A) is a residually nilpotent

group. To apply this result to the case of integral group rings, let Kp be the
class of groups G ∈ N with γ2(G) ∈ rNp, K0 the class of groups G ∈ N with
γ2(G) ∈ N0, and K =

⋃
p Kp, where p ranges over all primes.

Theorem 1.7 If G is a group which satisfies either

(i) G ∈ rK0, or

(ii) G is discriminated by the class K,

then the unit group U(Z[G]) ∈ rN.

Proof. Under the hypothesis of the theorem,
⋂

n≥1 Z[G][n] = 0 [Bha92b], and
hence U(Z[G]) is residually nilpotent. �

Wreath Product

An important construction in the theory of groups is the wreath product of
groups (see [Rob95]). Let H and K be permutation groups acting on sets X
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and Y respectively. The wreath product of H and K, denoted by H �K, is a
group of permutations of the set Z := X × Y , which is defined as follows:

If γ ∈ H, y ∈ Y and κ ∈ K, define permutations γ(y) and κ∗ of Z by the
rules

γ(y) :

{
(x, y) �→ (xγ, y),
(x, y1) �→ (x, y1) if y1 
= y, x ∈ X,

and
κ∗ : (x, y) �→ (x, yκ), x ∈ X.

The functions γ �→ γ(y), and κ �→ κ∗ are monomorphisms from H and K
respectively into SZ , the symmetric group of Z; let their images be H(y)
and K∗ respectively. Then the wreath product of H � K is the subgroup of
SZ generated by the subgroups K∗ and H(y), y ∈ Y . The subgroup of
H � K generated by the subset {H(y) | y ∈ Y } is called the base group of
the wreath product; note that the base group is the direct product of the
subgroups H(y), y ∈ Y . If H, K are arbitrary groups, we can view them
as permutation groups via right regular representation and form the wreath
product H �K; this group is called the standard wreath product of H and K.

It is not hard to see that the investigation of the residual nilpotence of
wreath products is directly related to the residual nilpotence of augmentation
ideals, a topic briefly discused above; the reader may refer to (Passi [Pas79])
for more details. In particular, note that, for any group G and integer n ≥ 0,
the wreath product Cn � G, where Cn = Z/nZ, is isomorphic to the semi-
direct product Zn[G] � G, with G acting on Zn[G] by right multiplication.
As a consequence it may be noted that the wreath product Cn �G, n ≥ 0, is
residually nilpotent if and only if the augmentation ideal ∆Zn

(G) is residually
nilpotent. While a characterization of the residual nilpotence of g is provided
by Theorem 1.5, recall that the residual nilpotence of ∆Zp

(G) is equivalent
to G being in the class rNp (see Passi [Pas79], p. 90).

Let A and G be two nontrivial groups and let W = A �G be their standard
wreath product. Necessary and sufficient conditions for W to be nilpotent
are given by the following result.

Theorem 1.8 (Baumslag [Bau59]). The wreath product W = A �G is nilpo-
tent if and only if, for some prime p, A ∈ Np and G ∈ Fp.

Let Ab denote the class of abelian groups. It is interesting to note ([Har70],
Lemma 1) that if W = A � G is residually nilpotent and G is infinite, then
A ∈ Ab. For, if G is infinite and x, y are two non-commuting elements of A,
then one can easily show that [x, y] ∈ γω(W ).

Necessary and sufficient conditions for the residual nilpotence of the
wreath product W = A � G of two nontrivial groups have been given by
B. Hartley [Har70] in the case when G is nilpotent. Hartley’s work [Har70],
combined with Lichtman’s characterization for the residual nilpotence of the
augmentation ideal g, provides the following characterization for the residual
nilpotence of a wreath product W = A �G.
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Theorem 1.9 (Hartley [Har70], Lichtman [Lic77]). The wreath product W =
A �G of two nontrivial groups A and G, of which G is nilpotent, is residually
nilpotent if only if one of the following three statements holds:

(i) For some prime p, G ∈ Fp and A ∈ rNp.

(ii) G is infinite but not torsion-free, A ∈ Ab, and for some prime p, both A and G
belong to rNp.

(iii) G is torsion-free, A ∈ Ab, G ∈ rNp whenever A contains an element of order p.
Furthermore, if A is not a torsion group, then either G ∈ rN0, or G is discriminated
by the class

⋃
i∈I Npi

, where {pi | i ∈ I} is some set of primes.

Proof. Suppose W = A �G ∈ rN and both G and A are nontrivial.
Case 1: G finite. Let 1 
= x ∈ G be an element of order p. Then the
subgroup A � 〈x〉 of W is residually nilpotent. Note that

[apn

, x] ∈ γn(p−1)+1(W ) (1.2)

for all a ∈ A and n ≥ 1. Let An = Apn
(γn(p−1)+1(W ) ∩ A). Since W is

residually nilpotent, the equation (1.2) implies that ∩An = 1 and hence
A ∈ rNp.
Case 2: G infinite. In this case, as mentioned above, A must be abelian.

Suppose A has an element y of prime order p. From the residual nilpotence
of the subgroup 〈y〉 �G of W , it follows that the augmentation ideal ∆Fp

(G)
of the group algebra Fp[G], where Fp is the field of p elements, is residually
nilpotent, and consequently G ∈ rNp (see [Pas79]).

If there exists an element 1 
= x ∈ G of prime order q, say, then A � 〈x〉 is
residually nilpotent. By case 1, A ∈ rNq. Thus, if A has an element of order
p, then q must be p and, in this case both A and G belong to rNp. If A is
torsion-free, then it follows that the wreath product Z �G ∈ rN, where Z is
an infinite cyclic group. Therefore g is residually nilpotent, and, since G has
an element of order p, it must be in the class rNp (see Theorem 1.5).

Finally, if G is torsion-free, then, as already noted, G ∈ rNp for every
prime p for which A has a p-torsion element. If A has an element a, say, of
infinite order, then 〈a〉 �G ∈ rN and so g is residually nilpotent; therefore, by
Lichtman’s Theorem 1.5, we have the remaining part of statement (iii).

In the direction of proving that each of the three conditions (i)-(iii) is
sufficient for the residual nilpotence of the wreath product W , the following
lemma for wreath products helps to simplify the argument.

Lemma 1.10 (Hartley [Har70], Lemma 9). (i) If C is a class of groups, A ∈
rC, and G is an arbitrary group, then A �G ∈ r(C �G).
(ii) Let C be a class of groups and D a class of groups closed under taking
subgroups and finite direct products. If A ∈ rC and G ∈ rD, then A � G ∈
r(C �D). �

Let G ∈ Fp and A ∈ rNp. First consider the case when A ∈ Np. In this
case, W is a group of p-power exponent and, by Theorem 1.8, it is nilpotent.
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Hence W ∈ rNp. Now observe, using Lemma 1.10, that if A ∈ rNp, then
W ∈ r(Np � Fp). Hence W ∈ rNp.

Suppose G is infinite but not torsion-free, A is abelian, and for some prime
p, G and A both belong to the class rNp. Observe that the hypothesis on A
implies that A is residually a cyclic p-group. Therefore, by Lemma 1.10, in
order to show that W ∈ rNp, we can assume that A is a cyclic p-group and
G ∈ rNp. That W ∈ rNp then follows from the residual nilpotence of the
augmentation ideal ∆Zp

(G) (see Passi [Pas79], p. 84).
Finally, suppose G 
= 1 is a torsion-free group, A ∈ Ab, and for all primes

p ∈ π(A), the set of primes p for which A has p-torsion, G ∈ rNp. Further,
if A has an element of infinite order, then g is residually nilpotent. These
conditions suffice to show that W ∈ rN in case A is finitely generated. For
an arbitrary abelian group A, a reduction argument is needed to reduce to
the finitely generated case; see (Hartley [Har70]) for details. �

Remark 1.11 In the preceding theorem, the hypothesis on G being nilpotent
is required only for showing the sufficiency of condition (iii). In fact, in gen-
eral, condition (iii) is not sufficient for the residual nilpotence of the wreath
product.

Example 1.12
Let A be the quasi-cyclic 2-group and

G = 〈a, b | aba−1b = 1〉

be the fundamental group of the Klein bottle. Observe that G is torsion-free
and G ∈ rF2. Thus the pair (A, G) of groups satisfies the hypothesis of
Theorem 1.9 (iii). However, W = A �G /∈ rN, since 1 
= [A, b] ⊆ γω(W ).

Complete answer to following problem remains open.

Problem 1.13 Find a set of neessary and sufficient conditions for the resid-
ual nilpotence of the wreath product A �G of two nontrivial groups.

In case A is a torsion-free abelian group and G ∈ rN0, a stronger assertion
than residual nilpotence holds for A �G, namely:

Theorem 1.14 (Hartley [Har70]). If A is a torsion-free abelian group and
G ∈ rN0, then W = A � G ∈ rN0 or, equivalently, the augmentation ideal
∆Q(W ) of the rational group algebra Q[W ] is residually nilpotent.

The main steps in the proof of the above result are:

(i) By Lemma 1.10 it suffices to consider only the case when G ∈ N0.

(ii) A reduction argument shows that one may restrict to the case when A is
finitely generated.

(iii) Invoke the result that ∆Q(G) is residually nilpotent when G ∈ rN0.
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Example 1.15
Consider the wreath product G = Z � Z of two copies of the infinite cyclic
group. This group has the following presentation:

G = 〈a, b | [a, abi

] = 1, i ∈ Z〉. (1.3)

Theorem 1.14 implies that G ∈ rN0.

Verbal Wreath Product

Let us recall Shmel’kin’s definition of verbal wreath product of groups (resp.
Lie algebras).

Let V be a variety of groups (resp. Lie algebras over a commutative ring k
with identity), A and B two groups (resp. Lie k-algebras) with A ∈ V. Then
the verbal V-wreath product, denoted by AwrV B, is defined as follows

AwrV B := F/V (AF ),

where F is the free product F = A ∗B, V (AF ) is the verbal subgroup (resp.
ideal), corresponding to the variety V, of the normal subgroup (resp. ideal)
AF generated by A in F .

Let V be a variety of Lie algebras over a field of characteristic 0. Let A be
a V-free Lie algebra with basis X = {xi}i∈I , B a nilpotent Lie algebra, and
W = AwrV B their verbal V-wreath product.

Lemma 1.16 (Shmel’kin [Shm73]). The wreath product W = A wrV B is a
residually nilpotent Lie algebra.

In view of Lemma 1.16, the Lie algebra W embeds in its nilpotent com-
pletion W̃ , which again is residually nilpotent. Let W ◦ be the group with
W̃ as the underlying set and the binary operation defined by means of the
Campbell-Hausdorff formula

x ◦ y = x + y +
1
2
[x, y] + . . . . (1.4)

Let B◦ be the subgroup of W ◦ consisting of the elements of B.
Since W̃ is residually nilpotent, the group W 0 ∈ rN0. Thus any group G

that embeds in such a group W ◦ must necessarily belong to the class rN0.
A variety V of groups is said to be of Lie type if its free groups lie in the

class rN0. For example, the variety of all groups is a variety of Lie type.

Proposition 1.17 (see Andreev [And68], [And69]). If A is a V-free Lie
algebra with basis X = {xi}i∈I , and A◦ is the group (Ã, ◦), arising from
its nilpotent completion under the operation (1.4), then the subgroup of A◦

generated by X is a V◦-free group relative to a certain variety V◦ of Lie type.
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Theorem 1.18 (Shmel’kin [Shm73]). The subgroup of W ◦ generated by the
elements X and B◦ is a group V◦-wreath product of the V◦-free group gener-
ated by X and B◦.

Theorem 1.19 (Shmel’kin [Shm73]). Let V be a group variety of Lie type,
A a free group in V, and B a group in the class rN0. Then their V-wreath
product A wr VB ∈ rN0.

Let F be a free group, R � F . Suppose F/R and R/V (R) are both in
rN0. Then the group F/V (R) can be embedded in a group of the type W ◦

considered in the preceding theorem (see Shmel’kin [Shm65, Shm67]). Thus
we have:

Theorem 1.20 If F is a free group, and R�F with both F/R and R/V (R)
in rN0, then F/V (R) ∈ rN0.

Let F be the free group with basis {a, b} and let R = 〈a〉F . It is easy to
see that the group G = Z � Z considered in Example 1.15 is a free abelian
extension of the infinite cyclic group, and, in fact, has the presentation:

G = F/[R, R].

Thus the assertion that G ∈ rN0 follows also from Theorem 1.20.

HNN-extensions

The residual properties of amalgamated products and HNN-extensions have
been studied extensively by G. Higman, G. Baumslag, E. Raptis and
D. Varsos, D. I Moldavanskii and others. Here we mention the main results
of Raptis-Varsos [Rap89] about the residual nilpotence of an HNN-extension
of a finitely generated abelian group (see also [Rap91]).

Let K be a finitely generated abelian group, A and B isomorphic subgroups
of K with isomorphism ϕ : A→ B. Define

M0 = A ∩B, M1 = ϕ−1(M0) ∩M0 ∩ ϕ(M0)

and inductively

Mi+1 = ϕ−1(Mi) ∩Mi ∩ ϕ(Mi), i ≥ 1.

Then define H = HK, A, B,ϕ =
⋂

i≥1 Mi. Clearly, ϕ(H) = H and furthermore,
H is the largest subgroup such that ϕ(H) = H, i.e. for any subgroup L of K,
such that ϕ(L) = L, one has L ⊆ H. Let λ be the least integer such that Mλ

and Mλ+1 have equal torsion-free rank, and set D = iK(Mλ), the isolated
closure of the subgroup Mλ.
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Proposition 1.21 (Raptis-Varsos [Rap89]). If the HNN-extension

G = 〈t, K | t−1at = ϕ(a), a ∈ A〉

is residually nilpotent, then either K = A or K = B or |D/H| is a prime-
power.

While the above result gives only a necessary condition for residual nilpo-
tence of an HNN-extension of a finitely generated abelian group, in certain
cases necessary and sufficient conditions are available.

Define the endomorphism f : HK, A, B,ϕ → HK,A, B, ϕ (or in the case
K = A the endomorphism f : K → K) by setting

f : a �→ a−1ϕ(a), a ∈ HK, A, B,ϕ.

Theorem 1.22 (Raptis-Varsos [Rap89]). Let K be a finitely generated abelian
group, A and B subgroups of K, ϕ : A→ B an isomorphism.

(i) If K = A or K = B, then the HNN-extension G = 〈t,K | t−1At = B, ϕ〉
is residually nilpotent if and only if the only f-invariant subgroup of K is the
trivial subgroup.

(ii) The HNN-extension G = 〈t, K | t−1At = A, ϕ〉 is residually nilpotent if
and only if the torsion subgroup of K/A is a prime-power group and the only
f-invariant subgroup of A is the trivial subgroup.

Example 1.23
Let p be a prime, and K the group defined by the presentation

K = 〈a, b | [a, b] = 1, ap = 1〉.

Set A = B = 〈b〉 and define the isomorphism ϕ : A → B by setting ϕ : b �→
b−1. Then f : H → H is defined by

f : bk �→ b−2k, k ∈ Z.

Clearly, the only f -invariant element of H is the trivial element. Since K/A =
K/B = Z/pZ, Theorem 1.22 implies that the HNN-extension

G = 〈a, b, t | [a, b] = 1, ap = 1, t−1btb = 1〉

is residually nilpotent. On the other hand, if p, q are two different primes,
then we conclude by Theorem 1.22 that the group defined by the presentation

〈a, b, t | [a, b] = 1, apq = 1, t−1btb = 1〉

is not residually nilpotent.
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Linear Groups

Recall that the derived series of a group G is the series defined by (transfinite)
induction as follows:

δ1(G) = G, δα+1(G) = [δα(G), δα(G)],

and for a limit ordinal τ , δτ (G) =
⋂

α<τ δα(G). A group G is called transfi-
nitely solvable if δα(G) = 1 for some ordinal α and simply solvable if δα(G) = 1
for some finite α. Let S denote the class of all solvable groups. Note that
G ∈ rS if and only if δω(G) =

⋂
n≥1 δn(G) = 1. Let F denote the class of

finite groups.

Theorem 1.24 (Mal’cev [Mal65]; see also [Weh73, Theorem 4.7], and [Mer87,
Theorem 51.2.1]). If G is a finitely generated subgroup of the general linear
group GLn(F ), where F is a field of characteristic zero, then, for almost
all primes p, there exists a normal subgroup N of finite index which is a
residually finite p-group.

The above theorem indeed provides a method of showing that a given
finitely generated linear group belongs to the class rFp. For, if for some prime
p, it is possible to choose a normal subgroup N ∈ rFp such that G/N ∈ Fp,
then, by the following result, G itself would be in rFp.

Proposition 1.25 (Gruenberg [Gru57]). Let F be the class S, F or Fp for
some prime p. If P ∈ F and H ∈ rF , then, for any group extension

1→ H → G→ P → 1,

the group G ∈ F .

However, when we have a specific group G, the choice of the prime p can
be quite a problem. Hence it would be desirable to find more constructive
conditions for a linear group G to belong to the class rFp which does not use
Mal’cev’s theorem.

Let G be a subgroup of GLn(F ) generated by the finite set A, where F is
a field of characteristic zero. Consider the subring

K = Z[{aij , 1 ≤ i, j ≤ n, | a = (aij) ∈ A ∪A−1}]

of the field F , generated over Z by entries of matrices from A and A−1, where
A−1 is the set of inverses of the matrices in A. The ring K then is an integral
domain and we can consider the group G as a subgroup of the group GLn(K).
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By ([Mer87], Lemma 51.1.3), the ring K is residually finite. Furthermore,
there exists an infinite set π(K) = {I1, I2, . . . } of ideals such that the quo-
tient K/Ij is a field of characteristic pj and the family of homomorphisms

ϕj, n : K −→ K/(Ij)n, j, n = 1, 2, . . . ,

is residually finalizing for any ideal Ij , i.e.,

|im ϕj, n| <∞,

∞⋂
n=1

ker ϕj, n = 0.

Let ϕj = ϕj, 1. The homomorphism ϕj, n can be extended to the homomor-
phism

ϕ̃j, n : GLn(K) −→ GLn(K/(Ij)n).

We then have the following

Theorem 1.26 (Bardakov-Mikhailov [Bar07]). Let G be a finitely generated
subgroup of the group GLn(F ), where F is a field of characteristic zero, K a
finitely generated sub-domain of F , such that G ⊆ GLn(K). If for some ideal
Ij ∈ π(K) the group ϕ̃j(G) ∈ Fpj

(resp. rS), then G ∈ rFpj
(resp. rS).

Proof. Let Ij be an ideal from the set π(K). There exists the following exact
sequence

1 −→ GLn(K, Ij) −→ GLn(K)
ϕ̃j−→ GLn(K/Ij) −→ 1,

where GLn(K, Ij) = ker(ϕ̃j) is a congruence subgroup. It follows from the
proof of Mal’cev’s Theorem ([Mer87], 51.2.1) that GLn(K, Ij) is a residually
finite pj-group. Now we have the following short exact sequence:

1 −→ G ∩GLn(K, Ij) −→ G −→ ϕ̃j(G) −→ 1, (1.5)

where the group G∩GLn(K, Ij) is a residually finite pj-group. Since ϕ̃j(G) is
a finite pj-group (resp. solvable group), G is a residually finite pj-group (resp.
residually solvable group) by Lemma 1.25 applied to the extension (1.5). �

Let oF be the ring of integers of the field F . In the same way as Theorem
1.26, one can prove the following result.

Proposition 1.27 Let G be a finitely generated subgroup of the group
PSLn(oF ). If for some prime p the image of G in PSLn(oF /poF ) is a fi-
nite p-group, then G is a residually finite p-group.

Consider the simplest case of Proposition 1.27, namely the case F = Q[i] =
Q[
√
−1]. In this case the ring of integers is the ring Z[i] = Z+ iZ of Gaussian

integers .
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Corollary 1.28 Let G be a finitely generated subgroup of the Picard group
PSL2(Z[i]). If the image of G in PSL2(Zp[i]) is a finite p-group, then G is a
residually finite p-group.

Let us now have some examples of linear groups for which residual nilpo-
tence can be proved by the above-mentioned method.

Consider subgroups of the Picard group of indices 12 and 24 respec-
tively. The presentations of these groups can be found in [Wie78, Kru86]
and [Bru84].

Example 1.29
Let

G1 = 〈x, y | [x, yxy−2xy] = 1〉.

This group has a faithful representation f1 : G1 → PSL2(Z[i]) given by

x �−→
(

1 0
1 1

)
, y �−→

(
i 1 + i
−1 −1

)
,

and the group f1(G1) has index 12 in PSL2(Z[i]) [Bru84]. Let a = ϕ2(f1(x)),
b = ϕ2(f1(y)). Then a2 = b2 = 1. It is easy to see that

[a, b] =
(

i 1 + i
0 i

)
(where we use the same notation for elements in Z[i] and their images in
Z2[i]). Thus we have [a, b]2 = 1, and therefore the order of the group ϕ2(G1)
is 8. Thus, by Corollary 1.28, it follows that G1 is a residually finite 2-group,
and is therefore residually nilpotent.

Example 1.30
The unique normal subgroup of index 24 in PSL2(Z[i]) is the group of
Borromean rings:

G2 = 〈x1, x2, x3 | [x−1
3 , x2, x1] = 1, [x1, x3, x2] = 1〉.

A faithful representation f2 : G2 → PSL2(Z[i]) of this group in the Picard
group is given by:

x1 �−→
(

1 −2i
0 1

)
, x2 �−→

(
1 0
−1 1

)
, x3 �−→

(
2 + i 2i
−1 −i

)
[Bru84]. We have ϕ2(x1) = 1. Let zi = ϕ2(xi), i = 2, 3. Then z2

i = 1 and
[z2, z3] = 1; thus the group ϕ2(G2) 	 Z2 ⊕ Z2 is of order 4 and it follows
from Corollary 1.28 that G2 is a residually finite 2-group and is therefore
residually nilpotent.
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Pure Braid Groups

Let n ≥ 2, Cn n-dimensional complex space and

∆ = {(z1, . . . , zn) | zi = zj for some i < j} ⊂ Cn.

There is an obvious permutation action of the symmetric group Σn on Cn\∆.
The fundamental group

Bn = π1((Cn \∆)/Σn)

of the quotient space is called the nth braid group. Clearly, every element
of Bn can be viewed as an n-strand object which connects two collections
of marked points in two planes in the 3-dimensional space. Braid groups
Bn, n ≥ 2, were introduced in [Art25] by E. Artin, where further details
about these groups can be found.

For a fixed n ≥ 2, the group Bn is known to have the following presen-
tation:

〈σ1, . . . , σn−1 | σiσj = σjσi, |i− j| > 1,

σiσjσi = σjσiσj , |i− j| = 1〉.

It is easy to see that, for every n ≥ 2, there exists an epimorphism

νn : Bn → Σn,

where Σn is the symmetric group of degree n, defined by setting σi �→ (i, i+1).
The kernel ker(νn) of this epimorphism is called the nth pure braid group,
and denoted by Pn. Clearly, elements of pure braid groups can be viewed
as braids which preserve the fixed order of the marked points on the plane.
Also Pn = π1(Cn \∆). Furthermore, Cn \∆ has trivial homotopy groups in
dimensions greater than one; hence, Cn \ ∆ is the classifying space of the
pure braid group Pn.

The group Pn is generated by elements ai, j , 1 ≤ i < j ≤ n, where

ai−1, i = σ2
i−1, 2 ≤ i ≤ n,

ai, j = σj−1σj−2 . . . σi+1σ
2
i σ
−1
i+1 . . . σ−1

j−2σ
−1
j−1, i + 1 < j ≤ n

and has the following presentation:

〈ai, j , 1 ≤ i < j ≤ n | a−ε
i, kak, ja

ε
i, k = (ai, jak, j)εak, j(ai, jak, j)−ε,

a−ε
k, mak, ja

ε
k, m = (ak, jam, j)εak, j(ak, jam, j)−ε, m < j,

a−ε
i, mak, ja

ε
i, m = [a−ε

i, j , a−ε
m, j ]

εak, j [a−ε
ij , a−ε

m, j ]
−ε, i < k < m,

a−ε
i, mak, ja

ε
i, m = ak, j , k < m, m < j, or m < k, ε = ±1〉.
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It is a well known result of Artin that the pure braid group Pn is an it-
erated semidirect product of free groups. To be precise, the group Pn is
the semi-direct product of the normal subgroup Un, generated by elements
a1, n, a2, n, . . . , an−1, n and the group naturally isomorphic to Pn−1. The sub-
group Un is free. By iterating this process, we get the decomposition of Pn

as the following semi-direct product:

Pn = Un � Un−1 � · · ·� U3 � U2, (1.6)

where Ui is the free subgroup of Pn, generated by elements a1, i, . . . , ai−1, i.

Theorem 1.31 (Falk and Randell [Fal88]). For all n ≥ 2, the pure braid group
Pn is residually torsion-free nilpotent.

Proof. It follows from the form of defining relations of the group Pn that

[ai, n, ak, m] ∈ γ2(Un), 1 ≤ i ≤ n− 1, 1 ≤ k < m ≤ n.

Thus, by induction on k ≥ 1, it follows that the kth term of the lower central
series of Pn can be decomposed as

γk(Pn) = γk(Un) � γk(Pn−1), k ≥ 2,

and induction on n ≥ 2 yields the assertion. �
It may be observed that, in general, it is easy to construct an example of

a semidirect product of free groups which is not residually nilpotent.

Example 1.32
Let F be a 2-generated free group with generators a, b. Consider an auto-

morphism ϕ of F given by

ϕ : a �→ a2b,

b �→ ab.

Consider the semidirect product G = F � Z, where the generator of Z acts
on F as the above automorphism. Then G has the following presentation:

G = 〈a, b, t | at = a2b, bt = ab〉 	 〈b, t | [t, b−1]t = [t, b−1]2b〉,

and we see that the element b lies in the intersection of lower centeral series
of G; hence G is not residually nilpotent, since F is a subgroup in G and b is
non-trivial.
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1.3 Generalized Relation Modules

Free Presentations with Abelian Kernel

Recall that, given a ring R, a right R-module M is said to be faithful if
AnnR(M) := {r ∈ R | M.r = 0} = 0. Given a group G, and an R[G]-module
M , we say that G acts faithfully on M , if G ∩ (1 + AnnR[G](M)) = 1.

If 1 → N → Π θ→ G → 1 is an exact sequence of groups in which N is
abelian, then N can be viewed as a Z[G]-module via conjugation in Π, i.e.,
under the action induced by setting

n.g = x−1nx, n ∈ N, x ∈ Π, θ(x) = g.

It is easy to see that
N.gn ⊆ γn+1(Π), n ≥ 1,

and the following result is therefore an immediate consequence.

Theorem 1.33 Let 1 → N → Π θ→ G → 1 be an exact sequence of groups
in which N is abelian and Π is residually nilpotent.

(i) If N is a faithful Z[Π]-module, then gω = 0.

(ii) If the action of G on N is faithful, then

G ∩ (1 + gω) = 1.

In particular, in either case, G is residually nilpotent.

The technique provided by the above Theorem has been successfully em-
ployed to characterize the residual nilpotence of certain groups.

Theorem 1.34 (Passi ([Pas75a], see also Lichtman [Lic77]). Let F be a non-
cyclic free group and R′ the derived subgroup of a normal subgroup R of F .
Then F/R′ is residually nilpotent if and only if the augmentation ideal of the
integral group ring Z[F/R] is residually nilpotent.

Let us consider a case more general than the one to which the above result
applies. Let F be a group and R, S its normal subgroups. Then the quotient
group R∩S

[R, S] is an abelian group which can be viewed as a right Z[F/RS]-
module via conjugation in F , i.e., with the F/RS-action given by

w[R, S].(fRS) = f−1wf [R, S] (w ∈ R ∩ S, f ∈ F ).

We call this module a generalized relation module over the group F/RS.
The study of such modules is of interest; for, observe that if F is a free
group and R = S, then R∩S

[R, S] is a relation module for the group F/R and for
S = γn(R), n > 1, these modules are the higher relation modules. From the
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preceding discussion it is clear that the faithfulness of R∩S
[R, S] is related to the

residual nilpotence of F/RS. By Theorem 1.33, we have

Theorem 1.35 Let R and S be normal subgroups of a free group F such
that F/[R, S] is residually nilpotent. Let G = F/RS.

(i) If R∩S
[R, S] is a faithful Z[G]-module, then gω = 0.

(ii) If the action of G on R∩S
[R, S] is faithful, then

G ∩ (1 + gω) = 1.

In particular, in either case, G is residually nilpotent.

Let V be a normal subgroup of F which is contained in [R, S] and let

C = {f ∈ RS | [r, f ] ∈ V for all r ∈ R ∩ S}.

With the above notations we have:

Theorem 1.36 (Mikhailov-Passi [Mik06b]). Suppose F/RS acts faithfully on
R∩S
[R, S] and γω(F/V ) = 1, then γω(F/C) = 1.

Proof. Consider the following semi-direct product

(R ∩ S)/V � F/C = {(rV, hC) | r ∈ R ∩ S, h ∈ F},

with binary composition given by

(h1C, r1V )(h2C, r2V ) = (h1h2C, rh2
1 r2V ).

Note that

[R∩S
V , γn(F/C)] ⊆ R∩S

V ∩ γn+1(F/V ), for all integers n ≥ 1.

Let f ∈ F be such that fC ∈ γω(F/C). Then the hypothesis implies that
[R∩S

V , fC] = 1. Furthermore, since the action of F/RS on R∩S
[R, S] is assumed

to be faithful, it follows that f ∈ RS and consequently f ∈ C. �

Observe that, in the case R = S, C/V is exactly the centre of R/V . Since
the F/R-action on R/γ2(R) is known to be faithful (see Theorem 1.55), we
have:

Corollary 1.37 (Mital [Mit71], Theorem 4.19). Let V ⊂ R and let C/V be
the centre of R/V . Then γω(F/V ) = 1 implies that γω(F/C) = 1.

The investigation of the modules R∩S
[R, S] is also motivated from topological

considerations, particularly in view of the relationship of such modules with
the second homotopy modules which we discuss next.
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The Second Homotopy Module

Let
P = (X, ϕ, R) (1.7)

be a free presentation of the group G, F = F (X) the free group with basis X,
R the normal subgroup of F generated, as a normal subgroup, by R; then we
have an exact sequence 1→ R→ F

ϕ→ G→ 1. For a given presentation (1.7),
we can construct the cellular model of (1.7) called the standard 2-complex of
P, i.e., the 2-complex K = KP which is constructed in the following way:

The complex K has a single 0-cell, the 1-skeleton of K is a bouquet of
circles, one circle corresponding to each generator x ∈ X, which is oriented
and labelled x. The words over X ∪X−1 are then in bijective correspondence
with the edge loops in the 1-skeleton. The 2-cells of K correspond bijectively
to the relators r ∈ R. The 2-cell corresponding to the relator r = x1x2 . . . xn,
xi ∈ X±1 is attached to the 1-skeleton along the loop defined by x1x2 . . . xn.
The fundamental group π1(K) is known to be naturally isomorphic to the
group G; this follows from the Seifert-van Kampen theorem (see Rotman
[Rot88], p. 178). The group G then acts on the second homotopy group π2(K),
via the standard action of the fundamental group of K (see Rotman [Rot88],
p. 342).

Example 1.38
1. Let P = 〈x | xx−1x〉 be a presentation of the trivial group. Then KP is the
so called Dunce hat ; it is a contractible space.

2. Let P = 〈x | x2〉 be a presentation of the cyclic group of order 2. Then
KP is homotopically equivalent to the 2-dimensional real projective plane. Its
second homotopy module is the infinite cyclic group Z with the generator of
Z2 acting by change of sign: 1 �→ −1.

3. For the one-relator presentation P = 〈x1, . . . , x2n |
∏n

i=1[x2i−1, x2i]〉, n ≥ 1,
the standard 2-complex KP is homotopically equivalent to the oriented sur-
face of genus n. Its second homotopy module π2(K) is zero (see Example
1.43).

The first two of the above examples follow easily from Theorem 1.39 for
which we now prepare to state.

Let P = (X, ϕ, R) be a free presentation of the group G and K = KP the
corresponding standard 2-complex. The homomorphism ϕ : F → G induces,
by linear extension, a ring homomorphism ϕ∗ : Z[F ] → Z[G]. While going
from Z[F ] to Z[G] under the homomorphism ϕ∗ : Z[F ]→ Z[G], we will often
drop writing ϕ∗.

Consider the module Z[G]⊕|X| (resp. Z[G]|⊕|R|), namely, the direct sum of
|X| (resp. |R|) copies of the integral group ring Z[G]. Recall that Z[G]⊕|X| 	
f/fr, where f (resp. r) is the augmentation ideal of Z[F ] (resp. Z[R]). Define
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κ : Z[G]⊕|X| → Z[G]

by setting
κ : (αx)x∈X �→

∑
x∈X

(x− 1)αx, αx ∈ Z[G].

Note that there are only a finite number of non-zero terms in the sequence
(αx) ∈ Z[G]⊕|X|, and as such the sum

∑
x∈X(x− 1)αx is well-defined. Define

τ : Z[G]⊕|R| → Z[G]⊕|X| (1.8)

by setting
τ : (βr)r∈R �→

∑
r∈R

(Jrxβr)x∈X , βr ∈ Z[G],

where Jrx is the image in Z[G] of the right partial derivative ∂r
∂x , r ∈ R, x ∈ X

(see later the section on free differential calculus, p. 31).
The second homotopy module π2(K) can be viewed as the kernel of the

map τ . This was first observed by K. Reidemeister [Rei50]. More precisely,
we have the following result.

Theorem 1.39 There is an exact sequence of Z[G]-modules:

0→ π2(K)→ Z[G]⊕|R| τ→ Z[G]⊕|X| κ→ Z[G] ε→ Z→ 0, (1.9)

where ε is the augmentation map. �

Let K̃ be the universal cover of the two-dimensional CW-complex K.
Then the singular chain complex of K̃ gives the following exact sequence
of Z[π1(K)]-modules:

0→ H2(K̃)→ C2(K̃)→ C1(K̃)→ C0(K̃)→ Z→ 0,

which, in fact, is exactly the sequence (1.9). For more details see [Sie93] .

Note that im(τ) is precisely the relation module R/R′ arising from the
presentation (1.7), the embedding

i : R/R′ → Z[G]⊕|X| (1.10)

is the well-known Magnus embedding

i : rR′ �→
(

∂r

∂x

)
x∈X

, r ∈ R,

and we have the following exact sequence

0→ R/R′
i→ Z[G]⊕|X| κ→ g→ 0. (1.11)
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Identity Sequences

There is an illustrative interpretation of elements of the second homotopy
modules of standard complexes in terms of the so-called identity sequences
(see, for example, [Pri91]). Let ci, i = 1, . . . , m, be words in the free group
F , which are conjugates of elements from R, i.e. ci = t±wi

i , ti ∈ R, wi ∈ F .
Then the sequence

c = (c1, . . . , cm) (1.12)

is called an identity sequence if the product c1 . . . cm is the identity element
in F . For an identity sequence (1.12), define its inverse c−1 by setting

c−1 = (c−1
m , . . . , c−1

1 ).

For w ∈ F , the conjugate cw is the sequence:

cw = (cw
1 , . . . , cw

m),

which clearly is again an identity sequence. Define the following operations,
called Peiffer operations, on the class of identity sequences:

(i) replace each wi by any word equal to it in F ;

(ii) delete two consecutive terms in the sequence if one is equal identically to the
inverse of the other;

(iii) insert two consecutive terms in the sequence one of which is equal identically
to the inverse of the other;

(iv) replace two consecutive terms ci, ci+1 by terms ci+1, c−1
i+1cici+1;

(v) replace two consecutive terms ci, ci+1 by terms cici+1c
−1
i , ci.

Two identity sequences are called equivalent if one can be obtained from
the other by a finite number of Peiffer operations. This defines an equivalence
relation in the class of identity sequences. Denote by EP the set of equivalence
classes of identity sequences for a given group presentation (1.7) . Then EP

can be viewed as a group, with the binary operation defined to be the class
obtained by the juxtaposition of two sequences:

For identity sequences c1, c2 and their equivalence classes 〈c1〉, 〈c2〉 ∈ EP, 〈c1〉 +
〈c2〉 = 〈c1c2〉. The inverse element of the class 〈c〉 is 〈c−1〉 and the identity in EP is
the empty sequence.

It is easy to see that EP is an abelian group. For two identity sequences
c = (c1, . . . , cm) and d = (d1, . . . , dk), we have

〈cd〉 = 〈(c1, . . . , cm, d1, . . . , dk)〉 = 〈(d1, . . . , dk, cd1...dk
1 , . . . , cd1 ... dm

m )〉

by the relation (iv). Since d1 . . . dk = 1 in F , we have

〈cd〉 = 〈(d1, . . . , dk, c1, . . . , cm)〉 = 〈dc〉.
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Furthermore, EP is a Z[F ]-module, where the action of F is given by

〈c〉 ◦ f = 〈cf 〉, f ∈ F.

It is easy to show that
〈c〉 ◦ r = 〈c〉, r ∈ R,

i.e. the subgroup R acts trivially on EP. To see this, let r = r±v1
1 . . . r±vk

k , ri ∈
R, vi ∈ F . Then for any identity sequence c = (c1, . . . , cm), by (ii)-(iv), we
have

〈(c1, . . . , cm)〉 = 〈(c1, . . . , cm, r±v1
1 , . . . , r±vk

k , r∓vk

k , . . . , r∓v1
1 )〉 =

〈(r±v1
1 , . . . , r±vk

k , cr
1 , . . . , cr

m, r∓vk

k , . . . , r∓v1
1 )〉 = 〈(cr

1 , . . . , cr
m)〉.

Thus EP can be viewed as a Z[G]-module.
Now it is not hard to show that for a given presentation P, the three

Z[G]-modules:

(1) the second homotopy module π2(KP),

(2) the identity sequence module EP, and

(3) the module π1(sk1 S(X, R)) (see Appendix, equation A.9)

are naturally isomorphic. The isomorphisms are defied as follows.
Let

〈c〉 = 〈(c±w1
1 , . . . , c±wm

m )〉 ∈ EP, ci ∈ R, wi ∈ F.

For a given rj ∈R, j∈J , let w(c)j =±wk1 . . . ±wkl
, where (r±wk1

j , . . . , r
±wkl
j )

is a subsequence of c with cki
= rj . Define

ψP : EP → Z[G]⊕|R|

by setting
〈c〉 �→ (ϕ∗(w(c)1), . . . , ϕ∗(w(c)i), . . . ).

It is easy to show that im(ψ) ⊆ ker(τ), where τ is the map (1.8). Therefore,
ψ can be viewed as a map

ψ : EP → π2(KP);

this map is an isomorphism of the Z[G]-modules EP and π2(KP).
Recall (see Appendix, equation A.9) that

π1(sk1 S(X, R)) =
〈yj , j ∈ J〉F1 ∩ 〈yjr

−1
j , j ∈ J〉F1

[〈yj , j ∈ J〉F1 , 〈yjr
−1
j , j ∈ J〉F1 ]

, (1.13)

where F1 = F ∗ F (yj | j ∈ J). Let f ∈ 〈yj , j ∈ J〉F1 ∩ 〈yjr
−1
j , j ∈ J〉F1 with

natural projection map ∂0 : F1 → F . Then f can be written as
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f = (yk1r
−1
k1

)±u1 . . . (ykm
r−1
km

)±um , ui ∈ F1.

Define the map
ξ : sk1(S(X, R))→ EP

by setting

f [〈yj , j ∈ J〉F1 , 〈yjr
−1
j , j ∈ J〉F1 ] �→ (r±∂0(u1)

k1
, . . . , r

±∂0(um)
km

). (1.14)

Since f ∈ 〈yj | j ∈ J〉F1 , clearly the sequence in (1.14) is an identity sequence.
It can be checked that ξ is an isomorphism of Z[G]-modules.

Remark. Analogously, there are different ways to define the second homo-
topy module for a given free presentation of a Lie algebra. For a free Lie
algebra F over a field k, with generating set X = {xi}i∈I and a subset
R = {rj ∈ F}j∈J , form the two-sided ideal R as the closure of R in F . Then
one can define the second homotopy module of the Lie algebra presentation
L := F/R = 〈xi, i ∈ I | rj , j ∈ J〉 as follows (see Appendix, equation A.10):

π1(sk1 S(X, R)) =
(yj , j ∈ J)F ∩ (yj − rj , j ∈ J)F
[(yj , j ∈ J)F, (yj − rj , j ∈ J)F ]

,

which clearly becomes an U(L)-module, where U(L) is the universal envelop-
ing algebra of L.

There is also a Fox derivative version of the definition of the second ho-
motopy module for Lie algebras. Let A = A(xi | i ∈ I) be a free associative
algebra with the set of generators {xi}i∈I . Then A is the universal enveloping
algebra U(F ) of F . There is the augmentation map ε : A → k, defined as
ε(xi) = 0, i ∈ I. Then every element u ∈ ker(ε) can be uniquely expressed as

u =
∑
i∈I

∂u

∂xi
xi,

∂u

∂xi
∈ A.

Analogous to the case of groups, the elements ∂u
∂xi

can be called Fox deriva-
tives. One can extend to the map ∂

∂xi
: A→ A, by setting ∂1

∂xi
= 0, i ∈ I. In

analogy with the map τ defined in (1.8), define the map

τ lie : U(L)⊕|R| → U(L)⊕|X|,

by setting
τ lie : (βj)j∈J �→

∑
j∈J

(J lie
ji βj)i∈I , βj ∈ U(L),

where J lie
ji is the image in U(L) of the element ∂rj

∂xi
∈ A. Then it is not hard

to see that there exists an isomorphism of U(L)-modules:

ker(τ lie) = π1(sk1 S(X,R)).
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Comparison of Different Presentations

Let 1 → R → F → G → 1 and 1 → S → E → G → 1 be two free presen-
tations of the group G and R/R′, S/S ′ the corresponding relation modules.
Then, by Schanuel’s lemma (see e.g. [Lut02]) there are free Z[G]-modules P ,
Q such that there exists an isomorphism of Z[G]-modules:

R/R′ ⊕ P 	 S/S ′ ⊕Q. (1.15)

If, furthermore, E = F , then we can take P = Q.
In view of the sequence (1.9), the following statements are equivalent:

(i) π2(K) = 0;

(ii) the relation module is a free Z[G]-module, with basis

{rR′ ; r ∈ R}.

A presentation satisfying the statement (i) (or, equivalently, (ii)) is called an
aspherical presentation.

Example 1.40
Let

P = 〈x1, . . . , xn | r1, . . . , rn〉 (1.16)

be a balanced presentation of the trivial group and K its standard 2-complex
(a presentation is said to be balanced if the number of generators equals the
number of defining relators). Then, π1(K) = 1 and the sequence (1.9) has
the following form:

0→ π2(K)→ Z⊕n τ→ Z⊕n κ→ Z
ε→ Z→ 0,

where the augmentation map ε is the identity map. Therefore, π2(K) = 0
and the presentation P is aspherical. It may be further observed that the
complex K is contractible.

Problem 1.41 Does there exist a group-theoretical description of the class
of groups which have balanced presentations?

Consider the following transformations on a given presentation

P = 〈x1, . . . , xm | r1, . . . , rn〉 :

(i) Replace any relator ri by r±f
i , where f ∈ Fm = 〈x1, . . . , xm | ∅〉.

(ii) Replace any relator ri by rirj , where rj is another relator of the given presen-
tation and i 
= j (and the converse operation).

(iii) Add a new generator t and a new relator t (and the converse operation).
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The transformations (i) - (iii) are called Andrews-Curtis moves. The fol-
lowing problem was introduced by J. J. Andrews and M. L. Curtis in 1965
[And65] and is of great interest in topology as well as group theory.

Problem 1.42 Andrews-Curtis Conjecture: Any balanced presentation
of the trivial group can be transformed by Andrews-Curtis moves into the
presentation 〈x | x〉.

Example 1.43
One-relator presentations [Lyn50]. Let 〈X | r〉 be a one-relator presentation of
a group G. Then the second homotopy module of its standard complex K is

π2(K) 	 (r̄ − 1)Z[G], (1.17)

where r̄ is a root of r in the free group F with X as basis. Further, if r is not
a proper power in the free group F , then π2(K) = 0.

Remark. Let a group G admit an aspherical free presentation. Then, it
follows from (1.15) that for any other free presentation 1→ R→ F → G→ 1,
the relation module R/R′ is a projective Z[G]-module.

Example 1.44
(M. J. Dunwoody) [Dun72]. Consider the trefoil group G given by the presen-
tation 〈a, b | a2 = b3〉. By (1.17), this presentation is aspherical. The group
G is known to admit a 2-generator, 2-relator presentation 〈x, y | v, w〉, such
that the corresponding relation module cannot be generated by a single ele-
ment. It follows from (1.15) that the corresponding relation module S/S ′ is
a projective Z[G]-module, which, however, is not a free Z[G]-module [Ber79].
Thus it is possible for a group to have two presentations such that one of
them is aspherical and the other is not.

The following result is due to Gutierrez and Ratcliffe [Gut81].

Theorem 1.45 If K is a connected 2-dimensional CW-complex, and K1 and
K2 are sub-complexes such that K = K1 ∪K2 and K1 ∩K2 is the 1-skeleton
K(1) of K, then there is an exact sequence

0→ i1π2(K1)⊕ i2π2(K2)
α→ π2(K)→ R ∩ S

[R, S]
→ 0,

of Z[π1(K)]-modules, where α is induced by inclusion, R is the kernel of
π1(K(1)) → π1(K1), S is the kernel of π1(K(1)) → π1(K2) and the action of
π1(K) 	 π1(K(1))/RS on R∩S

[R, S] is induced by conjugation. �
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Let P = 〈X | t〉 be a free presentation of a group G, and let K be the
standard 2-complex associated to this presentation. Suppose t = r∪ s, where
r, s are some sets of words over X. Let P1 = 〈X | r〉, P2 = 〈X | s〉. It follows
from Theorem 1.45 that there exists a short exact sequence of Z[G]-modules:

0→ j1(π2(K1))⊕ j2(π2(K2))→ π2(K)→ R ∩ S

[R, S]
→ 0, (1.18)

where R, S are the normal closures of r and s respectively in the free group
F with basis X, G = F/RS and ji is the homomorphism induced by the
inclusion of the standard 2-complex Ki into K, i = 1, 2.

The sequence (1.18) can be easily viewed by using the interpretation of
π2(K) in terms of identity sequences [Pri91]. For an identity sequence c :=
(c1, . . . , cm) with ci ∈ r ∪ s, choose a subsequence (ck1 , . . . , ckl

) in c with
cki
∈ r. Then the map

κ : π2(K)→ R ∩ S

[R, S]
(1.19)

is defined by setting
κ : c �→ ck1 . . . ckl

[R, S].

Clearly, ck1 . . . ckl
∈ R, by construction, but also ck1 . . . ckl

∈ S, since the
sequence (c1, . . . , cm) is an identity sequence, i.e. c1 . . . cm = 1 in F . In
particular, if P is aspherical, then R ∩ S = [R, S]. It is thus clear from
the exact sequence (1.18) that the study of R∩S

[R, S] as a Z[F/RS]-module is of
interest for the investigation of the second homotopy modules of the standard
2-complexes.

The structure of the second homotopy module for one-relator presentations
(1.17) gives another kind of exact sequence for second homotopy modules:

Theorem 1.46 [Gut81]. Let G = 〈X | N 〉 be a group presentation with re-
lation module N/γ2(N). Let Kr be the standard 2-complex for a presentation
〈X | r〉, r ∈ N , and let sr be the root of r in the free group F (X). Then there
is an exact sequence of Z[G]-modules:

0→ ⊕r∈N i∗π2(Kr)
α→ π2(K)→ ⊕r∈NZ[G]/(sr − 1)Z[G]

γ→ N/γ2(N)→ 0,

where α is induced by inclusion and γ maps 1+(sr−1)Z[G] onto rγ2(N) for
each r ∈ N . �

Applying Theorem 1.46 to the case of two-relator presentations, and using
the sequence (1.18), we immediately have the following result.

Corollary 1.47 (see also [Har91a]). If F is a free group, r and s words in
F , R = 〈r〉F , S = 〈s〉F , then the group R∩S

[R, S] is a free abelian group. �

Consider the following homotopy pushout of topological spaces:
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K(F, 1) −−−−→ K(F/R, 1)⏐⏐� ⏐⏐�
K(F/S, 1) −−−−→ X,

(1.20)

where K(G, 1) denotes the classifying space of G and the maps
between the classifying spaces are induced by the natural projections of
the corresponding groups. By Seifert-van Kampen theorem (see [Mas67],
Theorem 2.1) the fundamental group π1(X) is isomorphic to F/RS. Fur-
thermore, we have:

Theorem 1.48 [Bro84] The second homotopy module π2(X) is isomorphic
to R∩S

[R, S] as Z[F/RS]-module. �

Remark. The map κ defined on page 26 can be obtained as a map between
π2 terms in the following diagram of homotopy pushouts:

K(1) ��

��������������
K1

��

�����
��

��
��

��

K2

��

��

��

K

��

K(F, 1)

������������

�� K(F/R, 1)

����
��

��
���

�

K(F/S, 1) �� X

Example 1.49
Let G be a group, and Y a K(G, 1)-space and Y (1) its 1-skeleton. Let F =
π1(Y (1)) and R its normal subgroup such that G = F/R. Then the second
homotopy module of the space X obtained from Y by contracting its 1-
skeleton into a single point is R/[F, R], viewed as a trivial G-module.

If F = RS, then the Mayer-Vietoris homology sequence applied to (1.20)
immediately gives the following:

Theorem 1.50 (Brown [Bro84]). There exists the following exact sequence:

H2(F )→ H2(F/R)⊕H2(F/S)→ R ∩ S

[R,S]
q→

H1(F )→ H1(F/R)⊕H1(F/S)→ 0. (1.21)

�
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If F = RS is a normal subgroup of a group E, then it is easy to see
that the long exact sequence (1.21) is a sequence of Z[E/F ]-modules, via
conjugation. In the case when E is a non-cyclic free group, Hartley and
Kuz’min constructed an exact sequence like (1.21), which gives an analog of
the Magnus embedding (see also 1.10 for details), namely the embedding

R/R′ ↪→ e/er 	 Z[E/R]⊕rank(E), rR′ �→ r − 1 + er, r ∈ R � E. (1.22)

Theorem 1.51 (Hartley-Kuzmin [Har91a]). There exists the following exact
sequence of Z[E/F ]-modules:

0→ H2(F/R)⊕H2(F/S)→ R ∩ S

[R,S]
→W

ν→

∆(E/R ∩ S)⊗Z[E/R∩S] Z[E/F ]→ 0, (1.23)

where W is a free Z[E/F ]-module on a basis in one to one correspondence
with a basis of E.

[Recall that ∆(G), as also g, denotes the augmentation ideal of the integral
group ring Z[G].]

Proof. Let V = ∆(E/R ∩ S)⊗Z[E/R∩S] Z[E/F ]. Applying to the sequence

0→ ∆(E/R ∩ S)→ Z[E/R ∩ S]→ Z→ 0

the functor ⊗Z[E/R∩S]Z[E/RS], we get the following exact sequence:

0→ TorZ[E/R∩S]
1 (Z, Z[E/RS])→ V → ∆(E/F )→ 0.

Applying the homological functor H∗(E/R ∩ S,−) to the augmentation se-
quence

0→ ∆(F/R ∩ S)Z[E/R ∩ S]→ Z[E/R ∩ S]→ Z[E/F ]→ 0,

we conclude that

TorZ[E/R∩S]
1 (Z, Z[E/F ]) = H1(E/R∩S, Z[E/F ]) 	 ∆(F/R ∩ S)Z[E/R ∩ S]

∆(F/R ∩ S)∆(E/R ∩ S)
.

Observe that the last term is naturally isomorphic to H1(F/R ∩ S).
To construct the map ν : W→V , let us apply the functor⊗Z[E/R∩S]Z[E/F ]

to the Magnus embedding

0→ R ∩ S/γ2(R ∩ S)→ Z[E/R ∩ S]⊕rank(E) κ→ ∆(E/R ∩ S)→ 0,

and define
ν := κ⊗Z[E/R∩S] idZ[E/F ].
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We thus have the following commutative diagram:

0 0⏐⏐� ⏐⏐�
0 −−−−→ (R∩S)γ2(F )

γ2(F ) −−−−→ H1(F ) −−−−→ H1(F/R ∩ S) −−−−→ 0∥∥∥ τ

⏐⏐� ⏐⏐�
0 −−−−→ im(q) −−−−→ W

ν−−−−→ V −−−−→ 0⏐⏐� ⏐⏐�
∆(E/F ) ∆(E/F )⏐⏐� ⏐⏐�

0 0
(1.24)

where τ is the Magnus embedding and q is the same as in (1.21). The assertion
then follows from the commutative diagram (1.24) and exact sequence (1.21).

�

Remark.
Theorems 1.45 and 1.48 are generalized for the case of three normal subgroups
in [Bau] and [Ell08]; in particular, the following result is given in [Bau]:

Let K be a two-dimensional CW-complex with subcomplexes K1, K2, K3 such that
K = K1 ∪K2 ∪K3 and K1 ∩K2 ∩K3 is the 1-skeleton K1 of K. There is a natural
homomorphism of π1(K)-modules

π3(K)→ R1 ∩R2 ∩R3

[R1, R2 ∩R3][R2, R3 ∩R1][R3, R1 ∩R2]
,

where Ri = ker{π1(K1) → π1(Ki)}, i = 1, 2, 3 and the action of π1(K) =
F/R1R2R3 on the right hand abelian group is defined via conjugation in F .

Faithfulness of R ∩ S
[R,S]

We need the following well-known result.

Lemma 1.52 If z ∈ Z[G] is a nonzero element and (g − 1)z = 0 for all
g ∈ G, then G must be of finite order. �

For a group G, denote by δ+(G) the subgroup generated by the torsion
elements g ∈ G which have only finitely many conjugates in G. Recall (see
[Pas77b]) that
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(i) δ+(G) is a locally finite normal subgroup of G;

(ii) δ+(G) = 1 if and only if G does not contain a nontrivial finite normal subgroup.

An ideal I in the group algebra k[G], where k is a field, is said to be controlled
by a normal subgroup H of G if

I = (k[H] ∩ I)k[G].

An annihilator ideal I in k[G] is, by definition, a two-sided ideal such that
there exists a subset X ⊆ k[G] with

I = Annk[G](X) := {α ∈ k[G] | X.α = 0}.

Observe that if a k[G]-module M embeds in a free k[G]-module, then
Annk[G](M) is an annihilator ideal in k[G]. We need a result, due to M.
Smith [Smi70], about semi-prime group algebras, i.e. group algebras which
do not have any nonzero two-sided ideal with square zero. If k is a field of
characteristic 0, then the group algebra k[G] is always semi-prime ([Pas77b]).

Theorem 1.53 (Smith [Smi70]). In a semi-prime group algebra k[G], in par-
ticular if char(k) = 0, the annihilator ideals are controlled by the normal
subgroup δ+(G).

As an immediate consequence we have:

Corollary 1.54 If a Z[G]-module M admits a nontrivial homomorphism
into a free Z[G]-module and δ+(G) = 1, then M is a faithful Z[G]-module.

Let F be a non-cyclic free group and R a proper normal subgroup of F .
Then the quotients γn(R)/γn+1(R) (n ≥ 1) of the lower central series of R
can be regarded as right modules over the group G := F/R via conjugation
in F . It has been proved by Passi [Pas75a], using Theorem 1.53, that the
relation module R/γ2(R) is always faithful. It had been earlier shown by
Mital-Passi [Mit73] that the faithfulness of relation modules implies that of
all the higher relation modules γn(R)/γn+1(R) (n > 1) as well. We thus have
the following

Theorem 1.55 (Mital-Passi [Mit73], [Pas75a]). If R is a proper normal sub-
group of a non-cyclic free group F , then the F/R-modules γn(R)/γn+1(R)
(n ≥ 1) are all faithful.

To present the proof of the above result, following the work of Mital and
Passi, we need the basic notions of Fox’s free differential calculus [Fox53].
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Free Differential Calculus

Let G be a group, k a commutative ring with identity and M a right k[G]-
module. A (right) derivation d : k[G] → M is a k-homomorphism which
satisfies

d(xy) = d(x)y + d(y)

for all x, y ∈ G. Let ε : k[G]→ k be the augmentation map. It is easy to see
that every derivation d : k[G]→M satisfies the following equations:

d(uv) = d(u)v + ε(u)v for all u, v ∈ k[G]; (1.25)
d(λ) = 0 for all λ ∈ k; (1.26)

d(g−1) = −d(g)g−1, for all g ∈ G. (1.27)

Let F be a free group with basis X = {xi}i∈I . Then, for every i ∈ I, we have
a unique derivation di : F → Z[F ], called the partial derivation with respect
to the generator xi (also denoted by ∂

∂xi
), which satisfies

di(xj) =

{
1, for i = j,

0 for i 
= j
.

If d : Z[F ]→ Z[F ] is an arbitrary derivation and d(xi) = hi, then

d(u) =
∑
i∈I

hidi(u), for all u ∈ Z[F ]. (1.28)

Let 1 → R → F
α→ G → 1 be a noncyclic free presentation of a group G,

with R 
= 1. Extend α to a ring homomorphism Z[F ] → Z[G] by linearity.
We need two formulas which are both easy to verify.

Let n, i be integers with n > i ≥ 0, and u ∈ fi, v ∈ fn−i−1r. Then, for
arbitrary derivations D1, . . . , Dn,

αDn · · ·D1(uv) = εDi · · ·D1(u)αDn · · ·Di+1(v), (1.29)

where ε : Z[F ]→ Z is the augmentation map. Since F is residually nilpotent,
there exists an integer c ≥ 1 such that

R ⊆ γc(F ) but R 
⊆ γc+1(F ).

Let r ∈ γi(R), s ∈ γj(R), i + j = n. Then, for arbitrary derivations,
D1, . . . , Dc(n−1)+1 : Z[F ]→ Z[F ], we have

αDc(n−1)+1 · · ·D1([r, s]) = εDci · · ·D1(r)αDc(n−1)+1 · · ·Dci+1(s)
− εDcj · · ·D1(s)αDc(n−1)+1 · · ·Dcj+1(r). (1.30)



32 1 Lower Central Series

For all natural numbers n, we have a monomorphism

θn : γn(R)/γn+1(R)→ frn−1/frn, rγn+1(R) �→ r − 1 + frn, r ∈ γn(R)

of right G-modules. Let Ki be the set consisting of all elements

αDc(i−1)+1 · · ·D1(r) ∈ Z[G]

with r ∈ γi(R) and D1, · · · , Dc(i−1)+1 : Z[F ]→ Z[F ] arbitrary derivations.

Lemma 1.56 AnnZ[G](γn(R)/γn+1(R)) ⊆ AnnZ[G](Kn).

Proof. Let z ∈ AnnZG(γn(R)/γn+1(R)) and let u ∈ Z[F ] be a preimage of u
under α. Then, applying θn, we have

(r − 1)u ∈ frn ⊆ fc(n−1)+1r, for all r ∈ γn(R).

Successive differentiation shows that

αDc(n−1)+1 · · ·D1(r).z = 0

for all r ∈ γn(R) and derivations D1, · · · , Dc(n−1)+1 : Z[F ]→ Z[F ]. �

Since f/fr is a free Z[G]-module with basis xi − 1 + fr, it follows that

AnnZ[G](R/γ2(R)) = AnnZ[G](K1),

and thus AnnZ[G](R/γ2(R)) is an annihilator ideal. Consequently, by Theorem
1.53, the ideal Q AnnZ[G](R/γ2(R)) of the rational group algebra Q[G]
is controlled by δ+(G). It then follows that, to prove the vanishing of
AnnZ[G](R/γ2(R)), it suffices to consider the case when G is finite. It is,
however, known [Gas54] that, in this case, the Q[G]-module Q ⊗ R/γ2(R)
contains Q[G] as a direct summand and so has trivial annihilator. Therefore
AnnZ[G](R/γ2(R)) is trivial when G is finite, and hence it is so in general.

We next consider higher relation modules. Let i be the least natural num-
ber such that

AnnZ[G](γn(R)/γn+1(R)) ⊆ AnnZ[G](Ki).

If i = 1, then AnnZ[G](γn(R)/γn+1(R)) = 0, since

AnnZ[G](K1) = AnnZ[G](R/γ2(R)) = 0.

Suppose i ≥ 2. In this case we assert that

γi−1(R) 
⊆ γc(i−1)+1(F ). (1.31)
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For, suppose γi−1(R) ⊆ γc(i−1)+1(F ). Choose r ∈ R\γc+1(F ). Then there exist
partial derivations di1 , · · · , dic

: F → Z[F ] such that

εdic
· · · di1 (r) 
= 0. (1.32)

For arbitrary t ∈ γi−1(R) and derivations Dc+1, · · · , Dc(i−1)+1, we then have
[r, t] ∈ γi(R) and therefore

αDc(i−1)+1 · · ·Dc+1dic
· · · di1 ([r, t]).z = 0

for all z ∈ AnnZ[G](γn(R)/γn+1(R). On successive differentiation, and observ-
ing that t− 1 ∈ fc(i−1)+1, it follows that

αDc(i−1)+1 · · ·Dc+1(t).z = 0,

i.e., z ∈ AnnZ[G](Ki−1). This contradicts the choice of i, and so our claim
(1.31) is established.

Lemma 1.57

AnnZ[G](γn(R)/γn+1(R))⊆AnnZ[G]{αD(r) | r∈R∩γc+1(F ), D is a derivation}.

Proof. Let r ∈ R ∩ γc+1(F ), z ∈ AnnZ[G](γn(R)/γn+1(R)), and D : Z[F ] →
Z[F ] a derivation. Choose s ∈ γi−1(R)\γc(i−1)+1(F ). Then there exist partial
derivations di1 , · · · , dic(i−1) such that εdic(i−1) · · · di1 (s) 
= 0. Now [r, s] ∈ γi(R)
and therefore

αDdic(i−1) · · · di1 ([r, s]).z = 0

for arbitrary derivation D. It then easily follows on simplification that
αD(r).z = 0. �

Let z ∈ AnnZ[G](γn(R)/γn+1(R)), r ∈ R and f1, · · · , fc ∈ F . Then

[· · · [[r, f1], · · · ], fc] ∈ R ∩ γc+1(F ).

Therefore, by Lemma 1.57,

αD([· · · [[r, f1], · · · ], fc]).z = 0

for every derivation D : Z[F ]→ Z[F ]. Now observe that

αD([· · · [[r, f1], · · · ], fc])) = αD(r)(α(f1)− 1) · · · (α(fc)− 1).

Hence
αD(r)(α(f1)− 1) · · · (α(fc)− 1).z = 0.

It thus follows that

gc.AnnZ[G](γn(R)/γn+1(R)) ⊆ AnnZ[G](R/γ2(R)).



34 1 Lower Central Series

Hence
gc.AnnZ[G](γn(R)/γn+1(R)) = 0.

If G is infinite, then, by Lemma 1.52, it immediately follows from the above
equation that AnnZ[G](γn(R)/γn+1(R)) = 0.

Finally, suppose G is finite. Let x, y be two distinct elements of the free
basis X of F and dx, dy the corresponding partial derivations on F . Since G
is finite, there exists a natural number m such that xm ∈ R. By Lemma 1.56
we have

αdydn−1
x ([· · · [[r, xm], xm], · · · , xm︸ ︷︷ ︸

n−1 terms

].z = 0 (1.33)

for all r ∈ R and z ∈ AnnZ[G](γn(R)/γn+1(R)). Iterative simplification of the
equation (1.33) yields αdy(r).z = 0. Hence it follows that

AnnZ[G](γn(R)/γn+1(R)) ⊆ AnnZ[G](R/γ2(R)) = 0,

completing the proof of Theorem 1.55. �

We next note that, in general, the group F/RS does not act faithfully on
R∩S
[R, S] .

Example 1.58
Let F = 〈a, b | ∅〉 be the free group of rank 2, R = 〈a, b−1ab, b2〉, S = 〈b2〉F .
Then S ⊂ R and S/[R, S] = 〈b2[R, S]〉 is an infinite cyclic group on which
G := F/R acts trivially. Thus AnnZ[G](S/[R, S]) = g, the augmentation ideal
of the integral group ring Z[G].

Theorem 1.59 (Mikhailov-Passi [Mik06c]). Let F be a free group of finite
rank j > 1. If RS

(R∩S)γ2(RS) is finite, then R∩S
[R, S] is a faithful Z[F/RS]-module.

Furthermore, if F/R∩S is finite, then there is an isomorphism of Q[F/RS]-
modules:

R ∩ S

[R, S]
⊗Q 	 Q⊕Q[F/RS]⊕ · · · ⊕Q[F/RS]︸ ︷︷ ︸ (j − 1 terms), (1.34)

Proof. Consider the following exact sequence with the obvious homomor-
phisms:

1→ R ∩ S ∩ γ2(RS)
[R, S]

⊗Q→ R ∩ S

[R, S]
⊗Q→ RS/γ2(RS)⊗Q→

RS

(R ∩ S)γ2(RS)
⊗Q→ 1, (1.35)
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where the tensor products are over Z. Since RS
(R∩S)γ2(RS) is a finite abelian

group, the last term in (1.35) is trivial. It follows that R∩S
[R, S] ⊗ Q maps onto

RS/γ2(RS) ⊗ Q which is a faithful Q[F/RS]-module [Pas75a]. Therefore,
R∩S
[R, S] is a faithful Z[F/RS]-module.

Next observe that [R ∩ S, RS] = [R ∩ S,R][R ∩ S, S] ⊆ [R,S]; therefore,
there exists a natural epimorphism

H2(RS/(R ∩ S)) 	 R ∩ S ∩ γ2(RS)
[R ∩ S,RS]

→ R ∩ S ∩ γ2(RS)
[R, S]

,

where H2(−) denotes the second integral homology group. In case F/R∩S is
finite, then H2(RS/(R ∩ S)) is finite, and consequently R∩S ∩γ2(RS)

[R, S] is finite.
Thus, from (1.35), we have

R ∩ S

[R, S]
⊗Q 	 RS/γ2(RS)⊗Q

and the structure as asserted in (1.34) follows from [Gas54]. �

Theorem 1.60 (Mikhailov [Mik05a]). If F is a non-cyclic free group, {1} 
=
S ⊆ R are its normal subgroups, and δ+(F/R) = 1, then S/[R,S] is a faithful
Z[F/R]-module.

Proof. Since F is residually nilpotent, there exists n ≥ 1 such that

S ⊆ γn(R), S � γn+1(R), (1.36)

and so the natural projection of Z[F/R]-modules:

ϕ1 : S/[S,R]→ Sγn+1(R)
γn+1(R)

, (1.37)

is nontrivial. Let r be the kernel of the natural projection Z[F ] → Z[F/R].
Since Sγn+1(R)

γn+1(R) is a submodule of the higher relation module γn(R)/γn+1(R),
which embeds into the free Z[F/R]-module rn/rn+1, we have a nontrivial
homomorphism

S/[S,R]→ rn/rn+1

of Z[F/R]-modules. Our conclusion therefore follows from Corollary 1.54. �

In general, the residual nilpotence of F/[R, S] does not imply the residual
nilpotence of F/RS. We give an example that requires small cancellation
theory for which the reader is referred to [Ols91].
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Example 1.61
Let F be a free group of rank 2n+2, n≥3, with basis X ={a, b, x1, . . . , x2n}.
Consider the words

r = a[b, x1][b, x2] . . . [b, xn], s = b[a, xn+1][a, xn+2] . . . [a, x2n],

and let R = 〈r〉F , S = 〈s〉F . Then the presentation 〈X | r, s〉 satisfies
the small cancellation condition C(6). Since the relators r, s are not proper
powers in F , the presentation 〈X | r, s〉 is aspherical (see [Ols91], Theorem
13.3 and Corollary 31.1). Consequently R ∩ S = [R, S] (see (1.18)), and so
we have the following embedding

F/[R, S] ⊆ F/R× F/S.

Observe that each of F/R and F/S is a free group of rank 2n + 1. Therefore
F/R×F/S is residually nilpotent, and consequently so is F/[R, S]. From the
definitions of the relators r and s, it is clear that the elements aRS, bRS of
F/RS lie in γω(F/RS). We assert that aRS and bRS are both nontrivial.

Consider the natural epimorphic image of F/RS defined by the presen-
tation

〈a, b, x1, xn+1 | a[b, x1], b[a, xn+1]〉 ≡ 〈a, x1, xn+1 | a[[xn+1, a], x1]〉.

By the Freiheitssatz for one-relator groups ([Mag66] Theorem 4.10), the sub-
group generated by {a, x1} in the group defined by the right hand presenta-
tion is a free group of rank 2. Hence aRS is a nontrivial element of F/RS,
and therefore F/RS is not residually nilpotent.

The foregoing analysis helps to provide some instances in which the resid-
ual nilpotence of F/[R, S] yields information about the quotient F/RS.

Theorem 1.62 (Mikhailov-Passi, [Mik06b]). If F/R∩S is finite and F/[R, S]
is residually nilpotent, then F/RS is a finite p-group.

Proof. By Theorems 1.59 and 1.35 it follows that ∆ω(F/RS) = 0. It follows
from the hypothesis that F/RS is finite; therefore it is a finite p-group (see
[Pas79], p. 100). �
Theorem 1.63 (Mikhailov-Passi, [Mik06b]). Let F be a free group of finite
rank, and let R, S be normal subgroups of F such that

(i) F/RS is finite,

(ii) [F, RS] ⊆ (R ∩ S)γ2(RS) and

(iii) F/[R, S] is residually nilpotent.

Then F/RS is nilpotent.

Proof. The hypothesis implies that F/RS acts faithfully on R∩S
[R, S] ([Mik06b],

Theorem 6). The assertion therefore follows from Theorem 1.35. �
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1.4 k-central Extensions

Given a group G, let ζn(G) denote its nth centre:

ζn(G) := {g ∈ G | [. . . [g, x1], x2], . . . , xn] = 1, ∀ xi ∈ G, i = 1, 2, . . . , n},

for n ≥ 1 and ζ0(G) = 1. The series {ζn(G)}n≥0 is an ascending central series,
called the upper central series of the group G. Let

1→ N
i→ G̃

π→ G→ 1 (1.38)

be an exact sequence of groups. We say that G̃ is a k-central extension of
G, k ≥ 1, if the image i(N) is contained in ζk(G̃). In particular, a 1-central
extension is just a central extension.

A natural question to study is the relationship between residual properties
of G and its k-central extensions G̃. For residual nilpotence this question is
quite nontrivial even for the case of central extensions. In fact, it is not hard
to construct examples of central extensions 1 → N

i→ G̃
π→ G → 1 in which

G̃ (resp. G) is a residually nilpotent group, but G (resp. G̃) is not residually
nilpotent.

Example 1.64
Let A be a free abelian group of infinite rank with basis {ai}i≥1, and Gi the
2-generated free nilpotent group of nilpotency class i + 1 with generators
xi, yi. Let H = A ⊕

∏
i≥1 Gi. Set βi := [xi, iyi], i ≥ 1, and let R be

the central subgroup of H generated by elements aia
−1
i+1βiβ

−1
i+1, i ≥ 1. Let

G = H/R.
First let us show that the group G is residually nilpotent. Let R1 be the

subgroup in G generated by the central elements βi, i ≥ 1. Then G/R1 is
a direct product of nilpotent groups and hence G/R1 is residually nilpotent.
Therefore, γω(G) ⊆ R1. Let 1 
= x ∈ γω(G). Then x can be written as

x = βk1
1 . . . βkn

n , (1.39)

for some n ≥ 1 and some integers ki, i = 1, . . . , n at at least one ki not equal
to zero. Consider the group

G(n) = (〈ai, i = 1, . . . , n〉 ⊕
n∏

i=1

Gi)/{aia
−1
i+1βiβ

−1
i+1, i < n}.

There exists the natural epimorphism G → G(n), whose kernel is the sub-
group in G generated by elements xi, yi, i > n. Observe that the image of
x is nontrivial in the group G(n). Since G(n) is nilpotent of class n + 1 it
follows that x /∈ γn+1(G), a contradiction. Hence G is residually nilpotent.

It is easy to see that the group G/A is not residually nilpotent, whereas
the group G/AR1 is residually nilpotent.
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The following central extensions thus provide examples of the type asserted
above:

1→ A→ G→ G/A→ 1,

1→ R1A/A→ G/A→ G/R1A→ 1;

for, we have

γω(G) = 1, γω(G/A) 
= 1, γω(G/R1A) = 1.

Notation. Let G be a residually nilpotent group. We say that G lies in the
class J̃k, k ≥ 1, if for any k-central extension (1.38), the group G̃ is also
residually nilpotent; we will denote the class J̃1 by J̃ .

Groups with Long Lower Central Series

We say that a group H has long lower central series if γω(H) 
= γω+1(H).
The following example shows the existence of such groups, and in fact more
generally, the existence of transfinitely nilpotent groups of arbitrarily long
transfinite lower central series.

Example 1.65 (Hartley [Har70]).

Let α be an ordinal number and A an abelian group with the property that
Aλ+1 = 0 and Aλ 
= 0, where the series {Aµ} is defined by setting A0 =
A, Aµ+1 = pAµ and, for a limit ordinal β, Aβ =

⋂
µ<β Aµ. Let Cp be the

cyclic group of order p. Then the wreath product W = A �Cp is a transfinitely
nilpotent group with γλ(W ) 
= 1.

It is clear that for any group G with γω(G) 
= γω+1(G), G/γω(G) /∈ J̃ . On
the other hand, if G is a residually nilpotent group not belonging to J̃ and
G̃ is a central extension (1.38) of G which is not residually nilpotent, then
γω(G̃) 
= γω+1(G̃) = 1, and so G̃ is a group with long lower central series.
Thus examples of groups with long lower central series provide examples of
residually nilpotent groups which do not belong to the class J̃ , and conversely.
Note that the Stallings-Stammbach five-term sequence ([Hil71], p. 202) gives,
for every group G, the following exact sequence:

H2(G)→ H2(G/γω(G))→ γω(G)/γω+1(G)→ 1. (1.40)

Therefore, the stabilization of the lower central series at the ω-term, i.e.,
γω(G) = γω+1(G), occurs if and only if the map H2(G) → H2(G/γω(G)),
induced by the natural projection G→ G/γω(G), is an epimorphism.

The following example of a finitely-presented group G with γω(G) 
=
γω+1(G) is due to J. Levine [Lev91]; it is the first such example:
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Example 1.66
Let G be the group given by the following presentation:

〈t, x, y, z | [x, y] = 1, txt−1x = 1, tyt−1 = y−1, z−1x[z, t] = 1〉.

Then γω(G)/γω+1(G) = Z3.

The following example is due to Cochran and Orr [Coc98]. It gives a nice
illustration of homological methods used in the construction of groups with
long lower central series.

Example 1.67 [Coc98]. Let G = 〈a, b, c | aba−1b = c3 = 1〉. Then γω(G) 
=
γω+1(G).

Proof. It is easy to see that the element b is a generalized 2-element: b2n+1 ∈
γn(G), n ≥ 1. Therefore, c being an element of order 3, the nontrivial element
[b, c] lies in the intersection γω(G) of the lower central series. On the other
hand, the group

H := 〈a, b, c | aba−1b = [b, c] = c3 = 1〉

is residually nilpotent by Example 1.23 (case p = 3). Therefore, γω(G) =
〈[b, c]〉G and G/γω(G) = H.

Let us compute the second integral homology group of H. Note that H is
an HNN-extension of the group H1 = 〈b, c | [b, c] = c3 = 1〉 	 Z ⊕ Z3 over
the cyclic subgroup generated by element b. Therefore, we have the following
Mayer-Vietoris exact sequence

0→ H2(Z⊕ Z3)→ H2(H)→ Z→ · · · ,

showing that H2(H) contains the cyclic subgroup Z3 	 H2(Z ⊕ Z3). Now
observe that the group G is the free product of the one-relator group

〈a, b | aba−1b = 1〉

and the cyclic group 〈c | c3 = 1〉. Therefore its second integral homology
group H2(G) is trivial. The assertion thus follows from the sequence (1.40).

�

Example 1.68 [Coc98].

Let p, q be different primes, Xp the 3-manifold, obtained from S3 by (p, p, 0)
surgery on the Borromean rings. Consider the connected sum M of Xp with
q-lens space (or any other 3-manifold with fundamental group isomorphic
to Zq). In [Coc98] it is proved that the fundamental group of M has the
following presentation
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π1(M) = 〈x, y, z, s | [x, y] = 1, xp = [y, z−1], yp = [x, z], sq = 1〉,

and γω(π1(M)) 
= γω+1(π1(M)).

Let F be a free group with basis x1, x2, x3, x4. A striking result of C. K.
Gupta [Gup73] is that the free centre-by-metabelian group

F/[[F, F ], [F, F ], F ]

has 2-torsion. More precisely, it has been proved that the element

w = [[x−1
1 , x−1

2 ], [x3, x4]][[x−1
1 , x−1

4 ], [x2, x3]][[x−1
1 , x−1

3 ], [x4, x2]]·
[[x−1

4 , x−1
2 ], [x1, x3]][[x−1

2 , x−1
3 ], [x1, x4]][[x−1

3 , x−1
4 ], [x1, x2]].

of F is such that w /∈ [[F, F ], [F, F ], F ], whereas w2 ∈ [[F, F ], [F, F ], F ].

We need the description of torsion in the second integral homologies of
free abelian extensions given by Kuz’min.

Theorem 1.69 (Kuz’min [Kuz87], [Kuz06, Cor. 8.6, p. 235]). If F is a free
group and N its normal subgroup, such that F/N is 2-torsion free, then

tor(H2(F/[N, N ])) 	 H4(F/N, Z2),

where for an abelian group A, tor(A) denotes the torsion subgroup of A.

[ For a more general result, see [Stö87]. ]

From Theorem 1.69, it follows that for a free group F of rank ≥ 4, the
group F/[[F, F ], [F, F ], F ] contains the abelian 2-group

H4(F/[F, F ], Z2) 	 Z
(rank(F )

4 )
2 ;

thus it follows that there is a 2-torsion in the free centre-by-metabelian group
F/[[F, F ], [F, F ], F ].

Example 1.70 (Mikhailov [Mik02]). The group

G = 〈a, b | [a, b3] = [a, b, a]2 = 1〉

is such that γω(G) 
= γω+1(G).

Proof. First note that γ2(G)3 ⊆ γ3(G); therefore, [a, b, a] ⊆ γω(G). Let F
be the free group with basis a, b, and N the normal closure of the elements
a, b3 in F . Then the group
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H := G/〈[a, b, a]〉G = 〈a, b | [a, b3] = [a, b, a] = 1〉

is a free abelian extension of the cyclic group Z3:

1→ N/[N,N ]→ F/[N,N ](	 H)→ F/N(	 Z3)→ 1.

Note that H is residually nilpotent. Therefore γω(G) = 〈[a, b, a]〉G. Consider
the homomorphism π : H2(G) → H2(H) induced by the natural projection
G→ H. By Theorem 1.69 we have

tor(H2(H)) = H4(F/N, Z2) = 0,

i.e., H2(H) is a free abelian group. Therefore the element

e := [a, b, a][[N, N ], F ]

is not in the image of π in case it is not trivial in H2(H). Suppose the
element e is trivial, i.e., [a, b, a] ∈ 〈[a, b3], [a, b, a, f ], f ∈ F 〉F . Then
[a, b, a] ∈ 〈b3, [a, b, a, f ], f ∈ F 〉F . By symmetry we conclude that

[a, b, a], [b, a, b] ∈ 〈a3, b3, γ4(F )〉F ;

therefore, γ3(S) = γ4(S) for the group S = 〈a, b | a3 = b3 = 1〉 	 Z3 ∗ Z3.
However, the group S is residually nilpotent, and not nilpotent. We thus
have a contradiction. Consequently π is not an epimorphism and hence
γω(G) 
= γω+1(G). �

Problem 1.71 Does there exist a finitely-presented group G with γω(G)/
γω+1(G) infinite cyclic?

Problem 1.72 Let G be a group of Example 1.70. Consider the group H =
G/γω+1(G) ∗ Z. Is it true that γα(H) 
= γα+1(H) for α < ω2?

Baer Invariants

As seen in the preceding section, group homology plays a role in the inves-
tigation of residual nilpotence of central extensions. In the case of k-central
extensions a similar role is played by Baer invariants [Bae45] which are de-
fined as follows:

Let G be a group and

1→ N → F → G→ 1 (1.41)

a free presentation of G. Then the abelian group
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M (n)(G) :=
N ∩ γn+1(F )

[N, nF ]
, (1.42)

where
[N, 0F ] = N, [N, n+1F ] = [[N, nF ], F ], for n ≥ 1,

does not depend on the choice of the presentation (1.41); the group M (n)(G)
is called the nth Baer invariant of the group G. That the group M (n)(G) does
not depend on the choice of a presentation (1.41) follows from the fact that
it is the first derived functor of the functor G �→ G/γn(G) on the category Gr
of groups (see Appendix, Example A.16, for details). Note that the invariant
M (1)(G) is the Schur multiplicator of G, and is isomorphic to H2(G), the sec-
ond integral homology group of G; this is the reason that the Baer invariants
are sometimes called generalized (or n-nilpotent ) multiplicators. Baer invari-
ants have been studied by J. Burns and G. Ellis ([Bur97], [Bur98], [Ell02]),
and several other authors.

A direct analog of the Stallings-Stammbach five-term sequence is the fol-
lowing exact sequence, which can be proved by an immediate application of
the presentation (1.42).

Theorem 1.73 Let k ≥ 1, G a group and N a normal subgroup of G. Then
there is the following exact sequence of groups:

M (k)(G)→M (k)(G/N)→ N/[N, kG]→ G/γk+1(G)→ G/Nγk+1(G)→ 1.

In particular, for k ≥ 1, n ≥ k + 1, there exists the following exact sequence
of abelian groups:

M (k)(G)→M (k)(G/γn(G))→ γn(G)/γn+k(G)→ 1. (1.43)

We need the following result.

Theorem 1.74 (Ellis [Ell02]) If G is a group such that H2(G) is a torsion
group, then M (n)(G) is also a torsion group for all n ≥ 1.

For a proof of the above theorem, see Proposition 1.139 or Theorem 5.14.

Generalized Dwyer Filtration

For any k ≥ 1, m ≥ k + 1 and group G 	 F/N , define the generalized Dwyer
filtration

M (k)(G) = ϕ
(k)
k+1(G) ⊇ ϕ

(k)
k+2(G) ⊇ . . .

by setting

ϕ(k)
m (G) := ker{M (k)(G)→M (k)(G/γm−k(G))}.
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For k = 1 this is the filtration of the second integral homology group H2(G)
defined by Dwyer [Dwy75]. In view of (1.42), it is easy to show that the terms
of the generalized Dwyer filtration can be expressed as

ϕ(k)
m (G) =

(N ∩ γm(F ))[N, kF ]
[N, kF ]

=
N ∩ γm(F )

[N, kF ] ∩ γm(F )
, k ≥ 1, m ≥ k + 1.

(1.44)

Remark. Note that the analog of the classical Dwyer filtration, i.e., {ϕ(1)
m (G)}

can be naturally defined for homology of topological spaces. Let X be a
topological space. Define ϕ

(1)
m (X) to be the kernel of the composite map

H2(X)→ H2(π1(X))→ H2(π1(X)/γm−1(π1(X))). (∗)

Recall that, for every topological space X, we have a natural map X →
K(π1(X), 1); the first map in (∗) is the one obtained by applying the functor
H2 to this map. The second map in (∗) is induced the natural projection
π1(X)/γm−1(π1(X)).

We may mention that, in the case when X is a 4-dimensional topological
manifold, the filtration {ϕ(1)

m (X)} plays an important role in the surgery
theory ([Fre95], [Kru03]).

From (1.44) we immediately have the following:

Proposition 1.75 If m ≥ k + 1 ≥ l + 2, then, for any normal subgroup N
of a free group F , there exists the following short exact sequence of abelian
groups:

0→ ϕ(l)
m (F/[N, k−lF ])→ ϕ(k)

m (F/N)→ ϕ(k−l)
m (F/N)→ 0.

We now give some results from [Mik07a] which extend results from
[Dwy75].

Theorem 1.76 Let f : G → H be a group homomorphism which induces
an isomorphism G/γk+1(G) → H/γk+1(H) for some k ≥ 1. Then for any
m ≥ k + 1, the following statements are equivalent:

(i) f induces an isomorphism M (k)(G)/ϕ
(k)
m (G)→M (k)(H)/ϕ

(k)
m (H).

(ii) f induces an isomorphism fm : G/γm(G)→ H/γm(H).

Proof. It follows from Theorem 1.73 that, for any m ≥ k + 1, there exists
the following commutative diagram:

M (k)(G)/ϕ
(k)
m (G)

��

�� �� M (k)(G/γm−k(G)) ��

��

γm−k(G)/γm(G)

��

�� 1

M (k)(H)/ϕ
(k)
m (H) �� �� M (k)(H/γm−k(H)) �� γm−k(H)/γm(H) �� 1
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induced by f . The assertion then follows immediately by induction on m ≥
k + 1 with an iterated application of the above diagram. �

Corollary 1.77 Let G/γc+1(G) be a free nilpotent group for some c ≥ 1 and
suppose that M (c)(G) = 0. Then M (k)(G) = 0, k ≤ c.

Proof. Let {gi}i∈I be elements in G such that {giγc+1(G)}i∈I is a basis of
the free nilpotent group G/γc+1(G). Consider the homomorphism f : F → G,
where F is a free group with basis {fi}i∈I , given by setting fi �→ gi, i ∈ I.
Then f induces an isomorphism F/γc+1(F ) 	 G/γc+1(G) and an epimor-
phism

M (c)(F )/ϕ
(c)
k (F )→M (c)(G)/ϕ

(c)
k (G), k ≥ c + 1.

Proposition 1.76 implies that f induces an isomorphism F/γn(F ) 	 G/γn(G)
for all n ≥ 1. Since M (c−1)(F ) = 0, we again apply Proposition 1.76 to get
M (c−1)(G) = ϕ

(c−1)
k (G), k ≥ c. Now the needed statement follows from the

epimorphism M (c)(G)→ ϕ
(c−1)
c (G) (see Proposition 1.75). �

Theorem 1.78 Let
1→ N → G̃

p→ G→ 1 (1.45)

be a k-central group extension for a given k ≥ 1. Then for any m ≥ k + 1
there exists the following exact sequence of abelian groups

ϕ(k)
m (G̃)

p∗→ ϕ(k)
m (G)→ N ∩ γm(G̃)→ 1, (1.46)

where the homomorphism p∗ is induced by the epimorphism p.

Proof. Consider free presentations of groups from (1.45):

1 −−−−→ N −−−−→ G̃
p−−−−→ G −−−−→ 1∥∥∥ ∥∥∥ ∥∥∥

1 −−−−→ R/S −−−−→ F/S
p−−−−→ F/R −−−−→ 1,

where F is a free group and

[R, kF ] ⊆ S. (1.47)

It follows from the presentation (1.44) that the homomorphism p∗ can be
viewed as a map

p∗ :
(S ∩ γm(F ))[S, kF ]

[S, kF ]
→ (R ∩ γm(F ))[R, kF ]

[R, kF ]
,

induced by the inclusion S → R. The cokernel of p∗ is naturally presentable
as
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coker(p∗) 	 (R ∩ γm(F ))[R, kF ]
(S ∩ γm(F ))[R, kF ].

Define a homomorphism

f :
(R ∩ γm(F ))[R, kF ]
(S ∩ γm(F ))[R, kF ]

→ R/S ∩ γm(F/S) =
R ∩ γm(F )S

S
	 N ∩ γm(G̃)

by setting
f : r(S ∩ γi(F ))[R, kF ] �→ rS, r ∈ R ∩ γm(F ).

The k-centrality condition (1.47) then implies that f is an isomorphism. Thus
the exact sequence (1.46) is established. �

Absolutely Residually Nilpotent Groups

Definition. A residually nilpotent group G is called absolutely residually
nilpotent if, for every integer k ≥ 1 and k-central extension

1→ N → G̃→ G→ 1, (1.48)

the group G̃ is also residually nilpotent.

Theorem 1.78 makes it possible to give simple conditions under which
residual nilpotence is preserved under k-central extensions.

Proposition 1.79 Let G be a group such that ϕ
(k)
m (G) = 0 for some k ≥ 1

and m ≥ k + 1. Then, for any k-central extension (1.48), the group G̃ is
residually nilpotent if and only if the group G is residually nilpotent.

Proof. By Theorem 1.78, applied to the k-central extension (1.48), we have
N ∩ γm(G̃) = 0; hence, for any l ≥ m, there exists the natural isomorphism
γl(G̃) 	 γl(G), which immediately implies the assertion. �

The above Proposition immediately yields the following

Corollary 1.80 If G is a residually nilpotent group with M (n)(G) = 0 for all
n ≥ 1, then G is an absolutely residually nilpotent.

We will prove later (see Proposition 1.139 or Theorem 5.14) that if, for a
given group G, H1(G) is torsion-free and H2(G) = 0, then M (n)(G) = 0 for
all n ≥ 1.

Example 1.81 Let G be a group given by the following presentation:

G = 〈a, b, c | a = [c−1, a][c, b]〉.

Then G is absolutely residually nilpotent group.
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Proof. It has been shown by Baumslag that the group G is residually nilpo-
tent [Bau67]. Observe that H1(G) is torsion-free and H2(G) = 0. Hence
M (n)(G) = 0 for all n ≥ 1 and therefore, by Corollary 1.80, G is absolutely
residually nilpotent. �

Theorems 1.74 and 1.78 also provide simple conditions for the residual
nilpotence of a given k-central extension of a group G to imply the residual
nilpotence of the group G itself.

Proposition 1.82 Let G be a finitely presented group with H2(G) finite.
Then for any k-central extension

1→ N → G̃→ G→ 1,

k ≥ 1, the residual nilpotence of G̃ implies the residual nilpotence of G.

Proof. Consider the inverse limit of the short exact sequences

1→ N ∩ γn(G̃)→ γn(G̃)→ γn(G)→ 1, n ≥ 2.

By (Appendix, Proposition A.34) we get the inclusion

γω(G)→ lim←−
1
n(N ∩ γn(G̃)). (1.49)

Since G is finitely presented and H2(G) is finite, M (n)(G) is finite for all
n ≥ 1, by Theorem 1.74. By Theorem 1.78, N ∩ γn(G̃), n ≥ k + 1 are also
finite, hence the lim←−

1 term in (1.49) vanishes, and consequently G is residually
nilpotent. �

Free k-central Extensions

Let G be a group given by a free presentation

1→ N → F → G→ 1. (1.50)

For a given k ≥ 1, consider the following induced free k-central extension of
G:

1→ N/[N, kF ]→ F/[N, kF ]→ G→ 1.

Clearly we have the following short exact sequence:

1→M (k)(G)→ γk+1(F )/[R, kF ]→ γk+1(G)→ 1,

and hence the group γk+1(F )/[R, kF ] is an invariant of the group G, i.e.
it does not depend on the choice of the presentation (1.50) for G. (In fact,
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the group γk+1(F )/[R, kF ] is the 0-th derived functor of the endofunctor
G �→ γk+1(G) on the category Gr of groups, see Appendix, Section A.13). Thus
it follows that the residual nilpotence of the group F/[N, kF ] depends only
on the quotient group F/N 	 G, and not on the choice of the presentation
(1.50). More precisely, we have the following result.

Proposition 1.83 Let G be a residually nilpotent group with the presenta-
tion (1.50). Then

γω(F/[N, kF ]) 	
⋂

m≥k+1

ϕ(k)
m (G)

for all k ≥ 1.

Proof. Since the group F/N is residually nilpotent, we have

γω(F/[N, kF ]) ⊆ N/[N, kF ].

For every n ≥ 1, we have the inclusion

γω(F/[N, kF ]) ⊆ γn(F/[N, kF ]) = γn(F )[N, kF ]/[N, kF ].

Using the presentation (1.44) of the generalized Dwyer filtration terms, we
conclude that

γω(F/[N, kF ]) ⊆
⋂

m≥k+1

ϕ(k)
m (G).

On the other hand, the presentation (1.44) gives the inclusion

ϕ(k)
m (G) ⊆ γm(F/[N, kF ]), k ≥ 1,m ≥ k + 1,

which implies that for every k ≥ 1⋂
m≥k+1

ϕ(k)
m (G) ⊆ γω(F/[N, kF ]),

and the proof is complete. �

Denote by Jk the class of residually nilpotent groups G, such that
F/[N, kF ] is residually nilpotent for any presentation (1.50), and let J1 = J .
It is clear that the class J̃k defined on page 38 is contained in the class Jk.
The converse, however, is not true (see Example 1.85).

For any c ≥ 2 and arbitrary normal subgroup N of a free group F , there
exists a canonical homomorphism

ηc : F/[γc(N), F ]→Mc+1, Z(F/N),



48 1 Lower Central Series

called the Gupta representation, where Mc+1, Z(F/N) denotes the group of
(c + 1) × (c + 1) matrices over a certain ring (for a complete description of
this ring see [Gup78]).

Proposition 1.84 Let p be a prime. Suppose that the group F/N is p-torsion
free, ∆ω(F/N) = 0 and H4(F/N, Zp) = 0. Then ∆ω(F/[γp(N), F ]) = 0. In
particular, F/γp(N) ∈ J .

Proof. On invoking [Gup87a, Theorem 3.1] it follows that

∆ω(F/[γp(N), F ]) ⊆ ∆(ker ηp)Z[F/[γp(N), F ]]. (1.51)

Stöhr [Stö87] has shown that, for any normal subgroup N of F , the ker-
nel ker ηp of the Gupta representation is contained in the torsion subgroup
of F/[γp(N), F ]. The torsion subgroup of F/[γp(N), F ], however, lies in
γp(N)/[γp(N), F ]. In the case when F/N is p-torsion free, Stöhr [Stö87] has
given a complete description of this torsion [Har91b]:

tor(γp(N)/[γp(N), F ]) 	 H4(F/N, Zp),

where Zp is viewed as a trivial F/N -module. The hypothesis H4(F/N, Zp) = 0
therefore implies that F/[γp(N), F ] is torsion free and ker ηp = 0. The as-
serted statement thus follows from (1.51). �

The following example shows that the inclusion J̃ ⊂ J is proper.

Example 1.85
Consider the group

G = 〈a, b | [b3, a] = [a, b, a] = 1〉.

It has already been observed that G /∈ J̃ (see Example 1.70).
Note that G is a free abelian extension of the cyclic group of order three:

1→ N/[N,N ]→ F/[N,N ] (	 G)→ Z3 → 1,

where F = 〈a, b〉, N = 〈b3, a, ab, ab2〉. We have

(i) ∆ω(F/N) = ∆ω(Z3) = 0
(ii) H4(F/N, Z2) = H4(Z3, Z2) = 0.

Therefore, by Proposition 1.84, F/[[N, N ], F ] is a residually nilpotent group
and hence G belongs to the class J . �

Proposition 1.86 Let G be a residually nilpotent group and

1→ N → G̃→ G→ 1 (1.52)

a k-central extension with γω(G̃) 
= 1 and
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lim←−
1ϕ(k)

m (G̃) = 0. (1.53)

Then G /∈ Jk.

Proof. By Theorem 1.78, for every m ≥ k + 1, there exists the following
exact sequence:

ϕ(k)
m (G̃) tm→ ϕ(k)

m (G)→ N ∩ γm(G̃)→ 1. (1.54)

Applying the inverse limit functor, we have the following exact sequence

0→
⋂

m≥k+1

im(tm)→
⋂

m≥k+1

ϕ(k)
m (G)→ N ∩ γω(G̃)→ lim←−

1im(tm). (1.55)

The epimorphisms ϕ
(k)
m (G̃) → im(tm) induce the following epimorphism of

lim←−
1-functors:

lim←−
1ϕ(k)

m (G̃)→ lim←−
1im(tm);

thus, in view of our hypothesis, we get lim←−
1 im(tm) = 0. Since N ∩γω(G̃) 
= 0,

it follows from (1.55) that
⋂

m≥k+1 ϕ
(k)
m (G) 
= 0. Hence G /∈ Jk by Proposi-

tion 1.83. �

Proposition 1.87 Let G be a finitely-presented group with γω(G) 
= γω+1(G)
and H2(G) finite. Then, for any k ≥ 1 and any free presentation

1→ R→ F → G/γω(G)→ 1,

the group Πk := F/[R, kF ] is not residually nilpotent. Furthermore, if
H2(G/γω(G)) is finite, then for any free presentation

1→ S → E → Πk/γω(Πk)→ 1,

the group E/[S, lE] is not residually nilpotent for 1 ≤ l ≤ k.

Proof. Let H = G/γω+k(G). The projection f : G → H induces isomor-
phisms fn : G/γn(G)→ H/γn(H) for all n ≥ 1. Therefore, by Theorem 1.76,
we have the following isomorphisms

M (k)(G)/ϕ(k)
m (G) 	M (k)(H)/ϕ(k)

m (H), m ≥ k + 1. (1.56)

Since H2(G) is finite, Theorem 1.74 implies that M (k)(G) is also a finite group.
Thus for any k ≥ 1 the filtration ϕ

(k)
m (G) stabilizes from some stage mk,

say, onward:
ϕ(k)

mk
(G) = ϕ(k)

m (G) for all m ≥ mk.
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Isomorphism (1.56) implies that the generalized Dwyer’s filtration of the
group H must also stabilize:

ϕ(k)
mk

(H) = ϕ
(k)
mk+1(H). (1.57)

Consider now the k-central extension

1→ γω(G)/γω+k(G)→ H → G/γω(G)→ 1, (1.58)

in which, because of our hypothesis, γω(G)/γω+k(G) 
= 1. The stabilization
(1.57) gives

lim←−
1ϕ(k)

m (H) = lim←−
1ϕ(k)

mk
(H) = 0;

thus we can apply Proposition 1.86 to the k-central extension (1.58). Conse-
quently we have ⋂

m≥k+1

ϕ(k)
m (G/γω(G)) 
= 0;

therefore, Πk is not residually nilpotent by Proposition 1.83.
Suppose now that the group H2(F/R) is finite. Consider the following

epimorphisms

πl : Πk → Rl := Πk/γω+l(Πk), l = 1, . . . , k.

Since πl induces isomorphisms on lower central quotients, Theorem 1.76 im-
plies that there are isomorphisms

M (l)(Πk)/ϕ(l)
m (Πk) 	M (l)(Rl)/ϕ(l)

m (Rl), m ≥ l + 1. (1.59)

In view of Proposition 1.75, we have an embedding

ϕ(l)
m (Πk) ⊆ ϕ(l+k)

m (F/R), l ≥ 1.

SincebyassumptionH2(F/R) is finite, Theorem 1.74 implies that M (l+k)(F/R)
is finite, and hence ϕ

(l)
m (Πk) is finite for any l ≥ 1. Thus, for any 1 ≤ l ≤

k, ϕ
(l)
m (Πk) stabilizes from some finite step and it follows from (1.59) that

ϕ
(l)
m (Rk) also stabilize from some finite step; hence

lim←−
1ϕ(l)

m (Rl) = 0, 1 ≤ l ≤ k. (1.60)

Consider now the l-central extension:

1→ γω(Πk)/γω+l(Πk)→ Rl → Πk/γω(Πk)→ 1. (1.61)

Since F/R is residually nilpotent, γω+k(Πk) = 1, and hence the fact that
the group Πk is not residually nilpotent implies that γω(Rl) 
= γω+1(Rl). In
view of the Proposition 1.86, applied to the extension (1.61), the condition
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(1.60) implies that
⋂

m≥l+1 ϕ
(l)
m (Πk/γω(Πk)) 
= 0. The asserted statement thus

follows from Proposition 1.83. �
We next give an example of a finitely-presented residually nilpotent group

H such that, for every integer k ≥ 1 and every free presentation

1→ R→ F → H → 1,

the group F/[R, kF ] is not residually nilpotent.

Example 1.88
Consider the free product of the fundamental group of the Klein bottle and
the cyclic group of order 3:

G = 〈a, b, c | aba−1b = c3 = 1〉.

As shown in Example 1.67, γω(G) = 〈[b, c]〉G 
= γω+1(G). Since the homolo-
gies of a free product are equal to the sum of homologies, we conclude that
H2(G) = 0. Thus, by Proposition 1.87, we see that the finitely-presented
group

H := G/γω(G) = 〈a, b, c | aba−1b = c3 = [b, c] = 1〉,

which is an HNN-extension of the abelian group Z ⊕ Z3, is an example of a
group with the property that for every integer k ≥ 1 and every free presen-
tation

1→ R→ F → H → 1, (1.62)

the group F/[R, kF ] is not residually nilpotent.

Remark.

For all integers k ≥ 1, the groups Πk := F/[R, kF ] arising from (1.62)
are finitely-presented transfinitely nilpotent, but not residually nilpotent
groups. It follows from Mayer-Vietoris exact sequence of homologies of HNN-
extensions that H2(H) 	 Z3, and hence, by Proposition 1.87, for 1 ≤ l ≤ k,
and any free presentation

1→ S → E → Πk/γω(Πk)→ 1,

the group E/[S, lE] is not residually nilpotent.

One-relator Groups

For the analysis of the generalized Dwyer filtration for one-relator groups, we
will use the generalized Magnus embedding which we first recall.
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Generalized Magnus Embedding

Let F be a free group with basis X. For a given integer m ≥ 2, denote
by Ωm the ring of polynomials Z[λi, i+1(X)] over independent commuting
indeterminates λi, i+1(x), 1 ≤ i ≤ m− 1, x ∈ X.

Define a ring homomorphism

µm : Z[F ]→

⎛⎜⎜⎜⎝
1 Ωm . . . Ωm

0 1 . . . Ωm

. . .

0 0 . . . 1

⎞⎟⎟⎟⎠
from the integral group ring Z[F ] to the ring Mm(Ωm) of m ×m matrices
over Ωm by setting

µm : x �→

⎛⎜⎜⎜⎜⎜⎝
1 λ12(x) 0 . . . 0
0 1 λ23(x) . . . 0

. . .

0 0 . . . 1 λm−1,m(x)
0 0 . . . 0 1

⎞⎟⎟⎟⎟⎟⎠ , x ∈ X.

The homomorphism µm is a particular case of the generalized Magnus em-
bedding studied in [Gup87c]; its kernel is equal to fm, the mth power of the
augmentation ideal of the group ring Z[F ]:

ker(µm) = fm, m ≥ 1. (1.63)

For m = 2, we get the simplest case of the Magnus embedding of the free
abelian group in the ring of uni-triangular 2× 2 matrices.

Consider the multiplicative subgroup of GLm(Ωm) generated by elements
µm(x), x ∈ X. It follows from (1.63) that this subgroup is isomorphic to
F/γm(F ):

F/γm(F ) 	 〈µm(x), x ∈ X〉.

Thus we have a matrix representation of the free nilpotent group F/γm(F ).

Remark. It may be noted that, for m ≥ 3, the sub-representation to
(m − 1) × (m − 1) matrices, obtained from µm by deleting the first row
and the first column (or the mth row and the mth column), coincides with
the representation µm−1, where the ring Ωm−1 is the ring Z[λi, i+1(X)], i =
2, . . . , m− 1 (resp. Z[λi, i+1(X)], i = 1, . . . , m− 2).

Lemma 1.89 Let m ≥ 3 and
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µm(f) =

⎛⎜⎜⎝
1 b12 b13 . . . b1, m

0 1 b23 . . . b2, m

. . .
0 0 0 . . . 1

⎞⎟⎟⎠
for some f ∈ F . Then

µm((f − 1)m−1) =

⎛⎜⎜⎝
0 0 . . . 0 b12 . . . bm−1, m

0 0 . . . 0 0
. . .

0 0 . . . 0 0

⎞⎟⎟⎠ .

Proof. Induct on m ≥ 3 and use the preceding Remark. �
Proposition 1.90 Let

u ∈ γm(F ) \ γm+1(F ), m ≥ 1, (1.64)

and f ∈ F be such that
[u, f ] ∈ γm+2(F ). (1.65)

Then

(i) f ∈ γ2(F ) in case m ≥ 2;

(ii) u = fkd with k ∈ Z and d ∈ γ2(F ), in case m = 1.

Proof. This is a particular case of ([Mag66], Cor. 5.12(iii)). We give below
a proof using the generalized Magnus embedding.

Consider the images of elements u and f under the generalized Magnus
map µm+2:

µm+2 : u �→

⎛⎜⎜⎜⎜⎝
1 0 0 . . . 0 a1,m+1 a1,m+2
0 1 0 . . . 0 0 a2,m+2
0 0 1 . . . 0 0 0

. . .
0 0 0 . . . 0 0 1

⎞⎟⎟⎟⎟⎠

µm+2 : f �→

⎛⎜⎜⎝
1 b12 b13 . . . b1,m+2
0 1 b23 . . . b2,m+2

. . .
0 0 0 . . . 1

⎞⎟⎟⎠
Since ker(µm+2) = γm+2(F ), the condition (1.65) is equivalent to the
condition

µm+2(u)µm+2(f) = µm+2(f)µm+2(u).

After multiplication of matrices, and comparing the (1,m+2)-entries, we see
that the condition (1.65) is equivalent to the following:

b12 a2, m+2 = a1, m+2 bm+1, m+2. (1.66)



54 1 Lower Central Series

Since u /∈ γm+1(F ) and f /∈ γ2(F ), we have

b12 
= 0, bm+1, 2 
= 0, a2, m+2 
= 0, a1, m+1 
= 0.

For any i = 1, . . . , m + 1, we have bi, i+1 ∈ Z[λi, i+1(X)]. Since the indeter-
minates λ12(X) do not enter into the construction of the element a2,m+2 and
indeterminates λm+1,m+2(X) do not enter into the construction of a1,m+1, we
can conclude that there exists z ∈ Z[λi, i+1(X)], i = 2, . . . , m, such that

a2, m+2 = bm+1, m+2z, a1, m+1 = b12z. (1.67)

If a1,m+1 can be written as a polynomial

a1, m+1 = F (λ1, 2(X), . . . , λm, m+1(X)), i = 1, . . . , m− 2,

then the element a2, m+2 is a polynomial of the same form, but over another
set of indetrminates, i.e.

a2,m+2 = F (λ2, 3(X), . . . , λm+1,m+2(X)).

Then (1.67) implies that

z = b23z1, z1 ∈ Z[λi, i+1], i = 3, . . . , m.

Repeating the same argument m times, we get

a1, m+1 = c · b12b23 . . . bm, m+1, (1.68)
a2, m+1 = c · b23 . . . bm,m+1bm+1, m+2, c ∈ Z. (1.69)

By Lemma 1.89, we have that the element (µm+2(f)− 1)m has the following
form:

(µm+2(f)− 1)m =

⎛⎜⎜⎜⎜⎝
0 0 . . . 0 b12 . . . bm,m+1 ∗
0 0 . . . 0 0 b23 . . . bm+1, m+2
0 0 . . . 0 0 0

. . .
0 0 . . . 0 0 0

⎞⎟⎟⎟⎟⎠ .

Thus the matrix

B := µm+2(u)− 1− c · (µm+2(f)− 1)m (1.70)

consists of zero elements, with the possible exception of the (1,m + 2)-entry:

B = µm+2(u− 1− c(f − 1)m) =

⎛⎜⎜⎝
0 0 . . . 0 α
0 0 . . . 0 0

. . .
0 0 . . . 0 0

⎞⎟⎟⎠ ,
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α ∈ Z[λi, i+1(X)]. It follows from (1.63) that

u− 1− c(f − 1)m ∈ fm+1. (1.71)

Case (i): u ∈ γm(F ) \ γm+1(F ),m ≥ 2. Going modulo γ2(F ) in (1.71), we
have:

c(fγ2(F )− 1)m ∈ ∆m+1(F/γ2(F )).

Therefore f ∈ γ2(F ).

Case (ii): m = 1, u /∈ γ2(F ). Then (1.71) has the form:

uf−c − 1 ∈ f2,

but then we get u = fkd, d ∈ γ2(F ), k = c. �

Theorem 1.91 (Mikhailov[Mik05a],[Mik07a]). Let r be a non-identity ele-
ment of the free group F , and let R be the normal closure of r in F . Then
for k = 1, 2, there exists a natural number m (which depends on k and r),
such that ϕ

(k)
k+m(F/R) = 0.

Proof. Let us first consider the case k = 1. In this case the required natural
number m can be taken to be the one for which

r ∈ γm(F ) \ γm+1(F ).

Observe that the group R/[R, F ] is infinite cyclic. If m = 1, then the asserted
statement is a well-known fact. In fact, in this case we have the following short
exact sequence

0→ H2(F/R)→ R/[R, F ](	 Z)→ Rγ2(F )/γ2(F )→ 1.

Since F/γ2(F ) is torsion-free and r /∈ γ2(F ), it follows that Rγ2(F )/γ2(F ) is
an infinite cyclic group; therefore, H2(F/R) = 0.

Suppose m ≥ 2. Then H2(F/R) = R/[F,R] 	 Z and we have the following
exact sequence of abelian groups:

0→ ϕ
(1)
m+1(F/R)→ H2(F/R)(	 Z) h→ γm(F )/γm+1(F ),

where the homomorphism h is induced by the inclusion r ∈ γm(F ). Since the
abelian group γm(F )/γm+1(F ) is torsion-free, it follows that

ϕ
(1)
m+1(F/R) = 0. (1.72)

Consider next the case k = 2. Suppose that r ∈ γl(F ) \ γl+1(F ), l ≥ 1.
Then, by the case k = 1, which we have already proved, from (1.72) we
conclude that ϕ

(1)
l+1(F/R) = 0, i.e.
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R ∩ γl+1(F ) = [R, F ] ∩ γl+1(F ). (1.73)

Every element of [R, F ]/[R, F, F ] can be expressed in the form [r, f ][R, F, F ]
for some f ∈F . Thus, it follows from (1.73) that for any m≥ l, ϕ

(2)
m+2(F/R) 
= 0

implies the existence of f ∈ F , such that

[r, f ] ∈ γm+2(F ), [r, f ] /∈ [R, F, F ]. (1.74)

Since for any f ∈ γ2(F ) we have [r, f ] ∈ [R, F, F ], (1.74) implies that

f /∈ γ2(F ). (1.75)

If l ≥ 2, the case (i) of Lemma 1.90 implies that for m > l the condition
(1.74) implies f ∈ γ2(F ), thus, in view of (1.75), we get ϕ

(2)
l+2(F/R) = 0.

Now let r /∈ γ2(F ). If there exists f ∈ F \ γ2(F ) such that [r, f ] ∈ γ3(F ),
then, by case (ii) of Proposition 1.90, the following equation has a solution:

r = fkd, k ∈ Z, d ∈ γ2(F ). (1.76)

If k = ±1, then [r, f ] ∈ [R, F, F ], which is not the case. Thus we have k 
=
−1, 0, 1, and therefore, F/Rγ2(F ) has torsion. The torsion in F/Rγ2(F ) is a
cyclic group of order N (> 1), say ; denote its generator by wRγ2(F ), w ∈ F .
Thus

r = wNy, y ∈ γ2(F ).

From (1.76), we then have f = wN0d0 for some N0 > 1, d0 ∈ γ2(F ). Therefore

[r, f ] = [r, wN0d0] ≡ [r, wN0 ] ≡ [wNy, wN0 ] mod [R, F, F ].

Let q ≥ 2 be such that y ∈ γq(F ) \ γq+1(F ). By Proposition 1.90 (case (i)),
we see that if [y, wN0 ] ∈ γq+2(F ), then wN0 ∈ γ2(F ), which is not the case by
construction. Thus (1.74) implies that m < q and therefore we get

ϕ
(2)
q+2(F/R) = 0. �

Remark. It is easy to see from the proof of Theorem 1.78 that if the element
r ∈ F is such that F/Rγ2(F ) is torsion free, then for the number m satisfying
r ∈ γm(F ) \ γm+1(F ), and k = 1, 2, we have ϕ

(k)
m+k(F/R) = 0.

The following example shows that the condition on torsion is necessary.

Example 1.92 Let G = 〈a, b | aba−1b = 1〉, then M (2)(G) 
= 0.

Proof. Rewrite the relator as r = b2[b, a] and denote by F the free group
with basis {a, b} and R the normal closure of r in F . Then [r, b] ∈ R∩γ3(F ).
Suppose that [r, b] ∈ [R, F, F ]. Then

[b, a, b] ∈ [R, F, F ] ⊆ 〈b2, γ4(F )〉F .



1.4 k-central Extensions 57

Making the same construction with a change of symbols a and b, we conclude
that [a, b, a] ∈ 〈a2, γ4(F )〉F . This means that in the group

H = 〈a, b | a2 = b2 = 1〉,

the elements [a, b, a] and [b, a, b] lie in the fourth term of the lower cen-
tral series. However, these elements generale γ3(H) as a normal subgroup;
consequently γ3(H) = γ4(H). This is a contradiction, since H is residually
nilpotent, but not nilpotent. We thus conclude that [r, b] /∈ [R, F, F ]. Hence
M (2)(G) 
= 0. �

Lemma 1.93 Let 1 → N → G̃
π→ G → 1 be a k-central extension. Then

[π−1(γω(G)), kG̃] ⊆ γω(G̃).

Proof. Let x ∈ γω(G) and g ∈ G̃ be such that π(g) = x. Then for all m ≥ 1,
we can write

g = fmrm, for some fm ∈ γm(G̃), rm ∈ N.

The k-centrality condition [N, kG̃] = 1, implies that, for any g1, . . . , gk in
G̃, and m ≥ 1, we have

[fmrm, g1, . . . , gk] ∈ γm(G̃).

Therefore [g, g1, . . . , gk] ∈ γω(G̃). �

Theorem 1.94 (Mikhailov [Mik05a]). Let k ≥ 1, G a one-relator group and

1→ N → G̃
π→ G→ 1 (1.77)

a k-central extension with G̃ residually nilpotent. Then G is also residually
nilpotent.

Proof. Suppose that G is not residually nilpotent. Let x ∈ γω(G) and g ∈ G̃

be such that π(g) = x. By Lemma 1.93, [g, kG̃] ⊆ γω(G̃) = 1. Consequently
[x, kG] = 1. Due to the fact that x was an arbitrary element of γω(G), it
follows that

γω+k(G) = 1. (1.78)

It follows from (1.78) that G has a nontrivial centre. To see this, note that
γω+k−1(G) lies in the centre of G. Suppose that γω+k−1(G) = 1, then the
previous term in the transfinite lower central series lies in the centre. In
the case all terms γω+l(G), l ≥ 1 are trivial, then 1 
= γω(G) lies in the
centre of G.

The remaining part of the proof follows by the scheme of the proof of
the main theorem in [McC96]. We have that G is a one-relator group with



58 1 Lower Central Series

nontrivial centre. Therefore it follows from [Pie74] that G can be defined by
one of the following presentations:

G = 〈a1, . . . , am | ap1
1 = aq1

2 , . . . , apm−1
m−1 = aqm−1

m 〉, (1.79)

where pi, qi ≥ 2, and (pi, qj) = 1, i > j; or

G = 〈a, a1, . . . , am | aa1a
−1 = am, ap1

1 = aq1
2 , . . . , apm−1

m−1 = aqm−1
m 〉, (1.80)

where pi, qi ≥ 2, p1 . . . pm−1 = q1 . . . qm−1 (pi, qj) = 1, i > j.
Consider first the case when the group G is given by the presentation

(1.79). Then G is an amalgamated free product of cyclic groups and contains
subgroups

Gi = 〈ai, ai+1 | api

i = aqi

i+1〉, i = 1, . . . , m− 1.

Since the group G is transfinitely nilpotent by (1.78), subgroups Gi are also
transfinitely nilpotent. If for some 1 ≤ i ≤ m−1, the pair pi, qi is not a pair of
powers of some prime, then [ai, ai+1] ∈ γ3(Gi), and we have a stabilization of
the lower central series of Gi, and transfinite nilpotence for Gi is equivalent
to commutativity, which is not possible for pi, qi ≥ 2. Thus, for any 1 ≤ i ≤
m − 1, the numbers pi and qi are powers of a prime: pi = P si

i , qi = P ti
i . If

m = 2, we have the residually nilpotent group G = 〈a1, a2 | a
P

s1
1

1 = a
P

t2
2

2 〉.
Hence we can assume that m ≥ 3. The condition (pi, qj) = 1, i > j implies
that Pi are different primes for different i. Consider the subgroup H in G
generated by elements aP2

1 and aP1
3 . The subgroup H is not abelian by the

construction of a free product. We have the following congruences in H:

[aP2
1 , aP1

3 ]P1 ≡ [aP2P1
1 , aP1

3 ] ≡ [aP2
2 , aP1

3 ] ≡ 1 mod γ3(H),

[aP2
1 , aP1

3 ]P2 ≡ [aP2
1 , aP1P2

3 ] ≡ [aP2
1 , aP1

2 ] ≡ 1 mod γ3(H),

which imply that γ2(H) = γ3(H). Hence, for m ≥ 3, transfinite nilpotence of
G is not possible. We thus have a contradiction in this case.

Finally, let us consider the case when G has the presentation (1.80). In this
case the group G is an HNN-extension of the group given by the presentation
(1.79) with some additional conditions on coefficients pi, qi. As we have seen,
transfinite nilpotence of the base group of the HNN-extension is possible only
in the case m = 2. Thus G has the following presentation

G = 〈a, a1, a2 | aa1a
−1 = a2, aP s1

1 = aP t1

2 〉

for some prime P . However, such a group is residually nilpotent (see, for
example, [McC96]), which is again a contradiction. �

In the reverse direction we have the following
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Theorem 1.95 (Mikhailov [Mik07a]) Let G be a one-relator residually nilpo-
tent group and

1→ N → G̃→ G→ 1 (1.81)

a k-central extension, with k ∈ {1, 2}. Then G̃ is residually nilpotent.

Proof. By hypothesis, the group G has a free presentation

1→ R→ F → G→ 1,

where R is the normal closure in F of a single element r ∈ F . By Theorem
1.91, there exists a natural number m such that

ϕ
(k)
m+k(G) = 0.

Theorem 1.78, applied to the k-central extension (1.81) then implies that

N ∩ γm+k(G̃) = 1;

hence G̃ is residually nilpotent. �

We proceed next to generalize Theorems 1.91 and 1.95 to free products of
one-relator groups. For this we need more detailed analysis of the generalized
Magnus embedding.

Theorem 1.96 Let Gi, i = 1, . . . , n be a family of one-relator groups and
G = G1 ∗ · · · ∗Gn their free product. Then, for k ∈ {1, 2}, there exists m such
that ϕ

(k)
m (G) = 0.

Proof. Let Gi, i = 1, . . . , n be defined by the presentation

1→ Ri → Fi → Gi → 1,

where the subgroups Ri is the normal closure in Fi of the element ri ∈ Fi.
Then the group G has the free presentation

1→ R→ F → G→ 1,

where F = F1 ∗ · · · ∗ Fn, R = 〈r1, . . . , rn〉F .
Let us first consider the case k = 1. Let li (i = 1, . . . , n) be natural

numbers such that
ri ∈ γli(Fi) \ γli+1(Fi), (1.82)

and l = maxi(li). We assert that ϕ
(1)
l+1(G) = 0. Suppose that ϕ

(1)
l+1(G) 
= 0.

Then there exist k1, . . . , kn such that

rk1
1 . . . rkn

n ∈ γl+1(F ), rk1
1 . . . rkn

n /∈ [R, F ].
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We can then choose rj (1 ≤ j ≤ n) such that r
kj

j /∈ [Rj , Fj ]. Consider the

image of the element r
kj

j under the natural projection di : F → Fi. We have

d(rkj

j ) ∈ γl+1(Fj)\ [Rj , Fj ], and consequently ϕ
(1)
l+1(Fj/Rj) 
= 0. On the other

hand, by Theorem 1.91, we have ϕ
(1)
l+1(Fj/Rj) = 0. This is a contradiction,

showing that we must have ϕ
(1)
l+1(G) = 0.

Next let us consider the case k = 2. By elementary commutator calculus, it
is easy to show that if for some m ≥ 3, ϕ

(2)
m (G) 
= 0, then there exist fj ∈ Fj ,

such that:

[r1, f1] . . . [rn, fn] ∈ γm(F ) \ ([R, F, F ] ∩ γm(F )). (1.83)

In view of Theorem 1.91, we can assume that n ≥ 2. Consider first the case
when n = 2. Let

w := [r1, f1][r2, f2] ∈ γm(F ), [r1, f1][r2, f2] /∈ [R, F, F ]. (1.84)

We can then clearly assume that f1, f2 /∈ γ2(F ), because otherwise the con-
sideration can be reduced to the case n = 1, which follows from Theorem 1.91.
Let f1 = g1g2g3, g1 ∈ F1, g2 ∈ F2, g3 ∈ γ2(F ), f2 = g4g5g6, g4 ∈ F1, g5 ∈
F1, g6 ∈ γ2(F ). If [r1, g1] /∈ [R1, F1, F1], then projecting the element [r1, g1]
on F1 by the natural projection d1 : F → F1, we get d1(w) ∈ γm(F1). But by
Theorem 1.91, there exists m0, depending on r1, such that ϕ

(2)
m0 (F1/R1) = 0;

then necessarily, m < m0 in (1.84). Thus, we can assume that

f1 ∈ F2 \ (F2 ∩ γ2(F )), f2 ∈ F1 \ (F1 ∩ γ2(F )). (1.85)

Suppose l1 
= l2, where li are defined as in (1.82). We can assume without
loss of generality that l1 > l2. Then for m > l1, (1.84) implies that [r2, f2] ∈
γl+1(F ). If l2 > 1, then, by Lemma 1.90 (case (i)), we have f2 ∈ γ2(F ), which
contradicts (1.85). If l1 = 1, by Lemma 1.90 (case (ii)), we have r2d = fC

2 , d ∈
γ2(F ); but, in view of (1.85, this is also impossible since r2 ∈ F2, f2 ∈ F1.
Thus it is enough to consider the case l1 = l2.

Consider the Magnus embedding µl1+2. By definition, we then have

µl1+2 : r1 �→

⎛⎜⎜⎜⎜⎝
1 0 0 . . . 0 s1,l1+1 s1,l1+2
0 1 0 . . . 0 0 s2,l1+2
0 0 1 . . . 0 0 0

. . .
0 0 0 . . . 0 0 1,

⎞⎟⎟⎟⎟⎠

r2 �→

⎛⎜⎜⎜⎜⎝
1 0 0 . . . 0 t1,l1+1 t1,l1+2
0 1 0 . . . 0 0 t2,l1+2
0 0 1 . . . 0 0 0

. . .
0 0 0 . . . 0 0 1

⎞⎟⎟⎟⎟⎠ ,
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f1 �→

⎛⎜⎜⎝
1 q12 q13 . . . q1,l1+2
0 1 q23 . . . q2,l1+2

. . .
0 0 0 . . . 1

⎞⎟⎟⎠ , f2 �→

⎛⎜⎜⎝
1 p12 p13 . . . p1,l1+2
0 1 p23 . . . p2,l1+2

. . .
0 0 0 . . . 1

⎞⎟⎟⎠ ,

for some

s1, l1+1 ∈ Z[λi, i+1(X1)], i = 1, . . . , l1,

s2, l1+2 ∈ Z[λi, i+1(X1)], i = 2, . . . , l1 + 1,
t1, l1+1 ∈ Z[λi, i+1(X2)], i = 1, . . . , l1,

t2, l1+2 ∈ Z[λi, i+1(X2)], i = 2, . . . , l1 + 1,
qij ∈ Z[λi, i+1(X2)], i = 1, . . . , l1 + 1,
pij ∈ Z[λi, i+1(X1)], i = 1, . . . , l1 + 1,

where X1 and X2 are bases of free groups F1 and F2 respectively. Then

µl1+2 : w �→

⎛⎜⎜⎝
1 0 0 . . . 0 α
0 1 0 . . . 0 0

. . .
0 0 0 . . . 0 1

⎞⎟⎟⎠ ,

where

α = q12s2, l1+2 − s1, l1+1ql1+1 l1+2 + p12t2 l1+2 − t1 l1+1pl1+1 l1+2.

Therefore, in view of (1.63), w ∈ γl1+2(F ) if and only if α = 0. Since
q12s2 l1+2− t1 l1+1pl1+1 l1+2 does not depend on λ12(X1)λl1+1 l1+2(X2), condition
(1.85) implies then that 0 
= p12 ∈ Z[λ12(X1)], 0 
= ql1+1 l1+2 ∈ Z[λl1+1 l1+2],
and it follows that α = 0 if and only if

q12s2 l1+2 − t1 l1+1pl1+1 l1+2 = 0, (1.86)

and
p12t2 l1+2 − s1 l1+1ql1+1 l1+2 = 0. (1.87)

Since q12 t1 l1+1 ∈ Z[λi i+1(X2)], s2 l1+2 pl1+1 l1+2 ∈ Z[λi i+1(X1)], it follows from
(1.86) that C1q12 = C2t1 l1+1, C1 C2 ∈ Z. By the Remark on page 52, we have
C1q23 = C2t2 l1+2. Then (1.87) implies that there exist C3, C4 ∈ Z, such that
C3q23 = C4ql1+1 l1+2. This is possible only in the case l1 = 1. We get

rC1
1 ≡ fC2

2 mod γ2(F )

rC1
2 ≡ fC2

1 mod γ2(F ).

Since any free abelian group is torsion free, we can assume that C1 and C2
are of coprime order. Then we have
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wC2 ≡ [r1, fC2
1 ][r2, fC2

2 ] ≡ [r1, rC1
2 ][r2, rC1

1 ] ≡ 1 mod [R, F, F ].

From the fact that C1 and C2 are of coprime order it follows that w ∈
γj(F ) \ (γj(F ) ∩ [R, F, F ]) for some j ≥ 3, if and only if wC1 ∈ γj(F ) \
(γj(F ) ∩ [R, F, F ]). Then

e := [fC1
1 , f2][fC1

2 , f1] ∈ γj(F ).

We have
e ≡ [f1, f2, f1]k[f2, f1, f2]k mod γ4(F ),

for some k 
= 0. Then

e ≡ [[f1, f2], fk
1 f−k

2 ] mod γ4(F ). (1.88)

Since f1 ∈ F2, f1 ∈ F1, [f1, f2] /∈ γ3(F ), Lemma 1.90 (case (i)) implies that
fk

1 f−k
2 ∈ γ2(F ). But this is possible only in the case fi ∈ γ2(F ). Thus, in the

case ri /∈ γ2(F ), i = 1, 2, (1.84) implies that m ≤ 3. The case n = 2 is thus
proved and the following holds:

If r1 ∈ F1, r2 ∈ F2 and there exists m, which depends on r1 and r2,
such that [r1, f1][r2, f2] ∈ γm(F ) for some f1, f2 ∈ F , then [r1, f1][r2, f2] ∈
[R, F, F ].

Now let n ≥ 3. We shall prove the statement by induction on n, assuming
that for n − 1 the statement is proved. Suppose that for a given m, there
exist f1, . . . , fn, which satisfy (1.83). We can assume that fj /∈ γ2(F ). Then,
for f1 /∈ 〈Fj〉F for almost all j = 1, . . . , n, excepted maybe one of them, i.e.
for all j1 
= j2:

f1 /∈ 〈Fj1〉F ∩ 〈Fj2〉F .

It follows from the fact that 〈Fj1〉F ∩〈Fj2〉F ⊆ γ2(F ). Then there exists j 
= 1,
such that fi /∈ 〈Fj〉F . Considering the projection

d̂j : F → F1 ∗ · · · ∗ Fj−1 ∗ Fj+1 . . . Fn,

we get that d̂j([r1, f1] . . . [rn, fn]) is an element from d̂j(R), where d̂j(R) is
the normal closure of elements r1, . . . , rj−1, rj+1, rn in d̂j(F ). It is easy to
see that (1.83) implies

dj([r1, f1] . . . [rn, fn]) ∈ γm(d̂j(F )) \ (γm(d̂j(F )) ∩ [d̂j(R), d̂j(F ), d̂j(F )]).
(1.89)

This reduces the problem to the case n − 1, which is proved by inductive
assumption, i.e., there exists m, depending on r1, . . . , rn, such that (1.89)
impossible. Induction is complete and thus the statement is proved. �

As a consequence of the foregoing result, we have the following generaliza-
tion of Theorem 1.95.
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Theorem 1.97 Let G be a free product of one-relator groups and

1→ N → G̃
π→ G→ 1

a k-central extension ( k = 1, 2). Then G is residually nilpotent if and only
if G̃ is residually nilpotent.

Proof. Suppose the group G is a free product of n one-relator groups with
n ≥ 1. The case n = 1 is already covered by Theorem 1.95. Suppose n > 1.
If G is a residually nilpotent, then the residual nilpotence of G̃ follows from
Theorem 1.96 and Theorem 1.78.

Next suppose G̃ is a residually nilpotent group and x ∈ γω(G), π(g) =
x, g ∈ G̃. Then, by Lemma 1.93, [g, kG̃] = 1; hence [x, kG] = 1. It follows
that [x, kG] = 1. Since any nontrivial free product has trivial centre it follows
that x = 1 and hence G is residually nilpotent. �

In view of the preceding results it is natural to raise the following

Problem 1.98 Generalize the preceding results to the case of k-central ex-
tensions with k ≥ 3.

In the case (k ≥ 3) the analysis of the generalized Magnus embedding
looks much more complicated and we leave this problem open.

Para-free Groups

Let F be a free group. Recall that a group G is called F -para-free (or simply
para-free) if it is residually nilpotent and there exists a homomorphism F →
G which induces an isomorphism F/γn(F ) → G/γn(G) for every natural
number n. Such groups have been studied by G. Baumslag ([Bau67], [Bau69]).
Call a group G to be weakly para-free if G/γω(G) is para-free. Weakly para-
free groups can be easily described in terms of the Dwyer filtration.

Proposition 1.99 Let G be a group with G/γ2(G) free abelian. Then G is
weakly para-free if and only if H2(G) =

⋂
m≥2 ϕ

(1)
m (G).

Proof. Choose a homomorphism f : F → G, with F free, which induces
an isomorphism on abelianizations. Then the assertion follows from Theorem
1.76. �

Example 1.100 (Baumslag [Bau67]).
Let G be the group given by the following presentation:

G = 〈a, b, c | a = [c−1, a][c, b]〉.
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Let F be a free group with generators x1, x2. Consider the homomorphism
f : F → G, defined by f : x1 �→ b, x2 �→ c. Clearly f induces an isomorphism
F/γ2(F )→ G/γ2(G). Since H2(G) = 0, f induces isomorphisms

F/γn(F ) 	 G/γn(G), n ≥ 2,

by Theorem 1.76. Hence G is a weakly para-free group.

In general, it is clear from Proposition 1.99 that if G is a residually nilpo-
tent group with G/γ2(G) free abelian and H2(G) = 0, then G is para-free.
The converse statement, namely that H2(G) = 0 for a para-free group G is
false in general (see Theorem 1.126). Whether the converse holds for finitely
generated groups is an open problem (see[Coc98]).

Problem 1.101 (Para-free Conjecture) If G is a finitely generated para-
free group, then H2(G) = 0.

The following result provides an equivalent formulation of the Parafree
Conjecture.

Proposition 1.102 Let G be a para-free group. Then H2(G) = 0 if and only
if G is absolutely residually nilpotent.

Proof. First suppose that H2(G) = 0. Then M (k)(G) = 0 for all n ≥ 1 by
Theorem 5.14. Hence G is absolutely residually nilpotent by Corollary 1.80.
Conversely, let G be an absolutely residually nilpotent para-free group. Let
F/R be a free presentation of G. Then γω(F/[R, F ]) 	

⋂
m≥2 ϕ

(1)
m (G) = 0 by

Proposition 1.83. Therefore H2(G) = 0 by Proposition 1.99. �

Theorem 1.103 Let G be a para-free group and k ≥ 1. Then M (k)(G) = 0
if M (k+1)(G) = 0.

Proof. Let f : F → G be a homomorphism which induces isomorphisms
fn : F/γn(F ) → G/γn(G), for all n ≥ 1. Suppose that M (k+1)(G) = 0.
Since f induces isomorphisms on lower central quotients, it also induces
isomorphisms

M (c)(F )/ϕ
(c)
k (F )→M (c)(G)/ϕ

(c)
k (G),

for all c ≥ 1, k ≥ c + 1 by Proposition 1.76. Hence M (c)(G) = ϕ
(c)
k (G) for all

c. Now the assertion follows from the epimorphism M (k+1)(G)→ ϕ
(k)
k+1(G) =

M (k)(G) (see Proposition 1.75). �
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Milnor’s µ̄-invariants

Let L be a link in the three-dimensional sphere S3, i.e. L is an embedding of
certain number, say n, of circles:

f : S1 � · · · � S1 → S3.

Let T (L) be the tubular neighborhood of im(f) in S3. The group G(L) =
π1(S3 \ T (L)) is called link group of L. Given i, 1 ≤ i ≤ n, let T (Li) be
the tubular neighborhood of the ith component of im(f). For any point x0 ∈
S3 \ T (L), connect it with an arbitrary point in ∂T (Li) by a path p, then
transverse a closed loop in T (Li), which has linking number 1 with the ith
component of im(f) and return to x0 by p−1. Such a loop then defines an
element in the fundamental group G(L) with the base point x0, which is
called (the ith) meridian of L. Clearly this element depends on the path p,
but all meridians are conjugates in G(L). The ith longitude li is the element
of G(L) determined by the the same path p and the loop in T (Li) whose
linking number with ith component of im(f) is zero; any such pair (meridian,
longitude) constitutes a set of homological generators of H1(∂T (Li)).

There is a natural homomorphism, called a meridional homomorphism
f : F → G(L), where F is a free group of rank n (with generator set
{y1, . . . , yn}). It maps the generators to the corresponding meridians of L.
The collection of meridians determines a presentation of the quotient group
G(L)/γk(G(L)) [Mil57]:

G(L)/γk(G(L)) 	
〈x1, . . . , xn | [xi, li] = 1, i = 1, . . . , n, γk(F (x1, . . . , xn))〉, (1.90)

where xi = f(yi), li is the element in F (x1, . . . , xn) representing the image
of the ith longitude in G(L)/γk(G(L)).

J. Milnor introduced link isotopy invariants, the so called µ̄-invariants,
which detect whether a meridional map induces an isomorphism

fn : F/γk(F )→ G(L)/γk(G(L)).

Suppose the longitudes of L lie in the kth lower central series term of G(L).
Consider the Magnus embedding

µ : Z[F (x1, . . . , xn)]→ Z[[a1, . . . , an]],

with non-commutative variables a1, . . . , an, defined by

µ : xi �→ 1 + ai, 1 ≤ i ≤ n,

µ : x−1
i �→ 1− ai + a2

i − a3
i + . . . .
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Then µ̄(i1, . . . , ik, j)-invariant is the coefficient in Magnus embedding of the
jth longitude:

µ(lj) = 1 +
∑

(i1, ... , ik)∈Sk

µ̄(i1, . . . , ik, j)ai1 . . . aik
+ . . .

The µ̄-invariants are not only isotopy invariants, but are also concordance
invariants. Let L1 and L2 be two n-component links in S3. Recall that a link
concordance between L1 and L2 is an embedding:

H : (
n⊔

i=1

S1)× I → S3 × I,

such that H(x, 0) represents the first link L1, H(x, 1) represents the second
link L2. In such a situation links L1 and L2 are called concordant. Let L1 and
L2 be concordant links and H a concordance between them. Then the map
π1(S3−L1)→ π1(S3× I\im(H)) induces isomorphisms of first homology H1
and epimorphisms of second homology H2. Hence, there are isomorphisms of
lower central quotients of fundamental groups of L1 and L2.

The link L has all µ̄-invariants of length ≤ k trivial if and only if the
meridional map induces isomorphisms fn : F/γk+1(F ) → G(L)/γk+1(G(L))
[Mil57]. This is an interesting class of links which is still not fully understood.
For example, all slice links, i.e. links which are concordant to trivial links
have trivial µ̄-invariants. It is clear that for any such link L, the group G(L)
is weakly para-free.

A natural question that arises is the transfinite extension of µ̄-invariants
[Mil57]. One of the versions of this question can be formulated as follows
[Coc98]:

Problem 1.104 Is it true that for any link L with trivial µ̄-invariants,
γω(G(L)) = γω+1(G(L))?

It follows directly from the para-free property of links with trivial µ̄-
invariants that Para-free Conjecture, together with the exact sequence (1.40),
implies a positive answer to the above problem, and thus provides a topolog-
ical application of this conjecture.

1.5 Nilpotent Completion

For any group G, the nilpotent completion of G is defined to be the inverse
limit of the tower of natural group epimorphisms

· · · → G/γn(G)→ · · · → G/γ3(G)→ G/γ2(G),
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We denote it by Z∞(G):

Z∞(G) = lim←−n≥2G/γn(G).

We have the natural map

h : G→ Z∞(G), (1.91)

defined by setting

h : g �→ (gγ2(G), gγ3(G), . . . ), g ∈ G,

which clearly is a monomorphism if and only if G is residually nilpotent.

The following result is due to Baumslag and Stammbach [Bau77].

Proposition 1.105 Given a group G, let P be a subgroup of Z∞(G) such
that h(G) ⊆ P . Then the following statements are equivalent:

(i) h : G→ P induces isomorphisms

hi : G/γi(G)→ P/γi(P ), i ≥ 2.

(ii) h : G→ P induces an isomorphism

h2 : G/γ2(G)→ P/γ2(P ).

(iii) The map P → Z∞(G)→ G/γ2(G) induces a monomorphism

P/γ2(P )→ G/γ2(G).

The above Proposition is a direct consequence of the fact that a homo-
morphism induces epimorphism of lower central quotients if and only if it
induces epimorphism on the corresponding abelianizations.

Let F be a free group of infinite countable rank. Let X be a free basis of
F . Enumerate X as follows

X = {x1, 1, x2, 1, x2, 2, . . . , xk, 1, . . . , xk, k, xk+1, 1, . . . }.

Consider the element

λ = (λ1γ2(F ), λ2γ3(F ), . . . ) ∈ Z∞(F ),

where

λ1 = 1, λk = [x2, 1, x2, 2][x3, 1, x3, 2, x3, 3] . . . [xk, 1, . . . , xk, k], k ≥ 2.
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It is proved in (Baumslag-Stammbach [Bau77], Bousfield-Kan [Bou72]) that
the element λ /∈ γ2(Z∞(F )). Hence we have

Theorem 1.106 For the nilpotent completion map

h : F → Z∞(F ) (1.92)

the induced map
F/γ2(F )→ Z∞(F )/γ2(Z∞(F ))

is, in general, not an epimorphism.

Orr’s Link Invariants

Let L be an m-component link in S3 such that all the µ̄-invariants of L are
zero. [Vanishing of µ̄-invariants of L is equivalent to the fact that for the group
G = π1(S3 \L) the meridian homomorphism Fm → G induces isomorphisms
of lower central quotients, i.e., the group G/γω(G) is para-free.] Then there
exists a map ρ : S3 \ L → K(Z∞(G), 1) = K(Z∞(Fm), 1). Consider the
commutative diagram

�m
i=1S

1 × S1 p−−−−→ ∨m
i=1S

1

r

⏐⏐� s

⏐⏐�
S3 \ L

ρ−−−−→ K(Z∞(F ), 1),

(1.93)

where p is the projection of torus to the wedge of circles which maps meridians
to circles, r is an embedding of torus as boundaries of the tubular neighbour-
hood ∂T (L), s is induced by the homomorphism Fm → Z∞(Fm). The cone
of the map r is the 3-sphere S3. Denote by Kω the cone of the map s. Then
the diagram (1.93) implies the existence of the map

f : S3 → Kω,

whose homotopy class θ(L) ∈ π3(Kω) is, by definition, the Orr’s invari-
ant of L. This invariant vanishes for homology boundary links (see Cochran
[Coc91]).

Problem 1.107 Is it true that θ(L) = 0 for any link L with zero µ̄-
invariants?

Problem 1.108 Is it true that πi(Kω) is uncountable for i > 2?

We shall show below (Theorem 1.126) that the group H2(Z∞(F )) is un-
countable for any free group F of rank ≥ 2 (Bousfield’s theorem [Bou77]);
thus the group π2(Kω) is also uncountable.
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Some Subgroups of Nilpotent Completion

Theorem 1.109 (Baumslag-Stammbach [Bau77], Bousfield [Bou77]). For every
group G, there exists a subgroup Ḡ ⊆ Z∞(G) such that, under the map (1.92),
h(G) ⊆ Ḡ and h induces isomorphisms

hi : G/γi(G)→ Ḡ/γi(Ḡ), i ≥ 2,

with the following universal property:

For any group homomorphism f : G → H, with H residually nilpotent, which
induces isomorphisms fi : G/γi(G) → H/γi(H), i ≥ 2, there exists a unique map
f̄ : H → Ḡ such that f̄ ◦ f = h : G→ Ḡ.

Proof. Let U be the set of subgroups U of Z∞(G) which contain h(G) and
are such that the induced maps

hi : G/γi(G)→ U/γi(U), i ≥ 2

are isomorphisms. Let U1, U2 ∈ U , and let W be the subgroup of Z∞(G),
generated by U1 and U2. Clearly h(G) ⊆W . Consider the amalgamated free
product W1 = U1 ∗h(G) U2. Then we have an exact sequence of homology
groups

H1(h(G))→ H1(U1)⊕H1(U2)→ H1(W1)→ 0,

which enables us to conclude that the natural map h̃ : G → W1 induces
epimorphism of abelianizations:

h̃2 : G/γ2(G)→W1/γ2(W1).

Since the map h2 can be viewed as the composition of h̃2 with the natural
epimorphism W1/γ2(W1)→W/γ2(W ), we conclude that h : G→W induces
epimorphism h2 : G/γ2(G) → W/γ2(W ) and hence W ∈ U . Hence the set U
is directed and we can define

Ḡ = lim−→U∈UU.

We assert that the group Ḡ has the desired property. First observe that Ḡ ∈
U . Let H be a residually nilpotent group with a homomorphism f : G→ H
which induces isomorphisms fi : G/γi(G) → H/γi(H), i ≥ 2. Then H can
be viewed as a subgroup of Z∞(G) which lies in U , and the obvious map
f̄ : H → Ḡ meets the requirement of the Theorem. �

Theorem 1.110 ([Bou77]; see also [Bau77]). If G is a finitely generated
group, then Ḡ = Z∞(G).

In particular, if F is a free group of finite rank, then its nilpotent comple-
tion Z∞(F ) is para-free.
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Proof. By Proposition 1.105, it is enough to show that the map

σ : Z∞(G)/γ2(Z∞(G))→ G/γ2(G)

is a monomorphism; i.e., we have to show that any element

λ = (λ1γ2(G), λ2γ3(G), . . . ) ∈ Z∞(G), λi ∈ γ2(G)

lies in γ2(Z∞(G)).
Let {x1, . . . , xn} be a set of generators of G. We define by induction a

series of elements u
(k)
i ∈ G, i ≥ 1, k ≥ 1 such that

u
(k)
i+1 ≡ u

(k)
i mod γi+1(G), 1 ≤ k ≤ n, i ≥ 1;

i.e., an element
u(k) = (u(k)

1 γ2(G), u
(k)
2 γ3(G), . . . )

of Z∞(G) with the property:

λ = [u(1), h(x1)] . . . [u(n), h(xn)],

where h is the natural map (1.91). Observe that element λ2 modulo γ3(G)
can be written as

λ2 ≡ [u(1)
1 , x1] . . . [u

(n)
1 , xn] mod γ3(G)

for some elements u
(k)
1 ∈ G, 1 ≤ k ≤ n. Suppose we defined elements

u
(k)
i , 1 ≤ k ≤ n, 1 ≤ i ≤ t, such that

u
(k)
i+1 ≡ u

(k)
i mod γi+1(G), 1 ≤ k ≤ n, 1 ≤ i ≤ t− 1,

λi = [u(1)
i , x1] . . . [u

(n)
i , xn] mod γi+1(G), 1 ≤ i ≤ t,

λt+1 = [u(1)
t , x1] . . . [u

(n)
t , xn] mod γt+2(G).

Observe then that we can find elements v1, . . . , vn ∈ G such that

λt+2 ≡ [u(1)
t , x1] . . . [u

(n)
t , xn][v1, x1] . . . [vn, xn] mod γt+3(G). (1.94)

We set u
(k)
t+1 = u

(k)
t vk, 1 ≤ k ≤ n. Then (1.94) implies

λt+1 ≡ [u(1)
t+1, x1] . . . [u

(n)
t+1, xn] mod γt+2(G),

which completes the construction of the elements u(i) (i = 1, . . . , n), thereby
establishing the Theorem. �

For a free group F with basis X of infinite cardinality, one more interesting
subgroup F̃ of the nilpotent completion Z∞(F ) was introduced in [Bau77].
It is defined as the direct limit
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F̃ := lim−→(Y ⊂X, Y finite)Z∞(F (Y )).

It is easy to see that the group F̃ is para-free, hence there are the following
inclusions:

F ⊆ F̃ ⊆ F̄ ⊆ Z∞(F ).

It was shown in [Bau77] that the inclusion F̃ ⊂ F̄ is proper.

We next recall a construction which comes from topology and has proper-
ties similar to the one considered in the present section.

Vogel Localization

For a finite CW-complex X, the Vogel localization [Le 88] EX has the
following properties:

(i) EX is the inductive limit of finite subcomplexes

X = X0 ⊂ X1 ⊂ X2 ⊂ . . . ,

such that Xn/X is contractible, i.e., the inclusion X ⊂ Xn is a homological equiv-
alence and π1(Xn) is the normal closure of the image of π1(X);

(ii) for any pair (K, L) of finite subcomplexes with K/L contractible, any map
L→ EX can be extended uniquely (up to homotopy) to a map K → EX.

The theory of Vogel localization was developed by LeDimet for applications in
high-dimensional link theory [Le 88] (see also [Coc05]). Consider the following
group:

F̂ 	 π1(EK(F, 1))/γω(π1(EK(F, 1))).

Clearly, the property (i) of Vogel localization implies that the map F → F̂
induces isomorphisms of lower central quotients; hence F̂ is F -para-free and
there is a chain of inclusions

F ⊆ F̂ ⊆ Z∞(F ).

1.6 Bousfield-Kan Completion

The first derived functors of the lower central quotient functors are the same
as Baer invariants (see Appendix, Example A.16). The question of studying
the derived functors of the nilpotent completion functor thus arises naturally.

For a commutative ring R and a simplicial set X, Bousfield and Kan
defined the simplicial set R∞X, now called the Bousfield-Kan completion,
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having natural R-localization properties [Bou72]. For example, in the case of
a simply connected simplicial set X and R = Zp, the simplicial set R∞X is
homotopically equivalent to the pro-p-completion of X in the sense of Sullivan
[Sul71]. One of the main properties of the Bousfield-Kan completion

R∞ : X → R∞X,

is the following result:

If f : X → Y is a map of two simplicial sets, then f induces isomorphisms
H̃∗(X, R) → H̃∗(Y, R) of reduced homology if and only if it induces the weak
homotopy equivalence R∞X 	 R∞Y .

We consider only the case of R = Z, i.e., Z-completion. One of the major
results in the theory of Z-localized spaces is the “group-theoretical” con-
struction of the functor Z∞. It can be defined with the help of R-nilpotent
completion in the following way.

Theorem 1.111 (Bousfield - Kan[Bou72]). For a given simplicial set X, de-
fine the functor

Z∞ : X �→W (Z∞(GX)).

Then we have a weak homotopy equivalence

Z∞X 	 Z∞(X).

[For the definition of the operator W see Appendix, Section A.8.]

The properties of Bousfield-Kan completion make it possible to identify
the classical K-theory functors with the derived functors of the nilpotent
completion of general linear groups. To show this, let us first recall the basic
definitions.

For a connected CW-complex X with a base point x0, one may obtain
a new CW-complex X+ by attaching 2-cells and 3-cells to X, so that the
following properties hold:

(i) The map X → X+ is a homology equivalence.

(ii) The homomorphism π1(X)→ π1(X+) is the quotient homomorphism π1(X)→
π1(X)/P(π1(X)), where P(π1(X)) is the perfect radical, i.e., the maximal perfect
subgroup, of π1(X).

Such a space X+ is unique up to homotopy. Given a ring R, K-theoretical
functors Ki(R), i ≥ 1 can be defined as

Ki(R) := πi(BGL(R)+), i ≥ 1.

Recall that a space X with a base point x0 is called an H-space if there
is a “multiplication” map µ : X × X → X with µ(x0, x0) = x0, such that
the maps x �→ µ(x, x0) and x �→ µ(x0, x) are homotopic to identity. We
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next recall the following natural properties of Bousfield-Kan completion and
Quillen’s plus-construction:

(i) For an H-space X, the integral completion is the weak homotopy equiva-
lent to X:

X 	 Z∞X.

(ii) For any ring R, the plus-construction of the classifying space of its general
linear group BGL(R)+ is an H-space.

Theorem 1.112 (Keune [Keu]). Let R be a ring with identity. Then

LnZ∞(GL(R)) = Kn+1(R), n ≥ 1,

where K∗ is the classical K-theory of R.

[For the definition of the left derived functors Ln see Appendix, Section A.13.]

Proof. Consider the following commutative diagram

BGL(R) −−−−→ BGL(R)+⏐⏐� ⏐⏐�
Z∞BGL(R)

g−−−−→ Z∞BGL(R)+,

where g is the Bousfield-Kan completion of the plus-construction map. Since
plus-construction is a homology equivalence, g is a weak homotopy equiva-
lence. The fact that BGL(R)+ is an H-space implies that the right vertical
map is also the weak homotopy equivalence. Therefore,

LnZ∞(GL(R)) = πn(WZ∞(GW (GL(R)))) =
πn+1(Z∞BGL(R)) = πn+1(BGL(R)+) = Kn+1(R).

That is, the derived functors of the integral nilpotent completion functor
define K-theory of rings. �

The derived functors of the nilpotent completion functor, besides their
K-theoretical meaning, play important role in topology. The celebrated the-
orem of Barratt-Kahn-Priddy-Quillen [Pri] says that there exists a weak ho-
motopy equivalence:

K(Σ∞, 1)+ 	 QS0,

where QS0 is a space defined as a limit of loop spaces ΣnSn such that its
homotopy groups π∗(QS0) are naturally isomorphic to the stable homotopy
groups of spheres, i.e.,

πn(QS0) = πS
n , n ≥ 1.
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Proposition 1.113 ([Bou72], p. 207). The derived functors LnZ∞(Σ∞) of
the nilpotent completion for the infinite symmetric group Σ∞ are the stable
homotopy groups πS

n+1 of spheres.

Proof. The proof repeats the proof of Theorem 1.112. Consider the following
commutative diagram

K(Σ∞, 1) −−−−→ K(Σ∞, 1)+⏐⏐� ⏐⏐�
Z∞K(Σ∞, 1)

g−−−−→ Z∞K(Σ∞, 1)+,

where g is the Bousfield-Kan completion of the plus-construction map. Since
plus-construction is a homology equivalence, g is a weak homotopy equiva-
lence. The fact that K(Σ∞, 1)+ 	 QS0 is an H-space implies that the right
vertical map is also a weak homotopy equivalence. Therefore,

LnZ∞(Σ∞) = πn(WZ∞(GW (Σ∞))) =

πn+1(Z∞K(Σ∞, 1)) = πn+1(K(Σ∞, 1)+) = πS
n+1.

That is, the derived functors of the integral nilpotent completion functor
define stable homotopy groups of spheres. �

The natural inclusion f : Σ∞ → GL(Z) induces a map between derived
functors of nilpotent completions, which is identical to the well-known map

πS
∗ → K∗(Z)

between stable homotopy groups of spheres and K-theory of integers (see
[Qui]).

We conclude with a mention of the derived functors of the p-adic com-
pletion functor (p-adic completion means the inverse limit over all finite p-
quotients). Let p be a prime and

Zp
∞ : G→ Ĝp

be the p-adic completion functor. What can one say about its derived func-
tors? This question was considered in [Bou92]. One can find the following
beautiful and surprising properties of these derived functors in [Bou92]:

1. Let Σ3 be the symmetric group of degree 3. Then there is a short exact sequence:

0→ πn+1S
3 ⊗ Z3 → LnZ3

∞(Σ3)→ Tor(πn(S3), Z3)→ 0.

2. For the infinite symmetric group Σ∞, LnZp
∞(Σ∞) is the p-torsion part of the

(n + 1)th stable homotopy group πS
n+1.
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Problem 1.114 What can one say about the derived functors of the functors
G �→ lim←−G/δi(G) (prosolvable completion) and G �→ Ĝ (Vogel localization)?

1.7 Homological Localization

General Idea of Localization

Let C be a category and R a set of morphisms in C. Recall that an object
X ∈ C is called R-local if, for every morphism f : A→ B from R, the induced
map

Mor(B, X)→ Mor(A, X)

is a bijection. Denote by loc(R) the class of R-local objects in C. For an
object Y ∈ C, by an R-localization of Y we mean a morphism Y → Z in R
such that Z is R-local.

The concept of colocalization can be defined analogously. An object X ∈ C
is called R-colocal if, for every morphism f : A→ B from R, the induced map
Mor(X, A) → Mor(X, B) is a bijection. We denote by coloc(R) the class of
R-colocal objects. For an object Y ∈ C, by an R-colocalization of Y , we mean
a morphism Z → Y in R such that Z in R-colocal.

The (co)localization concept plays an important role in modern algebra
and topology. A lot of important theories, such as algebraic K-theory, or
motivic homotopy theory, can be defined via localizations. A well-written
interesting survey about (co)localizations is [Dwy04]. We present here two
illustrative examples of applications of localizations.

Example 1.115
Let C be a category of pointed CW-complexes. For a given W ∈ C, con-
sider the trivialization map W → pt. The localization in C with respect to
the map W → pt is called a W-nullification. For a given CW-complex X,
n-dimensional sphere Sn and the localization map with respect to the map
Sn → pt, i.e., Sn-nullification, is homotopically equivalent to the (n − 1)th
stage of Postnikov tower for X.

Example 1.116
(Berrick-Dwyer [Ber00]) Let W be a CW-complex. Then, for any space X, the
W -nullification is homotopically equivalent to the plus-construction X+ if and
only if W is acyclic and there is a nontrivial homomorphism π1(W )→ GL(Z).
In [Ber00] such complexes W are called spaces that define algebraic K-theory.

Example 1.117
As an application of the cohomological approach to the dimension subgroup
theory, in Chapter 2, we shall describe the quasi-variety of groups with trivial
nth dimension subgroup as a suitable set of local objects.
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HZ-tower

We will now consider the transfinite version of nilpotent completion, the
so-called HZ-localization, due to Bousfield. This is a localization in the cat-
egory of groups with respect to homomorphisms which induce isomorphism
on abelianizations and epimorphism on the second homologies. We construct
a tower of group homomorphisms, which have certain special properties, con-
nected with transfinite lower central series and homology.

Let G be a group. Define the initial terms of the tower as the trivialization
and abelianization:

η1 : G→ T1G, T1G = 1,
η2 : G→ T2G, T2G = G/γ2(G).

Suppose for a given ordinal number α we have constructed the homomor-
phism ηα : G→ TαG such that the induced map

H1(ηα) : H1(G)→ H1(TαG)

is an isomorphism. The homomorphism ηα induces a map of classifying
spaces:

η̄α : K(G, 1)→ K(TαG, 1). (1.95)

Consider the cylinder Cη̄α
of the map η̄α and the homology H2(ηα), which is

defined as the relative homology

H2(ηα) := H2(Cη̄α
, K(G, 1)).

One has the following long exact sequence of homology groups of the pair
(Cη̄α

, K(G, 1)) :

· · · → H2(G)→ H2(TαG)→ H2(ηα)→ H1(G)→ H1(TαG)→ · · ·

Since the map H1(ηα) is an isomorphism, therefore

H2(ηα) = coker{H2(G)→ H2(TαG)}.

The cohomology H2(ηα) can be defined in analogy with (1.95) as relative
cohomology. Denote by kα the fundamental class in Hom(H2(ηα), H2(ηα)) =
H2(ηα, H2(ηα)). The natural map

β : H2(ηα, H2(ηα))→ H2(TαG, H2(ηα))

determines the element β(kα) ∈ H2(TαG, H2(ηα)). Identifying cohomology
classes with homotopy classes of maps between Eilenberg-MacLain spaces:

H2(TαG, H2(ηα)) = [K(TαG, 1), K(H2(ηα), 2)],
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we have a map β̄(kα) : K(TαG, 1) → K(H2(ηα), 2), uniquely defined by ηα

up to homotopy, such that the following diagram is commutative:

K(G, 1) −−−−→ PK(H2(ηα), 2)⏐⏐�η̄α

⏐⏐�p

K(TαG, 1)
β̄(kα)−−−−→ K(H2(ηα), 2),

(1.96)

where p is the path fibration with the fibre the loop space ΩK(H2(ηα), 2).
Taking the induced principal fibration over K(TαG, 1) and applying the fun-
damental group functor, we obtain the required diagram:

G −−−−→ G

ηα+1

⏐⏐� ηα

⏐⏐�
1 −−−−→ H2(ηα) −−−−→ Tα+1G

tα−−−−→ TαG −−−−→ 1,

where the bottom row is a central extension.
In the case of a limit ordinal number α, suppose we have already defined

homomorphisms ητ : G → TτG for all ordinals τ < α. Consider the limit
homomorphism

hα : G→ lim←−τ<αTτG

and define TαG to be the maximal subgroup of lim←−τ<αTτG, which contains
im(hα) and is such that the map hα : G → TαG induces an isomorphism
H1(hα) : H1(G)→ H1(TαG). This is the required homomorphism

ηα : G→ TαG (⊆ lim←−τ<αTτG)

Thus we get the following transfinite tower of group homomorphisms:

G
id←−−−− G

id←−−−− . . .
id←−−−− G

id←−−−− G ←−−−− . . .

η1

⏐⏐� η2

⏐⏐� ηα

⏐⏐� ηα+1

⏐⏐�
T1G

t1←−−−− T2G
t2←−−−− . . . ←−−−− TαG

tα←−−−− Tα+1G ←−−−− . . .

which is called the HZ-tower of the group G. The HZ-localization of G is the
inverse limit of this HZ-tower:

L : G→ L(G) := lim←−αTαG. (1.97)

The functor L, constructed above, has the following properties:

(i) L induces isomorphism

H1(L) : H1(G)→ H1(L(G))

and epimorphism
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H2(L) : H2(G)→ H2(L(G));

therefore, it induces isomorphisms

G/γn(G) 	 L(G)/γn(L(G))

for all finite n ≥ 1.

(ii) L(G) is transfinitely nilpotent for any group G.

(iii) There exists a canonical homomorphism

L(G)→ Z∞(G),

where Z∞(G) is the free nilpotent completion of G, which is an epimorphism with
kernel γω(L(G)) in the case of a finitely generated group G.

(iv) For any ordinal number α, there is a natural isomorphisms

TαG = L(G)/γα(L(G)). (1.98)

Problem 1.118 Is it true that for every group G, the kernel ker(L) is equal
to the intersection of the transfinite lower central series of G?

This problem is related to some other questions of localization theory (see
[Rod04]).

The class of HZ-local groups is the smallest class, containing the class of
abelian groups, which is closed under central extensions and inverse limits
[Bou77]. The HZ-localization L : G→ L(G) of a given group G can be com-
pletely described as a map, which induces an isomorphism H1(L) : H1(G)→
H1(L(G)), and an epimorphism H2(G) → H2(L(G)) with the target group
L(G) HZ-local. In particular, for any HZ-local group, the HZ-localization is
the identity homomorphism.

We next present an illustrative example of a method for constructing HZ-
local groups with transfinitely long lower central series or, equivalently, with
transfinitely long HZ-tower.

For a given ordinal number τ , denote by Nτ the class of groups G with
γτ (G) = 1. For elements a, b in a given group G, the left-normed Engel
elements [a, ib] are defined inductively by setting

[a, 0b] = a, and [a, ib] = [[a, (i−1)b], b] for i ≥ 1.

Example 1.119
Let F = 〈a, b | ∅〉 be the free group of rank 2, Hi = F/γi(F ), i ≥ 2,
and H =

∏
i≥2 Hi, the unrestricted direct product of the groups Hi. Let

xi = [a, (i−2)b] ∈ F, yi = xiγi(F ) and hi the element in H with its ith entry
yi, and identity everywhere else. Consider the group G = H/K, where K is
the subgroup generated by the elements hih

−1
j , i, j ≥ 2. We claim that:

G is an HZ-local group in Nω+1 with γω(G) =
∏
i≥2

〈hi〉 
= 1.
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Observe that hiK ∈ γω(G), i ≥ 2. Let N =
∏

i≥2〈hi〉 and

h = (yk1
1 , yk2

2 , . . . , ykm
m , . . . ), ki ∈ Z,

an arbitrary element of N . Let n ≥ 1. Since hiK ∈ γn(G), 2 ≤ i ≤ n,
therefore

hK = (1, . . . , 1, ykn+1
n+1 , . . . )K mod γn(G).

Note that yki
i = [yi−1, bki ]γi(F ) for all i; therefore, modulo γn(H) we have:

(1, . . . , 1, ykn+1
n+1 , . . . ) =

[[(1, . . . , 1, y2, y3, . . . ), (n−2)(1, . . . , 1, b, b, . . . )], (1, . . . , 1, bkn+1 , . . . )] = 1.

Hence hK ∈ γn(G) for all n and so N/K ⊆ γω(G). Clearly H/N 	∏
i≥2 Hi/〈yi〉. Since Hi, i ≥ 2, is nilpotent it follows that H/N is residu-

ally nilpotent and HZ-local. Therefore γω(G) = N/K which is non-identity
(in fact, it is uncountable), and furthermore, since N is central in H, it follows
that γω+1(G) = 1 and G is HZ-local.

Recall that the HZ-local groups have the following properties:

Limit property: If τ is a limit ordinal and f : G→ H is a homomorphism
between HZ-local groups which induces an isomorphism fα : G/γα(G) →
H/γα(H) for every α < τ , then f induces an isomorphism fτ : G/γτ (G) →
H/γτ (H) ([Bou77], §3.16).

HZ-closure property: If τ is a limit ordinal and G is an HZ-local group,
then G/γτ (G) is an HZ-closed subgroup of lim←−α<τG/γα(G) ([Bou77],
Theorem 3.11).
[A subgroup H ⊆ G is called HZ-closed in G if whenever we have subgroups
H ⊆W ⊆ G such that the induced map H1(H)→ H1(W ) is an epimorphism,
then H = W .]

We observe next that the subgroup Ḡ of the nilpotent completion (see
Theorem 1.109) can be described as a quotient of the HZ-localization of G.

Theorem 1.120 For every group G, L(G)/γω(L(G)) 	 Ḡ.

Proof. Let p be the natural projection L(G)→ L(G)/γω(L(G)) and q = p◦L.
It is clear that q induces an isomorphism G/γn(G) 	 L(G)/γn(L(G)) for all
n ≥ 1. Therefore by the property (ii) of h : G→ Ḡ (Proposition 1.105), there
exists a monomorphism θ : L(G)/γω(L(G))→ Ḡ such that θ ◦ q = h. Clearly
θ must induce an isomorphism

H1(L(G)/γω(L(G)))→ H1(Ḡ).
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From the HZ-closure property of the group L(G) it follows that the group
L(G)/γω(L(G)) is HZ-closed in lim←−nG/γn(G). Therefore θ is an isomorphism.

�

Homology of Nilpotent Completion

Let G be a simplicial group. Then one can define two natural objects, con-
nected with nilpotent completion: π0(Z∞(G)) and Z∞(π0(G)). Also one can
observe that there is a natural map from the first object to the second one.
The fibration exact sequences together with properties of lower central series
of groups give the following result.

Proposition 1.121 ([Bou77], Lemma 5.4). For every simplicial group G,
there is a natural short exact sequence of groups

1→ lim←−
1
nπ1(G/γn(G))→ π0(Z∞(G))→ Z∞(π0(G))→ 1. (1.99)

Note that for a free simplicial resolution F → G of a group G, the groups
π1(F/γn(F )) are Baer invariants. Therefore we get the natural example, when
the lim←−

1-term in (1.99) vanishes.

Example 1.122
Let G be a finitely-presented group with H2(G) finite. Then

lim←−
1
nM (n)(G) = 0,

by Theorem 1.74, hence, for any free simplicial resolution F → G there is the
following natural isomorphism:

π0(Z∞(F )) 	 Z∞(G).

Let G be a group and F → G a free simplicial resolution of G. Then for a
given ordinal number α, the map ηα induces the map

ηα : F → L(F )/γα(L(F ))

of simplicial groups. This map induces the natural homomorphism

π0(ηα) : G→ π0(L(F ))/γα(L(F )).

First consider the induced map of homology groups

H2(π0(ηα)) : H2(G)→ H2(π0(L(F )/γα(L(F ))).
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Lemma 1.123 For any ordinal number α, there exists the natural epimor-
phism

γα(L(F0))/γα+1(L(F0))→ coker(H2(π0(ηα))).

Proof. Consider the first quadrant spectral sequence associated with the
simplicial group L(F )/γα(L(F )) (see A.18). It has the initial terms E1

p,q:

E1
p,0 = Z, E1

p,1 = H1(Fp), E1
p,2 = H2(L(Fp)/γα(L(Fp)))

At the next step, we get the following terms E2
p,q:

E2
p,0 = 0, p > 0, E2

p,1 = Hp+1(G).

Since E1
1,1 = E∞1,1, we get the following exact sequence

0→ H2(G)→ H2(W (L(F )/γα(F )))→ E∞0,2 → 0. (1.100)

The natural epimorphism

yα : H2(W (L(F )/γα(F )))→ H2(π0(L(F )/γα(F )))

can be viewed as a part of the following commutative diagram:

H2(G) �� ��

��

H2(W ( L(F )
γα(L(F )) ))

��

�� �� E∞0,2

H2(π0(
L(F )

γα(L(F )) )) H2(π0(
L(F )

γα(L(F )) ))

(1.101)

The snake lemma applied to the diagram (1.101) implies the chain of
natural epimorphisms

E2
0,2 → E∞0,2 → coker(H2(π0(ηα))).

Now observe that

E2
0,2 = H2(L(F0)/γα(L(F0))) = γα(L(F0))/γα+1(L(F0)). �

Corollary 1.124 Let G be a finitely presented group with H2(G) = 0 and
f : F0 → G an epimorphism with F0 a free group of finite rank. Then the
induced map

H2(f∗) : H2(Z∞(F0))→ H2(Z∞(G))

is an epimorphism of the second homologies of nilpotent completions.
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Proof. Consider free simplicial resolution F → G with the zero-th term F0
equal to the free group from the statement of Corollary. Lemma 1.123 implies
that there is the following epimorphism:

H2(Z∞(F0)) 	 γω(L(F0))/γω+1(L(F0))→
coker{H2(G)→ H2(π0(Z∞(F )))} = H2(π0(Z∞(F ))).

It follows from the previous example that π0(Z∞(F )) is naturally isomorphic
to the nilpotent completion Z∞(G) and the assertion follows. �

Proposition 1.125 ([Bou77], Proposition 4.3). Let G be the fundamental
group of the Klein bottle:

G = 〈a, b | aba−1b = 1〉.

Then H2(Z∞(G)) is uncountable.

Proof. The group G is a metabelian group and, for any k ≥ 2, there exists
the following commutative diagram with exact horizontal maps:

1 −−−−→ Z2k−1 −−−−→ G/γk(G) −−−−→ Z −−−−→ 1�⏐⏐ �⏐⏐ ∥∥∥
1 −−−−→ Z2k −−−−→ G/γk+1(G) −−−−→ Z −−−−→ 1,

(1.102)

where the subgroup Z2i−1 is generated by element bγi(G) i = k, k+1. Consider
the inverse limit over k. Using the fact that lim←−

1
kZ2k = 0, we get the following

exact sequence:
1→ Z(2) → Z∞(G)→ Z→ 1, (1.103)

where Z(2) is a group of 2-adic integers. The Hochschild-Serre spectral se-
quence for extension (1.103) gives the following short exact sequence for all
k ≥ 1:

0→ H0(Z,Hk(Z(2)))→ Hk(Z∞(G))→ H1(Z,Hk−1(Z(2)))→ 0. (1.104)

Since Z(2) is torsion-free uncountable, tensoring it with Q we get the un-
countable Q-vector space with uncountable second homology. Hence
H0(Z,H2(Z(2))) is uncountable and the needed statement follows.

Furthermore, one can easily show that H2(Z∞(G)) = H0(Z,H2(Z(2))). The
action of the infinite cyclic group Z on Z(2) is given by:

z ◦ (x1, x2, . . . ) �→ (x−1
1 , x−1

2 , . . . ), xi ∈ Z2i ,

where z denotes the generator of Z. For the group Z the augmentation ex-
tension

0→ z→ Z[Z]→ Z→ 0
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is a free resolution over Z. By definition, we have

H1(Z, Z(2)) = ker{z⊗Z[Z] Z(2)
q→ Z(2)},

q : α⊗ w �→ α ◦ w, α ∈ z, w ∈ Z(2).

The augmentation ideal z is a principal ideal in Z[Z], generated by the element
(1 − z); thus every element from z ⊗Z[Z] Z(2) can be presented uniquely as
(1− z)⊗w, w ∈ Z(2). Then q : (1− z)⊗w �→ w2 in Z(2). Since Z(2) is torsion
free, therefore the kernel of q is trivial and H2(Z∞(G)) = H0(Z,H2(Z(2))). �

Theorem 1.126 (see [Bou77], Proposition 4.4). Let F be a finitely generated
non-cyclic free group. Then H2(Z∞(F )) is uncountable.

Proof. Construct epimorphism F → G, where G is the fundamental group
of Klein bottle and apply Proposition 1.125 and Corollary 1.124. �

Theorem 1.126 shows that the transfinite lower central length of the HZ-
localization of a free group of finite rank is greater than the first limit ordinal,
i.e.

γω(L(F )) 
= γω+1(L(F )).

The following problem thus arises naturally:

Problem 1.127 What is the transfinite lower central length of L(F ) for a
free group F?

Transfinitely Para-free Groups

As a generalization of the notion of para-free groups, we define, for a given
ordinal number τ , a group G to be τ -para-free if there exists a homomorphism
F → G, where F is a free group, which induces an isomorphism

L(F )/γτL(F ) 	 L(G)/γτL(G);

here L : G �→ L(G) is the HZ-localization functor [see 1.97]. Note that, in
view of the limit property of HZ-local groups, the following holds:

A group G is ω-para-free if and only if it is weakly para-free.

There exist groups which are ω-para-free but not (ω + 1)-para-free.

Example 1.128
If F is the free group of finite rank, then its nilpotent completion Z∞(F ) is
ω-para-free but not (ω + 1)-para-free. The fact that Z∞(F ) is para-free has
already been mentioned (Theorem 1.110). Suppose Z∞(F ) is (ω+1)-para-free,
i.e., there exists a homomorphism f : F → Z∞(F ), where F is a free group,
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which induces an isomorphism L(F)/γω+1L(F) 	 L(Z∞(F ))/γω+1L(Z∞(F )).
Observe that Z∞(F ), being inverse limit of nilpotent groups, is residually
nilpotent and HZ-local and so L(Z∞(F )) = Z∞(F ). Thus

L(Z∞(F ))/γω+1L(Z∞(F ))) = Z∞(F )/γω+1(Z∞(F )) = Z∞(F ).

Therefore L(F)/γω+1L(F) is residually nilpotent and so γωL(F) = γω+1L(F).
Since L(F) is transfinitely nilpotent, it follows that

γωL(F) = 1 and L(F) 	 Z∞(F ).

This, however, is not possible since H2(L(F)) = 0 and H2(Z∞(F )) is un-
countable by Theorem 1.126. Hence Z∞(F ) is not (ω + 1)-para-free.

It follows directly from the construction of HZ-localization that:

If G is a group such that H1(G) is free abelian and H2(G) = 0, then G is τ -para-free
for every ordinal number τ .

We call a group G to be a globally para-free group if it is τ -para-free for
every ordinal number τ . The following problem, which may be compared
with Para-free Conjecture, then arises naturally:

Problem 1.129 Is it true that if G is a globally para-free group, then
H2(G) = 0?

1.8 Crossed Modules and Cat1-Groups

The category Hon of homotopy n-types consists of connected CW-complexes
X whose homotopy groups πi(X) are trivial in dimension ≥ n + 1. There
is a natural map pn : Top → Hon, where Top is the category of topological
spaces and pn(X) is the nth stage of the Postnikov tower for X ∈ Top. It is
well-known that the category Ho1 is equivalent to the category Gr of groups.
The corresponding equivalence map p1 : Top → Ho1 is the usual classifying
space functor

p1 : X → K(π1(X), 1), X ∈ Top.

In the case of the category of homotopy 2-types, there are a lot of algebraic
models. The following categories are equivalent and present the algebraic
models of the category Ho2 [Lod82]:

• Category CM of crossed modules;
• Category Cat1 of cat1-groups ;
• Category SGr(1) of simplicial groups with Moore complex of length 1;
• Category Cat(Gr) of internal categories in the category of groups;
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Here we consider the equivalence between categories CM, Cat1 and SGr(1).
A crossed module is a triple (M, ∂, G), where G and M are groups, G acts

on M (we denote the action as g ◦m for g ∈ G, m ∈M), and ∂ : M → G is
a group homomorphism such that the following conditions are satisfied:

CM1 : ∂(g ◦m) = g∂(m)g−1 (g ∈ G, m ∈M);

CM2 : mnm−1 = ∂(m) ◦ n (m, n ∈M).

Sometimes a crossed module (M, ∂, G) is also called a G-crossed module.
A morphism (f, h) : (M,∂,G) → (M ′, ∂′, G′) between crossed modules

consists of a pair of group homomorphisms f : M → M ′, h : G → G′, such
that the following diagram is commutative:

M
f−−−−→ M ′

∂

⏐⏐� ∂ ′

⏐⏐�
G

h−−−−→ G′,

and f(g ◦m) = h(g) ◦ f(m), g ∈ G,m ∈M. Thus, we have a category, which
we denote by CM (the category of crossed modules). Analogically we can
define morphisms in the category of G-crossed modules (for a fixed acting
group G), which we denote CMG.

Example 1.130
(i) Let G be a group, and H its normal subgroup. Then the natural inclusion
i : H → G defines the structure of a crossed module (H, i, G), where the
action of G on H is by conjugation.
(ii) Let G be a group and i : G→ Aut(G) the group homomorphism, which
maps g ∈ G to the inner automorphism x �→ gxg−1, x ∈ G, of G. Then the
triple (G, i, Aut(G)) is a crossed module.
(iii) (Quillen). For any fibration

F
i→ E

p→ X, (1.105)

the induced map on fundamental groups

i∗ : π1(F )→ π1(E)

defines the structure of the crossed module (π1(F ), i∗, π1(E)). This crossed
module is called the fundamental crossed module of the fibration (1.105).
(iv) (Baues-Conduche [Bau97], see Lemma 3.2). Let G be a simplicial group
with face maps ∂i : Gn → Gn−1, 0 ≤ i ≤ n, and (Nn(G), ∂̄n) its Moore
complex. Then the homomorphism ∂̄n(G) induces an exact sequence of groups

0→ πn(G)→ coker(∂̄n+1)
∂̄∗n→ ker(∂̄n−1)→ πn−1(G)→ 0.
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The triple (coker(∂̄n+1), ∂̄∗n, ker(∂̄n−1)) has a natural structure of a crossed
module.

For more examples, see the recent paper of Martins [Mar].
Free and projective objects can be naturally introduced in the categories

CM and CMG. A crossed module (M, ∂, G) is called a free crossed module
with a basis {mα} ⊆M, if the following condition holds:

For any crossed module ∂ ′ : M ′ → G′, any subset {m′α} ⊆M and a homomorphism
f : G → G′, such that f(∂(mα)) = ∂ ′(m′α), there exists a unique homomorphism
h : M →M ′, such that h(mα) = m′α and the pair (h, f) is a morphism of crossed
modules.

A free G-crossed module, i.e., a free object in the category CMG, is defined
in a similar manner.

A G-crossed module (M, ∂, G) is called G-projective, if for any epimor-
phism

f := (f, id) : (M1, ∂1, G)→ (M2, ∂2, G)

and any G-homomorphism

h := (h, id) : (M, ∂, G)→ (M2, ∂2, G),

there exists a morphism

q := (q, id) : (M, ∂, G)→ (M1, ∂1, G),

such that fq = h (product of morphisms means composition).
The characterization of free and projective G-crossed modules was given by

Ratcliffe [Rat80] (Ratcliffe’s results and many other results from the crossed
module theory can be found in [Dye93]). We will use the following equivalence
(see, for example [Dye93], Theorem 2.3). For a G-crossed module (M, ∂, G)
the following conditions are equivalent:

(i) (M, ∂, G) is a projective crossed G-module;

(ii) the abelianization Mab = H1(M) is a projective Z[coker(∂)]-module and the
homomorphism H2(M)→ H2(im(∂)) is trivial.

A crossed module (M, ∂, G) is called aspherical, if ∂ is injective. If fur-
thermore, ∂ is an isomorphism then the crossed module is called contractible.

Let (X, Y ) be a pair of topological spaces. Then the boundary map

∂ : π2(X, Y )→ π1(Y ) (1.106)

defines the structure of a crossed module. J. H. C. Whitehead [Whi41] proved
that any free crossed module can be realized topologically as (1.106) for the
case when X is obtained from Y by adding only 2-cells.

In the case of topological pairs (X, X(1)), where X(1) is the 1-skeleton of a
space X, we have X(1) homotopically equivalent to the wedge of circles and
π1(X(1)) a free group. In this case there is the following exact sequence:
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0→ π2(X)→ π2(X, X(1))→ π1(X(1))→ π1(X)→ 1. (1.107)

The motivation for the definition of aspherical and contractible crossed mod-
ules directly follows from this sequence. The natural functor

Ho2 → CM

which provides an algebraic model for Ho2 is given by

X �→ (π2(X, X(1)), ∂, π1(X(1))). (1.108)

For a given space X, the crossed module defined by (1.108) is called the
fundamental crossed module of X. The functor

B : CM→ Top,

which can be viewed as a classifying space functor, was defined by Loday
[Lod82]. For a given crossed module (M, ∂, G), the space B(M, ∂, G) has
the following homotopy groups

π1B(M, ∂, G) = coker(∂),
π2B(M, ∂, G) = ker(∂),
πiB(M, ∂, G) = 0, i ≥ 3,

and has the property that the second stage of Postnikov tower p2B(M, ∂, G)
is weakly equivalent to (M, ∂, G) in CM . It is shown in [Lod82] that such a
functor can be constructed by taking the geometric realization of the diagonal
of the bisimplicial set NNL(M, ∂, G).

There is the equivalent description of the category CM in terms of the
so-called cat1-groups. Recall that a cat1-group consists of a group G with
two endomorphisms s, t : G→ G, satisfying

ss = s, st = t, ts = s, [ker(s), ker(t)] = 1.

Example 1.131
In analogy with the concept of the fundamental crossed complex for a given
fibration, the concept of the fundamental cat1-group can be naturally defined.
For a given fibration (1.105), consider its pullback

E ×X E = {(e1, e2) ∈ E × E | p(e1) = p(e2)}.

It is easy to show that there is a natural isomorphism of groups

π1(E ×X E) 	 π1(E) � π1(F ).

Let s and t be the a compositions of the projection of E ×X E on the first
and second coordinates respectively with the diagonal embedding. Then
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(E ×X E, s, t) = (π1(E), i∗, π1(F ))

is a cat1-group, called the fundamental cat1-group for the fibration (1.105).

Theorem 1.132 (Loday [Lod82]). The categories CM, Cat1 and SGr(1) are
equivalent.

We will define the equivalence maps between these categories omitting the
details of the proof. For a detailed proof the reader can refer, for example, to
[Lod82].

Equivalence map F : CM→ Cat1 can be constructed by setting

F : (M, ∂, P ) �→ (M � P, s : (m, p) �→ p, t : (m, p) �→ ∂(m)p). (1.109)

Its inverse F−1 : Cat1 → CM is constructed by setting

F−1 : (E, s, t) �→ (ker(s), t|ker(s), im(s)),

where the action of im(s) on ker(s) is by conjugation.
For a space X, the cat1-group defined as

X �→ (π2(X, X(1)) � π1(X(1)),

s : (m, p) �→ p, t : (m, p) �→ ∂(m)p, m ∈ π2(X, X(1)), p ∈ π1(X(1)))
(1.110)

is called the fundamental cat1-group of X. We will denote it by L(X).
The equivalence map P : SGr(1)→ CM can be constructed as follows:

P : G �→ (NG1, d1|NG1 , N0G), G ∈ SGr(1).

For the construction of its converse P−1 : CM → SGr(1), we define the
notion of the nerve of a given crossed module. Given a crossed moduleM =
(M, ∂, G), its nerve E(M) is the simplicial group

En(M) = M � (· · ·� (M � G) . . . ) (n semi-direct products),

d0(m1, . . . , mn, g) = (m2, . . . , mn, g),

di(m1, . . . , mn, g) = (m1, . . . ,mimi+1, . . . , mn, g), 0 < i < n,

dn(m1, . . . , mn, g) = (m1, . . . , mn−1, ∂(mn)g),

si(m1, . . . , mn, g) = (m1, . . . , mi, 1, mi+1, mn, g), 0 ≤ i ≤ n,

for mi ∈ M, g ∈ G. It can be directly checked that the Moore complex of
E(M) is exactly the crossed sequence ker(∂)→M → G, thus the nerve can
be viewed as a functor

E : CM→ SGr(2),
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where SGr(2) is the category of simplicial groups with Moore complex of
length ≤ 2. The required map can be defined as

P−1 :M �→ sk1(E(M)).

Peiffer Central Series for Pre-crossed Modules

If M and G are groups such that G acts on M :

g : m �→ g ◦m, g ∈ G, m ∈M, (1.111)

∂ : M → G is a group homomorphism which satisfies

∂(g ◦m) = g∂(m)g−1, g ∈ G, m ∈M,

then the triple (M, ∂, G) is called a pre-crossed module. Clearly any pre-
crossed module (M, ∂, G) which satisfies the additional condition:

mnm−1 = ∂(m) ◦ n, m, n ∈M,

has the structure of a crossed module.

Example 1.133
Let G and H be groups such that G acts on H. Then the natural epimorphism

f : H � G→ G

defines the pre-crossed module (H � G, f, G), which is not a crossed module
in the case when G is non-abelian.

For elements m, n ∈M , define the Peiffer commutator

〈m, n〉 = mnm−1∂(m) ◦ n−1.

Then a pre-crossed module (M, ∂, G) is a crossed module if and only if every
Peiffer commutator is trivial.

For two subgroups M1, M2 of M , let 〈M1, M2〉 denote the subgroup of M ,
generated by all commutators 〈m1, m2〉, m1 ∈ M1, m2 ∈ M2. The Peiffer
central series [Bau90] Pn := Pn(M, ∂, G), n ≥ 1, of the pre-crossed module
(M, ∂, G) is defined inductively by setting

P1 = M, Pn =
∏

i+j=n

〈Pi, Pj〉, n ≥ 2.

It is easy to see that

Pn = 〈Pn−1, M〉.〈M, Pn−1〉, n ≥ 2.
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The pre-crossed modules with P3 trivial play a central role in the theory of
homotopy 3-types (see Baues [Bau91]).

For n ≥ 2, the quotients Pn/Pn+1 are abelian groups. The action (1.111)
defines a Z[coker(∂)]-module structure on the abelian group Pn/Pn+1, n ≥ 2.

Another interesting series {Qn}n≥1 in the the pre-crossed module (M,∂,G)
is defined as follows:

Qn = Pn · γn(M).

The action (1.111) again defines a Z[coker(∂)]-module structure on the
abelian group Qn/Qn+1.

Remark. In analogy with the concept of crossed module, the crossed module
of Lie algebras can be defined. This is a triple (M, ∂, L), where M, L are Lie
algebras, ∂ : M → L is a homomorphism of Lie algebras, L acts on M and
the following conditions are satisfied:

(i) ∂(g ◦m) = [g, ∂(m)], g ∈ L, m ∈M,

(ii) ∂(b) ◦ c = [b, c], b, c ∈M.

The concept of cat1-Lie algebra can be naturally introduced. The same type
of constructions as in the case of groups show that the categories of crossed
modules of Lie algebras, cat1-Lie algebras and simplicial Lie algebras with
Moore complex of length one are equivalent [Ell92].

First k-invariant of a Crossed Module

For a given space X, the pair (π1(X), π2(X)) is not a complete set of in-
formation to determine the corresponding 2-type. That is, it is possible to
construct two spaces X and Y , such that there is an isomorphism of groups
π1(X) 	 π1(Y ) and of Z[π1]-modules π2(X) 	 π2(Y ), but the corresponding
2-types p2(X) and p2(Y ) are not the same. To complete the set of alge-
braic invariants which determine the 2-type, define the cohomological class
k(X) ∈ H3(π1(X), π2(X)), called the first k-invariant of X (or the first Post-
nikov invariant of X).

Let (M,∂, F ) be a crossed module with F a free group. Choose a set-
theoretical section s : coker(∂) → F of the map h : F → coker(∂), i.e.,
h ◦ s = idcoker(∂). Consider the corresponding 2-cocycle

W (q1, q2) = s(q1q2)−1s(q1)s(q2) ∈ ∂(M), q1, q2 ∈ coker(∂).

Since F is free, we can choice the homomorphic section t : ∂(M) → M,
such that ∂ ◦ t = id∂(M). Let v(q1, q2) = t(W (q1, q2)) ∈ M. Now define the
3-cocycle
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w(q1, q2, q3) = v(q2, q3)−1v(q1, q2q3)−1v(q1q2, q3)v(q1, q2)u(q3) ∈ ker(∂),

with q1, q2, q3 ∈ coker(∂). It can be shown that the image of w(q1, q2, q3)
in H3(coker(∂), ker(∂)) is independent of the choice of sections s and t.
The corresponding element k(M, ∂, F ) ∈ H3(coker(∂), ker(∂)) is called the
k-invariant of (M, ∂, F ).

Now, for a given space X, the first k-invariant can be defined as a
k-invariant of the fundamental crossed module of X:

k(X) = k(π2(X, X(1)), ∂, π1(X(1))).

Now the set (π1(X), π2(X), k(X)) completely determines the 2-type of X.
That is, two spaces X and Y have the same 2-types p2(X) 	 p2(Y ) if and
only if there is an isomorphism of groups π1(X) 	 π1(Y ), an isomorphism
of Z[π1]-modules π2(X) 	 π2(Y ) and the corresponding k-invariants coincide
k(X) = k(Y ).

In the case of the trivial first k-invariant, the corresponding 2-type of a
space is equivalent to the product of Eilenberg-MacLain spaces: p2(X) 	
K(π1(X), 1)×K(π2(X), 2).

Example 1.134
(Arlettaz, Baues-Conduche, [Bau97]). Let X be a space and Ω2(X) the path
component of the double loop space. Then k(Ω2(X)) = 0 and hence there is
a homotopy equivalence:

p2(Ω2(X)) 	 K(π3(X), 1)×K(π4(X), 2).

It is known that any abstract 2-type, i.e. a set (π1, π2, k), where π1 is a
group, π2 a Z[π1]-module, k ∈ H3(π1, π2), can be realized by 3-dimensional
complex [Mac50]. That is, there exists a 3-dimensional connected complex
X with π1(X) = π1, π2(X) = π2, as modules over π1(X) and k(X) = k ∈
H3(π1(X), π2(X)). However, not every 2-type can be realized by a connected
2-dimensional complex. The set of necessary and sufficient conditions for
the triple (π1, π2, k) to be realizable by a 2-dimensional complex is given in
[Dye75].

Homology and Lower Central Series of Crossed
Modules

There are different ways to define (co)homologies in the above categories.
G. Ellis defined homologies of the given crossed module (M, ∂, G) as H∗B
(M, ∂, G) [Ell92]. It directly follows from the definition of the classifying
space of a crossed module that, for any crossed module (M, ∂, G), there
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exists a fibration

K(ker(∂), 2)→ B(M, ∂, G)→ K(coker(∂), 1)

and hence, the spectral sequence

Hp(coker(∂), Hq(K(ker(∂), 2)))⇒ Hp+qB(M, ∂, G). (1.112)

For the computation of the homology groups Hq(K ker(∂), 2) one can use
the functorial method given by the Dold-Puppe spectral sequence (A.32) (see
also [Bre99]).

Clearly a similar spectral sequence exists with coefficients in a given
Z[coker(∂)]-module N .

Proposition 1.135 If (M, ∂, F ) is a projective crossed module, F a free
group, N a Z[coker(∂)]-module, then the map

d3 = − ∩ k : Hn(coker(∂), N)→ Hn−3(coker(∂), ker(∂)⊗N)

is an isomorphism for all n ≥ 4.

Proof. Consider the following central extension of the free group im(∂) :

1→ ker(∂)→M → im(∂)→ 1. (1.113)

Since H2(im(∂)) = 0, we have ker(∂) ∩ γ2(M) = 1; therefore we have the
abelianization of (1.113):

0→ ker(∂)→Mab → im(∂)ab → 0, (1.114)

which can be viewed as a short exact sequence of Z[coker(∂)]-modules. The
module im(∂)ab is exactly the relation module of the group coker(∂), given by
presentation F/im(∂). Therefore, the Magnus embedding gives the following
exact sequence of Z[coker(∂)]-modules:

0→ ker(∂)→Mab →W → Z[coker(∂)]→ Z→ 0, (1.115)

where W is a free Z[coker(∂)]-module with a basis in 1-1 correspondence
with a basis of F . Then the map − ∩ k can be viewed through the functor
H∗(coker(∂), −⊗N), applied to the sequence (1.115). The required isomor-
phism follows from the dimension shifting principle. �

Corollary 1.136 Let (M, ∂, F ) be a projective crossed module with F free.
Then H3B(M, ∂, F ) = 0.

Proof. The assertion follows from the spectral sequence (1.112), Proposition
1.135 and the fact that H1(K(A, 2)) = 0 for any abelian group A. �
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In the work [Car02] the authors show that CM is a tripleable category
over sets and define homology of crossed modules as cotriple homology in the
sense of Barr-Beck [Bar69]. Homologies in the sense of [Car02] are functors
H∗ : CM → Ab(CM) from the category CM to the category Ab(CM of
abelian crossed modules. That is, for any crossed module (M, ∂, G), we have

H∗(M, ∂, G) = (ξH∗(M, ∂, G), h∗, kH∗(M, ∂, G)),

where ξH∗(M, ∂, G), kH∗(M, ∂, G) are abelian groups with trivial action
of kH∗(M, ∂, G) on ξH∗(M, ∂, G). We shall use the following properties of
these homologies:

1. [Gra00]. For any crossed module (M, ∂, G) there exists a natural long exact
sequence

· · · → Hn+1B(M, ∂, G)→ ξHn(M, ∂, G)→ Hn(G)→ HnB(M, ∂, G)→ . . .
(1.116)

2. 5-term sequence for crossed modules [Car02].

Let
(N, µ, R)→ (Q, µ, F )→ (T, ∂, G)

be a short exact sequence of crossed modules. Then there exists a long exact sequence
of abelian crossed modules:

H2(Q, µ, F )→ H2(T, ∂, G)→ (
N

[F, N ][R, Q]
, µ, R/[F, R])→

H1(Q, µ, F )→ H1(T, ∂, G)→ 0 (1.117)

Define the lower central series {γi(G, M)}i≥1 for a crossed module ∂ :
M → G by induction: γ1(G, M) := M and γi+1(G, M) is the subgroup of
M , generated by elements

[g, m] := (g ◦m)m−1, m ∈ γi(G, M), g ∈ G. (1.118)

Denote the intersection of the series {γi(G, M)}i≥1 by γω(G, M). A crossed
module (M, ∂, G) is called residually nilpotent if γω(G, M) = {1}. We will
use the standard notation γi(G), 1 ≤ i ≤ ω, for the lower central series of a
group G.

Define Baer invariants of a crossed module (M, ∂, G) as

B(k)(M, ∂, F ) = ker{∂∗ : M/γk+1(G, M)→ F/γk+1(F )}.

For any crossed module (M, ∂, G) there exists the following exact sequence:

H2(G)→H2(B(M, ∂, G))→M/γ2(G, M)→ G/γ2(G)→H1(coker(∂))→ 0.

In particular, if H2(G) = 0, for example if G is free, then B(1)(M, ∂, G) =
H2(B(M, ∂, G)).
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Theorem 1.137 (Mikhailov [Mik07b]). Let (M, ∂, F ) be a crossed module
with F free, H1(coker(∂)) torsion free and H2(B(M,∂, F )) = 0. Then for all
n ≥ 1,

B(n)(M, ∂, F ) = 0.

Proof. The proof is by induction on k. Suppose B(k)(M, ∂, F ) = 0 for some
k. Consider the following short exact sequence of crossed modules:

(γk(F, M), ∂k, γk(F ))→ (M, ∂, F )→ (M/γk(F, M), ∂∗k, F/γk(F )),

where ∂∗k : M/γk(F, M)→ F/γk(F ) is induced by ∂ : M → F . It induces the
following epimorphism, coming from the 5-lemma analog for crossed modules
(1.117):

H2(M/γk(F, M), ∂∗k, F/γk(F ))→ (γk(F, M)/γk+1(F, M), ∂∗k, γn(F )/γn+1(F )).

That is, we have the following commutative diagram:

0 −−−−−→ ker(h2)
h2−−−−−→ ξH2(M/γk(F, M), ∂∗k, F/γk(F ))−−−−−→ H2(F/γk(F ))

q

⏐⏐� s

⏐⏐� ∥∥∥
0 −−−−−→ ker(∂∗k) −−−−−→ γk(F, M)/γk+1(F, M) −−−−−→ γk(F )/γk+1(F ),

(1.119)

where s is an epimorphism. Hence q is also an epimorphism.
Since we have the following exact sequence

0→ ker(∂∗k)→ B(k+1)(M, ∂, F )→ B(k)(M, ∂, F ),

and commutative diagram (1.119), for the inductive step it is enough to prove
that ker(h2) = 0. In view of sequence (1.116), ker(h2) can be presented as

ker(h2) = coker{H3(F/γn(F ))→ H3(B(M/γk(F, M), ∂k, F/γk(F ))}.

Note that the assumption of induction implies that ker(∂k)=B(k)(M, ∂, F ) =
0, hence

B(M/γk(F, M), ∂k, F/γk(F )) = K(coker(∂)/γk(coker(∂)), 1)

and

ker(h2) = coker{H3(F/γk(F ))→ H3(coker(∂)/γk(coker(∂)))}. (1.120)

Since H1(coker(∂)) is free abelian, there exists a subgroup H in F , such
that the restriction of the homomorphism ∂:

∂|H : H → coker(∂)
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induces isomorphism of abelianizations

H/γ2(H) 	 coker(∂)/γ2(coker(∂)).

Observe that H2(coker(∂)) = 0, since H2(B(M, ∂, F ) maps epimorphically
onto H2(coker(∂)). Therefore, ∂|H induces isomorphisms of quotients

H/γn(H) 	 coker(∂)/γn(coker(∂))

for all n ≥ 1. Hence we have the following commutative diagram

H∗(H/γn(H)) −−−−→ H∗(coker(∂)/γn(∂))⏐⏐� �⏐⏐
H∗(H/H ∩ γn(F )) −−−−→ H∗(F/γn(F )),

where the upper horizontal map is an isomorphism. It implies that the natural
map H∗(F/γn(F )) → H∗(G/γn(G)) is an epimorphism for all n ≥ 1 and
therefore, ker(h2) = 0 by (1.120). �
Theorem 1.138 If (M,∂, F ) is a crossed module with F free, H1(coker(∂))
free abelian and H2(B(M, ∂, F )) = 0, then ker(∂) = γω(F, M).

Proof. It is clear that

ker(∂)
ker(∂) ∩ γn(F, M)

⊆ ker{M/γn(F, M)→ F/γn(F )}, n ≥ 1. (1.121)

It follows from Theorem 1.137 that B(n)(M, ∂, F ) = 0, i.e. the kernel (1.121)
is trivial and ker(∂) ∈ γn(F, M) for all n ≥ 1.

If m ∈ γ2(F, M), then m is presented as the product of the elements
of the form (g ◦ s)s−1, s ∈ M, g ∈ F. But ∂((g ◦ s)s−1) = [g, ∂(s)], due
to CM1. Therefore ∂(m) ∈ γ2(F ). By induction we conclude that ∂(m) ∈
γn(F ), m ∈ γn(F, M) for all n ≥ 1. The residual nilpotence of F then
implies that m ∈ ker(∂) for m ∈ γω(F, M), and the result is thus proved. �
Proposition 1.139 (Mikhailov [Mik07b]). Let (M,∂, F ) be a crossed module
with F free group and H2B(M,∂, F ) ⊗ Q = 0, then B(k)(M,∂, F ) ⊗ Q = 0
for all k ≥ 1.

Proof. The proof is by induction on k. Suppose B(k)(M, ∂, F ) ⊗ Q = 0,
for some k ≥ 1. The diagram (1.119) and arguments used in the proof of
Theorem 1.137 imply that the completion of the inductive step follows from
the fact that the group

ker(h2) = coker{H3(F/γn(F ))→ H3B(M/γk(F, M), ∂∗k, F/γk(F ))}

consists of torsion elements.
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The fibration

K(B(k)(M, ∂, F ), 2)→ B(M/γk(F, M), ∂∗k, F/γk(F ))
→ K(coker(∂)/γk(coker(∂)), 1)

defines the following spectral sequence

E2
p, q = Hp(coker(∂)/γk(coker(∂)), HqK(B(k)(M, ∂, F ), 2))⇒

Hp+qB(M/γk(F, M), ∂∗k, F/γk(F )) (1.122)

It is well-known that for any abelian group A,

H1K(A, 2) = 0, H2K(A, 2) = A, H3K(A, 2) = 0;

therefore the spectral sequence (1.122) implies the following exact sequence:

H1(coker(∂)/γk(coker(∂)), B(k)(M, ∂, F ))→
H3B(M/γk(F, M), ∂∗k, F/γk(F ))→ H3(coker(∂)/γk(coker(∂)))

→ H0(coker(∂)/γk(coker(∂)), B(k)(M, ∂, F )) (1.123)

We have B(k)(M, ∂, F )⊗Q = 0 by induction hypothesis. Therefore, tensoring
the sequence (1.123) by Q, we get the natural isomorphism

H3B(M/γk(F, M), ∂∗k, F/γk(F ))⊗Q 	 H3(coker(∂)/γk(coker(∂)))⊗Q.

Thus we have

ker(h2)⊗Q = ker{H3(F/γ3(F ))→ H3(coker(∂)/γk(coker(∂)))}.

The next step is the same as in the proof of Theorem 1.137: we choose a
subgroup H in F such that there is an isomorphism of Q-modules:

f |H : H ⊗Q→ coker(∂)⊗Q.

The Q-version of Stallings Theorem then implies that f |H induces isomor-
phisms of Q-localizations

H/γk(H)⊗Q 	 coker(∂)/γk(coker(∂))⊗Q.

Now the same argument as in the proof of Theorem 1.137 implies the required
statement, namely ker(h2)⊗Q = 0. �

The definition of the lower central series for a crossed module (M, ∂, G)
can be extended to transfinite ordinal terms; more precisely, for an arbitrary
ordinal number α, by transfinite induction we define γα+1(G, M) to be a sub-
group in γα(G, M), generated by elements [g, m], m ∈ γα(G, M), g ∈ G. For
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a limit ordinal τ , we define γτ (G, M) to be the intersection
⋂

α<τ γα(G, M).
A crossed module (M, ∂, G) is called transfinitely nilpotent, if γα(G, M) =
{1} for some ordinal number α.

The exact sequences (1.116) and (1.117) imply the following commutative
diagram:

H3B(M, ∂, G) −−−−−−→ ξH2(M, ∂, G) −−−−−−→ H2(G)⏐⏐� ⏐⏐� ⏐⏐�
H3B( M

γω (G,M) , ∂̄, G/γω(G)) −−−−−−→ ξH2( M
γω (G,M) , ∂̄, G/γω(G)) −−−−−−→ H2(G/γω(G))⏐⏐� ⏐⏐� ⏐⏐�

ker(∂ω) −−−−−−→ γω(G, M)/γω+1(G, M) ∂ω−−−−−−→ γω(G)/γω+1(G)⏐⏐� ⏐⏐�
0 0

(1.124)

In the case of a free group G = F , we get the following exact sequence:

H3B(M, ∂, F )→ H3B(M/γω(F, M), ∂̄, F )→ γω(F, M)/γω+1(F, M)→ 0,
(1.125)

which implies the following

Proposition 1.140 If (M, ∂, F ) is a projective crossed module, F a free
group, then there is the following isomorphism

H3B(M/γω(F, M), ∂̄, F ) 	 γω(F, M)/γω+1(F, M). (1.126)

Furthermore, if H2B(M, ∂, F ) = 0 and H1(coker(∂)) is free abelian, then

H3(coker(∂)) 	 γω(F, M)/γω+1(F, M). (1.127)

Proof. By Proposition 1.135, H3B(M, ∂, F ) = 0. The isomorphism (1.126)
follows from the exact sequence (1.125). Now suppose H2B(M, ∂, F ) = 0
and H1(coker(∂)) is free abelian. Theorem 1.138 then implies that the
crossed module (M/γω(F, M), ∂̄, F ) is aspherical and coker(∂) = coker(∂̄);
consequently,B(M/γω(F, M), ∂̄, F ) is the classifying space K(coker(∂), 1)
and the required isomorphism follows from (1.126).

Obviously, one can get (1.127) immediately from Theorem 1.138 and
Hopf’s sequence (the sequence obtained by abelianization of the crossed mod-
ule together with an application of the functor H0(coker(∂), −). �
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Faithfulness and Residual Nilpotence

It follows from CM2 that ker(∂) is a central subgroup in M , therefore ker(∂)
has the structure of a Z[coker(∂)]-module.

Theorem 1.141 (Mikhailov, [Mik06a]) Let F be a free group and (M, ∂, F )
a non-aspherical projective F -crossed module. Then coker(∂) acts on ker(∂)
faithfully.

Proof. As noted in the proof of Proposition 1.135, ker(∂) ∩ γ2(M) = 1;
therefore we have an exact sequence (1.115) of Z[coker(∂)]-modules.

Suppose g ∈ coker(∂) is such that g ◦ x = x for all x ∈ ker(∂). De-
note by E the cyclic subgroup in coker(∂) generated by g. By hypothesis,
the crossed module (M, ∂, F ) is projective; therefore, using Ratcliffe’s char-
acterization [Rat80] of the projective modules, we conclude that Mab is a
projective Z[coker(∂)]-module, i.e. there exists a Z[coker(∂)]-module N such
that Mab⊕N is a free Z[coker(∂)]-module. Since ker(∂) is embedded into the
free Z[coker(∂)]-module Mab ⊕ N , we conclude that g − 1 has a nontrivial
annihilator in Z[coker(∂)] and, therefore, g is of finite order in coker(∂).

Applying the homology functor H∗(E, −) to the sequence (1.115), con-
sidered as a short exact sequence of Z[coker(∂)]-modules, and using the fact
that

Hi(E, Mab) = 0, Hi(E, W ) = 0, i ≥ 1,

we get
Hi(E, ker(∂)) 	 Hi+3(E, Z), i ≥ 1. (1.128)

Let i = 2j, then (1.128) implies that

H2j(E, ker(∂)) 	 E

On the other hand, by assumption, ker(∂) is a trivial Z[E]-module, and so
we get

H2j(E, ker(∂)) = 0, j ≥ 1, (1.129)

due to the fact that ker(∂) is free as an abelian group (it is embedded in
Mab ⊕ N). Therefore E is a trivial group, so g = 1 in coker(∂). Hence the
action of the group coker(∂) on ker(∂) is faithful. �

Corollary 1.142 Let X be a nonaspherical two-dimensional complex. Then
π1(X) acts faithfully on π2(X).

Remark. It may however be noted that for a two-dimensional complex X the
module π2(X) is, in general, not faithful. For example, let X be the projective
plane P2. Then π2(P2) = Z is annihilated by the element 1 + x ∈ Z[π1(P2)],
where x is the nontrivial element of π1(P2) = Z2.

We now give an application of Corollary 1.142 to the study of residual
properties of some groups.
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Proposition 1.143 Let F1 be a free group with generating set {xi, yj | i ∈
I, j ∈ J}, {rj}j∈J a subset of F = F (xi | i ∈ I) and let R the normal closure
of this subset in F . Suppose

〈yj | j ∈ J〉F1∩〈yjr
−1
j | j ∈ J〉F1 
= [〈yj | j ∈ J〉F1 , 〈yjr

−1
j | j ∈ J〉F1 ], (1.130)

and f ∈ F is such that

[f, x] ∈ [〈yj | j ∈ J〉F1 , 〈yjr
−1
j | j ∈ J〉F1 ],

for all x ∈ 〈yj | j ∈ J〉F1 ∩ 〈yjr
−1
j | j ∈ J〉F1 .

Then f ∈ R.
Condition (1.130) always holds in case group F/R has cohomological di-

mension greater than two.
Let H = F1/[〈yj | j ∈ J〉F1 , 〈yjr

−1
j | j ∈ J〉F1 ]. If, furthermore, F/R is not

residually solvable, then
δω(H) 
= δω+1(H).

Proof. Consider a free presentation of a group F/R:

〈xi, i ∈ I | rj , j ∈ J〉. (1.131)

The explicit structure (1.13) shows that the condition (1.130) is equivalent
to the nontriviality of π1(sk1 S(X, R)). Identifying π1(sk1 S(X, R)) with the
second homotopy module of the standard two-complex, constructed for the
presentation (1.131), we get the fact that the action of G on π1(sk1 S(X, R))
is faithful, by Corollary 1.142, and the first statement follows.

Now let g ∈ δω(F/R). Then we conclude that

[g, x] ∈ δω(H), x ∈ 〈yj | j ∈ J〉F1 ∩ 〈yjr
−1
j | j ∈ J〉F1 .

Hence, the faithfulness implies that δω(H) 
= 1. On the other hand, we have
the following exact sequence

1→ π1(sk1 S(X, R))→ H → F × F ;

therefore, δω+1(H) = 1. �
Example 1.144
Let F be a free group with generator set x, y, z, t. Define its normal sub-
groups:

R = 〈z, t〉F , S = 〈zy2, tx[xy, x]〉F .

Then
δω(F/[R, S]) 
= δω+1(F/[R, S]).
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We next observe that simply connected simplicial groups provide examples
of residually nilpotent groups.

Proposition 1.145 Let G be a free simplicial group with π0(G) = 1. Then
Gn/Bn(G) is residually nilpotent for n ≥ 1.

Proof. By Theorem 5.27, we have

πj(γs(G)) = 0, s ≥ 2n, j ≤ n.

Therefore, the simplicial map G → G/γs(G) implies isomorphism of homo-
topy groups:

πn(G)→ πn(G/γs(G)), s ≥ 2n.

Hence, Zn(G) ∩ γs(Gn) ⊆ Bn(G). Therefore,

γi(Gn/Bn(G)) = γi(Gn/Zn(G)), i ≥ s, (1.132)

The group Gn/Zn(G) is a subgroup of the direct product of free groups
Gn/ ker(∂t) ⊆ Gn−1, 0 ≤ t ≤ n; therefore, Gn/Zn(G) is residually nilpotent.
The equality (1.132) implies that Gn/Bn(G) is residually nilpotent. �



Chapter 2

Dimension Subgroups

Let Z[G] be the integral group ring of a group G and let g be its augmentation ideal.
For each natural number n ≥ 1, Dn(G) = G ∩ (1 + gn) is a normal subgroup of G
called the nth integral dimension subgroup of G. It is easy to see that the decreasing
series

G = D1(G) ⊇ D2(G) ⊇ . . . ⊇ Dn(G) ⊇ . . .

is a central series in G, i.e., [G, Dn(G)] ⊆ Dn+1(G) for all n ≥ 1. Therefore,
γn(G) ⊆ Dn(G) for all n ≥ 1, where γn(G) is the nth term in the lower central
series of G. The identification of dimension subgroups, and, in particular, whether
γn(G) = Dn(G), has been a subject of intensive investigation for the last over fifty
years. It is now known that, whereas Dn(G) = γn(G) for n = 1, 2, 3 for every
group G (see [Pas79]), there exist groups G whose series {Dn(G)}n≥1 of dimen-
sion subgroups differs from the lower central series {γn(G)}n≥1 ([Rip72], [Tah77b],
[Tah78b], [Gup90]). The various developments in this area have been reported in
[Pas79] and [Gup87c]. In the present exposition, we will primarily concentrate on
the results that have appeared since the publication of [Gup87c]. We particularly
focus attention on the fourth and the fifth dimension subgroups. We recall the de-
scription of the fifth dimension subgroup due to Tahara (Theorem 2.29) and give a
proof of one of his theorems which states that, for every group G, D5(G)6 ⊆ γ5(G)
(see Theorem 2.27). The proof here is, hopefully, shorter than the original one.

2.1 Groups Without Dimension Property

Given a group G, we call the quotient Dn(G)/γn(G), n ≥ 1, the nth dimen-
sion quotient of G. In case all dimension quotients are trivial, we say that
the group G has the dimension property. We begin with examples of groups
which do not have the dimension property.

Example 2.1 (Rips [Rip72]).

The first example of a group without dimension property was given by
E. Rips. Following the notation from [Rip72], consider the group G with
generators

R. Mikhailov, I.B.S. Passi, Lower Central and Dimension Series of Groups, 101
Lecture Notes in Mathematics 1952,
c© Springer-Verlag Berlin Heidelberg 2009
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a0, a1, a2, a3, b1, b2, b3, c

and defining relations

b64
1 = b16

2 = b4
3 = c256 = 1,

[b2, b1] = [b3, b1] = [b3, b2] = [c, b1] = [c, b2] = [c, b3] = 1,

[a64
0 = b32

1 , a64
1 = b−4

2 b−2
3 , a16

2 = b4
1b
−1
3 , a4

3 = b2
1b2,

[a1, a0] = b1c
2, [a2, a0] = b2c

8, [a3, a0] = b3c
32,

[a2, a1] = c, [a3, a1] = c2, [a3, a2] = c4,

[b1, a1] = c4, [b2, a2] = c16, [b3, a3] = c64,

[bi, aj ] = 1 if i 
= j, [c, ai] = 1 for i = 0, 1, 2, 3.

Then γ4(G) = 1 while the element

[a1, a2]128[a1, a3]64[a2, a3]32 = c128

is a non-identity element in D4(G).

Example 2.2 (Tahara [Tah78a]).

The above example was generalized by Ken-Ichi Tahara as follows:
Let Gk, l (k ≥ 2, l ≥ 0) be a group with generators x1, x2, x3, x4 and

defining relations

x2k+l+4
1 = [x2, x3]−2k+l+4

[x2, x1]−2k+l+3
,

x2k+4
2 = [x1, x3]2

k
[x1, x4]−2k−1

[x2, x3]3·2
k+3

,

x2k+2
3 = [x1, x2]2

k
[x1, x4]2

k−2
[x3, x2]5·2

k+1
,

x2k

4 = [x1, x2]2
k−1

[x2, x3]2
k
[x1, x3]2

k−2
,

[x3, x2]4 = [x1, x2, x2], [x2, x3]16 = [x1, x3, x3], [x3, x2]64 = [x1, x4, x4],

[x2, x3, x1] = [x2, x3, x2] = [x2, x3, x3] = [x2, x3, x4] = 1,

[x1, x2, x1] = [x1, x2, x3] = [x1, x2, x4] = 1,

[x1, x3, x1] = [x1, x3, x2] = [x1, x3, x4] = 1,

[x1, x4, x1] = [x1, x4, x2] = [x1, x4, x3] = 1.

Then
w = [x2, x3]2

k+5 ∈ D4(Gk, l) \ γ4(Gk, l).

The case k = 2, l = 0 is exactly the example due to Rips.

We continue the above constructions of groups without dimension prop-
erty by constructing a 4-generator and 3-relator example of a group G with
D4(G) 
= γ4(G) and, for each n ≥ 5, a 5-generator 5-relator example of
a group G with Dn(G) 
= γn(G). Our motivation for constructing these
examples is to develop a closer understanding of groups without dimension
property and also to look for simpler, and in a sense minimal, examples of
such groups.
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Example 2.3 Let G be the group defined by the presentation

〈x1, x2, x3, x4 | x4
1[x4, x3]2[x4, x2] = 1,

x16
2 [x4, x3]4[x4, x1]−1 = 1, x64

3 [x4, x2]−4[x4, x1]−2 = 1〉. (2.1)

Then w = [x1, x32
2 ][x1, x64

3 ][x2, x128
3 ] ∈ D4(G) \ γ4(G).

To prove the above statement, we need the following lemma:

Lemma 2.4 Let Π be a group. If x1, x2, x3 ∈ Π and there exist ξj ∈ γ2(Π),
j = 1, . . . , 6 and ηi ∈ γ3(Π), such that

x4
1 = ξ1, x16

2 = ξ2, x32
2 x64

3 = ξ4
4η1, x−32

1 x128
3 = ξ16

5 η2, x−64
1 x−128

2 = ξ64
6 η3

then
w = [x1, x32

2 ][x1, x64
3 ][x2, x128

3 ] ∈ D4(Π).

Proof. Since γ2(Π) ⊆ 1 + ∆2(Π), we have

1− w ≡ α1 + α2 + α3 mod ∆4(Π),

where α1 = (1 − [x1, x32
2 ]), α2 = (1 − [x1, x64

3 ]), α3 = (1 − [x2, x128
3 ]). Now,

working modulo ∆4(Π), we have

α1 ≡ (1− x32
2 )(1− x1)− (1− x1)(1− x32

2 )

≡ (1− x32
2 )(1− x1)− 32(1− x1)(1− x2) +

(
32
2

)
(1− x1)(1− x2)2

≡ (1− x32
2 )(1− x1)− (1− x32

1 )(1− x2) (since x4
1 ∈ γ2(Π)).

Similarly, we have

α2 ≡ (1− x64
3 )(1− x1)− (1− x64

1 )(1− x3),

α3 ≡ (1− x128
3 )(1− x2)− (1− x128

2 )(1− x3).

Therefore,

α1 + α2 + α3 ≡ (2− x32
2 − x64

3 )(1− x1) + (x32
1 − x128

3 )(1− x2)+

(x64
1 +x128

2 −2)(1−x3)≡(1−ξ4
4η1)(1−x1)+(1−ξ16

5 η2)(1−x2)+(1−ξ64
6 η2)(1−x3)≡

(1− η1)(1− x1) + (1− η2)(1− x2) + (1− η3)(1− x3)+

(1− ξ4)(1− ξ1) + (1− ξ5)(1− ξ2) + (1− ξ6)(1− ξ−2
2 ξ4

4) ≡ 0,

and hence w ∈ D4(Π). �
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Proof of Example 2.3. Modulo γ4(G), we have

x32
2 x64

3 = [x4, x1]2[x3, x4]8[x4, x1]2[x4, x2]4 = [x3, x4]8[x4, x1]4[x4, x2]4 = ξ4
4η1,

with ξ4 = [x3, x4]2[x4, x2] ∈ γ2(G), η1 = [x4, x1]4 ∈ γ3(G);

x−32
1 x128

3 = [x4, x3]16[x4, x2]8[x4, x1]4[x4, x2]8 =

[x4, x3]16[x4, x2]16[x4, x1]4 = ξ16
5 η2,

with ξ5 = [x4, x3] ∈ γ2(G), η2 = [x4, x2]16[x4, x1]4 ∈ γ3(G);

x−64
1 x−128

2 = [x4, x2]16[x4, x3]32[x4, x1]−8[x4, x3]32 =

[x4, x2]16[x4, x3]64[x4, x1]−8 = η3 ∈ γ3(G).

By Lemma 2.4, w ∈ D4(G). It remains to show that w /∈ γ4(G). We shall
construct a nilpotent group H of class 3, which is an epimorphic image of G
with nontrivial image of w.

The construction of H is a slight simplification of the construction of
Passi and Gupta (see [Gup87c], Example 2.1, p. 76). Let F be a free group
with generators 〈x1, x2, x3, x4〉. Define R1 to be the fourth term of the lower
central series of F , i.e., R1 = γ4(F ). Define

R2 = 〈R1, [xi, xj , xk] /∈ 〈α, β, γ〉R1 for all i, j, k, α4β−1, β4γ−1, γ4〉,

where α = [x4, x3, x3], β = [x4, x2, x2], γ = [x4, x1, x1];

R3 = 〈R2, [x4, x3]64α32, [x4, x2]16β8, [x4, x1]4γ2,

[x3, x2]16β−1, [x3, x1]4α−2, [x2, x1]4β−1〉,

R4 = 〈R3, c1, c2, c3〉,

where

c1 = x4
1[x4, x3]2[x4, x2],

c2 = x16
2 [x4, x3]4[x4, x1]−1,

c3 = x64
3 [x4, x2]−4[x4, x1]−2.

We set H = F/R4.
Clearly, the group H is a natural epimorphic image of G. Hence it remains

to show that the element

w0 = [x1, x32
2 ][x1, x64

3 ][x2, x128
3 ]

is nontrivial in H.
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We claim that [Ri+1, F ] ⊆ Ri, i = 1, 2, 3. This is obvious for i = 1, 2. We
show it for i = 3. Working modulo R3, we have:

[c1, x1] = 1,

[c1, x2] = [x1, x2]4[x4, x2, x2] = [x1, x2]4β = 1,

[c1, x3] = [x1, x3]4[x4, x3, x3]2 = [x1, x3]4α2 = 1,

[c1, x4] = [x1, x4]4[x1, x4, x1]2 = [x1, x4]4γ−2 = 1,

[c2, x1] = [x2, x1]16[x4, x1, x1]−1 = β4γ−1 = 1,

[c2, x2] = 1,

[c2, x3] = [x2, x3]16[x4, x3, x3]4 = β−1α4 = 1,

[c2, x4] = [x2, x4]16[x2, x4, x2]8 = [x2, x4]16β−8 = 1,

[c3, x1] = [x3, x1]64[x4, x1, x1]−2 = α32γ−2 = 1,

[c3, x2] = [x3, x2]64[x4, x2, x2]−4 = [x3, x2]64β−4 = 1,

[c3, x3] = 1,

[c3, x4] = [x3, x4]64[x3, x4, x3]32 = [x3, x4]64α−32 = 1.

Clearly, R2/R1 is cyclic of order 64, generated by the element α. We claim
that the element α has order exactly 64 in H. Suppose αs ∈ R4, s > 0 and s
is not divisible by 64. Then R4/R2 has a torsion element αs, since α64 ∈ R2.
We have the following group extension:

1→ R3/R2 → R4/R2 → R4/R3 → 1.

Hence at least one of two groups: R3/R2 or R4/R3 has a torsion. Since
[R4, F ] ⊆ R3, every element of R4/R3 can be written as ch1

1 ch2
2 ch3

3 for
some integers h1, h2, h3. Clearly it is a free abelian group of rank 3, since
R4/R4 ∩ γ2(F ) is free abelian, which is an epimorphic image of R4/R3. The
same argument works for the quotient R3/R2, since all commutators which
we added to R2 to get R3 are of the form [xi, xj ]hij qij , qij ∈ γ3(F ), hij ∈ Z,
but commutators [xi, xj ] are basic commutators in F , i.e., they are linearly
independent modulo γ3(F ). Hence both R4/R3 and R3/R2 are free abelian
and the element α has order exactly 64 in H.

Finally, note that w0 = α32 is nontrivial in H; hence the element w does
not lie in γ4(G). �

Example 2.5 Let G be the group defined by the presentation

〈x1, x2, x3, x4 | x4
1 = ξ1, x16

2 = ξ2,

x32
2 x64

3 = ξ4
4 , x−32

1 x128
3 = ξ16

5 , ξ16
1 ξ8

2 = 1〉, (2.2)

where
ξ1 = [x2, x4][x3, x4]2, ξ2 = [x4, x1][x3, x4]4,

ξ4 = [x3, x4]2[x4, x2][x4, x1], ξ5 = [x4, x3].

Then w = [x1, x32
2 ][x1, x64

3 ][x2, x128
3 ] ∈ D4(G) \ γ4(G).
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Proof. By Lemma 2.4, w ∈ D4(G). Note that the group H occurring in the
proof of Example 2.3 is a natural epimorphic image of G. Indeed, the first
two relations of G are also among the defining relations of H (due to relators
c1, c2), and therefore we only need to check the other three. In H,

x32
2 x64

3 = [x4, x1]2[x3, x4]8[x4, x1]2[x4, x2]4 = [x3, x4]8[x4, x1]4[x4, x2]4 = ξ4
4 ;

x−32
1 x128

3 = [x4, x3]16[x4, x2]8[x4, x1]4[x4, x2]8 =

[x4, x3]16[x4, x2, x2]−8[x4, x1, x1]−2 = [x4, x3]16[x4, x1, x1]−4 =

[x4, x3]16 = ξ16
5 ;

ξ16
1 ξ8

2 = [x2, x4]16[x3, x4]32[x4, x1]8[x3, x4]32 =

[x4, x2, x2]8[x4, x1, x1]4[x4, x3, x3]32 = [x4, x3, x3]64 = 1.

Thus we have an epimorphism θ : G → H, xi �→ xi, 1 ≤ i ≤ 4. It is shown
in the proof of Example 2.3, that w0 = θ(w) is nontrivial in H, which is
nilpotent of class 3. Hence w /∈ γ4(G). �

Example 2.6 Let

Π = 〈x1, x2, x3, y1 . . . , y26 | x4
1 =

2∏
i=0

[y2i+1, y2i+2], x16
2 =

7∏
i=3

[y2i+1, y2i+2],

x32
2 x64

3 =

(
11∏

i=8

[y2i+1, y2i+2]

)4

, x−32
1 x128

3 = [y25, y26]16, x−64
1 x−128

2 = 1〉. (2.3)

Then w = [x1, x
32
2 ][x1, x

64
3 ][x2, x

128
3 ] ∈ D4(Π) \ γ4(Π).

Proof. By Lemma 2.4, w ∈ D4(Π). Consider the group Π′ = Π ∗ Z, where
Z is an infinite cyclic group with generator x, say. It is easy to see that
there exists an epimorphism θ : Π′ → G, where G is the group considered
in Example 2.5 and θ maps xi �→ xi, i = 1, 2, 3, x �→ x4. Clearly, for such an
epimorphism θ, θ(w) /∈ γ4(G) by Example 2.5, and therefore w /∈ γ4(Π). �

Example 2.7 For n ≥ 5, let

G(n) = 〈x1, x2, x3, y1, . . . , y10n | x4
1 = ξ1,(n), x

16
2 = ξ2,(n),

x32
2 x64

3 = ξ4
3,(n), x

−32
1 x128

3 = ξ16
4,(n), x

−64
1 x−128

2 = ξ64
5,(n)〉, (2.4)
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where

ξi,(n) = [y(2i−2)n+1, y(2i−2)n+2] . . . [y2in−1, y2in], 1 ≤ i ≤ 5.

Then w = [x1, x
32
2 ][x1, x

64
3 ][x2, x

128
3 ] ∈ D4(G(n)) \ γ4(G(n)).

Proof. Observe that there exists an epimorphism G(n) → Π, Π being the
group considered in Example 2.6, which maps xi �→ xi, i = 1, 2, 3. The asser-
tion thus follows from Lemma 2.4. �

The same principle can be used to construct more examples of groups
without dimension property. The following example is a base for a later con-
struction in Theorem 2.14.

Example 2.8 Let k ≥ 9, and G the group given by the following presenta-
tion:

〈x1, x2, x3, x4 | x8
1[x4, x3]4[x4, x2],

x64
2 [x4, x3]−16[x4, x1]−1, x2k

3 [x4, x2]16[x4, x1]−4〉. (2.5)

Then [x1, x
256
2 ][x1, x

2k

3 ][x2, x
2k+1

3 ] ∈ D4(G) \ γ4(G).

Example 2.9 Let

r ≥ t ≥ 2, k ≥ q + r,

s ≥ l + 3, q ≥ s + r + 2

and G the group with generators x1, x2, x3, x4, x5 and relators

x2l

1 = [x4, x2]−2l−r−2
[x4, x3]2

l−1
[x4, x5]−2l−t

;

x2s

2 = [x4, x1]2
l−r−2

[x4, x3]−2s−3
[x4, x5]2

s−t−1
;

x2k

3 = [x4, x1]−2l−1
[x4, x2]2

s−3
[x4, x5]2

q−5
;

x2q

5 = [x4, x1]2
l−t

[x4, x2]−2s−t−1
[x4, x3]−2q−5

.

Then, for

w = [x1, x
2s+r

2 ][x1, x
2k

3 ][x1, x
2q+t−2

5 ][x2, x
2k+1

3 ][x2, x
2q+t

5 ][x5, x
2k+3

3 ],

we have
w ∈ D4(G) \ γ4(G).

Proof. Since x2l

1 , x2s

2 , x2k

3 , x2q

5 ∈ γ3(G), we have

1− w ≡
6∑

i=1

(1− αi) mod g6,
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where

α1 = [x1, x
2s+r

2 ], α2 = [x1, x
2k

3 ], α3 = [x1, x
2q+t−2

5 ],

α4 = [x2, x
2k+1

3 ], α5 = [x2, x
2q+t

5 ], α6 = [x5, x
2k+3

3 ].

Clearly, we have

1− α1 ≡ (1− x2s+r

2 )(1− x1)− (1− x1)(1− xs+r
2 )

≡ (1−x2s+r

2 )(1−x1)−2s+r(1−x1)(1−x2)+
(

2s+r

2

)
(1−x1)(1− x2)2

≡ (1− x2s+r

2 )(1− x1)− (1− x2s+r

1 )(1− x2) mod g4;

1− α2 ≡ (1− x2k

3 )(1− x1)− (1− x2k

1 )(1− x3) mod g4;

1− α3 ≡ (1− x2q+t−2

5 )(1− x1)− (1− x2q+t−2

1 )(1− x5) mod g4;

1− α4 ≡ (1− x2k+1

3 )(1− x2)− (1− x2k+1

2 )(1− x3) mod g4;

1− α5 ≡ (1− x2q+t

5 )(1− x2)− (1− x2q+t

2 )(1− x5) mod g4;

1− α6 ≡ (1− x2k+3

3 )(1− x5)− (1− x2k+3

5 )(1− x3) mod g4.

Hence

1−w ≡(1− x2s+r

2 x2k

3 x2q+t−2

5 )(1− x1) + (1− x−2s+r

1 x2k+1

3 x2q+t

5 )(1− x2)+

(1− x−2k

1 x−2k+1

2 x−2k+3

5 )(1− x3) + (1− x−2q+t−2

1 x−2q+t

2 x2k+3

3 )(1− x5) mod g4

In the group G, we have:

x2s+r

2 x2k

3 x2q+t−2

5 = [x4, x1]2
l−2

[x4, x3]−2s+r−3
[x4, x5]2

s−t−1+r

[x4, x1]−2l−1
[x4, x2]2

s−3
[x4, x5]2

q−5
[x4, x1]2

l−2
[x4, x2]−2s−3

[x4, x3]−2q+t−7
=

[x4, x2]2
s−t−1+r

[x4, x2]−2s−3
[x4, x3]−2s+r−3

[x4, x3]−2q+t−7
[x4, x5]2

q−5
[x4, x5]2

s−t−1+r
.

x−2s+r

1 x2k+1

3 x2q+t

5 = [x4, x2]2
s−2

[x4, x3]−2s+r−1
[x4, x5]2

s+r−t

[x4, x1]−2l

[x4, x2]2
s−2

[x4, x5]2
q−4

[x4, x1]2
l

[x4, x2]−2s−1
[x4, x3]−2q−5+t

=

[x4, x3]−2s+r−1
[x4, x3]−2q+t−5

[x4, x5]2
s+r−t

[x4, x5]2
q−4

.

x−2k

1 x−2k+1

2 x−2k+3

5 = [x4, x2]2
k−r−2

[x4, x3]−2k−1
[x4, x5]2

k−t

[x4, x1]−2l−r−1+k−s

[x4, x3]2
k−2

[x4, x5]−2k−t

[x4, x1]−2l−t+k−q+3
[x4, x2]2

s−t+k−q+2
[x4, x3]2

k−2
=

[x4, x1]−2l−r+k−s

[x4, x1]−2l−t+k−q+3
[x4, x2]2

k−r−2
[x4, x2]2

s−t+k−q+2
.
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x−2q+t−2

1 x−2q+t

2 x2k+3

3 = [x4, x2]2
q+t−r−4

[x4, x3]−2q+t−3
[x4, x5]2

q−2

[x4,x1]−2l−r−2+q+t−s

[x4,x3]2
q+t−3

[x4, x5]−2q−1
[x4,x1]2

l+2
[x4,x2]2

s

[x4,x5]2
q−2

=

[x4, x2]2
q+t−r−4

[x4, x2]2
s

[x4, x1]q+l+t−s−r−2[x4, x1]2
l+2

.

Hence,

1− w ≡(1− η2l

1 )(1− x1) + (1− η2s

2 )(1− x2)+

(1− η3)(1− x3) + (1− η5)(1− x5) mod g4,

where

η1 = [x4, x2]2
s−t−1+r−l

[x4, x2]−2s−3−l

[x4, x3]−2s+r−l−3
[x4, x3]−2q+t−l−7

[x4, x5]2
q−l−5

[x4, x5]2
s−t−1+r−l

,

η2 = [x4, x3]−2r−1
[x4, x3]−2q+t−s−5

[x4, x5]2
r−t

[x4, x5]2
q−s−4

,

η3 = [x4,x1]−2l−r+k−s
[x4,x1]−2l−t+k−q+3

[x4,x2]2
k−r−2

[x4, x2]2
s−t+k−q+2∈γ3(G),

η4 = [x4, x2]2
q+t−r−4

[x4, x2]2
s

[x4, x1]q+l+t−s−r−2[x4, x1]2
l+2 ∈ γ3(G).

Therefore,

1− w ≡ (1− η1)(1− x2l

1 ) + (1− η2)(1− x2s

2 ) ≡ 0 mod g4.

The proof that w /∈ γ4(G) is by the same principle as that in the proof of
Example 2.3.

Let F be a free group with generators x1, x2, x3, x4, x5. Define R1 to be the
fourth term of the lower central series of F , i.e., R1 = γ4(F ). Define

R2 = 〈R1, [xi, xj , xk] /∈ 〈α, β, γ, δ〉R1 for all i, j, k,

α2k−q

β−1, β2q−s

γ−1, γ2s−l

δ−1, δ2l〉,

where α = [x4, x3, x3], β = [x4, x5, x5], γ = [x4, x2, x2], δ = [x4, x1, x1];

R3 = 〈R2,[x4, x3]2
k

α2k−1
, [x4, x5]2

q

β2q

, [x4, x2]2
s

γ2s−1
,

[x4, x1]2
l

δ2l−1
, [x3, x5]−2q

α2q−5
, [x3, x2]−2s

α2s−3
,

[x3,x1]2
l

α2l−1
, [x5,x2]2

s

β2s−t−1
, [x5,x1]−2l

β−2l−t

, [x2,x1]−2l

γ2l−r−2〉,

R4 = 〈R3, c1, c2, c3, c4〉,
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where

c1 = x−2l

1 [x4, x2]−2l−r−2
[x4, x3]2

l−1
[x4, x5]−2l−t

;

c2 = x−2s

2 [x4, x1]2
l−r−2

[x4, x3]−2s−3
[x4, x5]2

s−t−1
;

c3 = x−2k

3 [x4, x1]−2l−1
[x4, x2]2

s−3
[x4, x5]2

q−5
;

c4 = x−2q

5 [x4, x1]2
l−t

[x4, x2]−2s−t−1
[x4, x3]−2q−5

.

We set H = F/R4.
Clearly, the group H is a natural epimorphic image of G. Hence it remains

to show that the element

w0 = [x1, x
2s+r

2 ][x1, x
2k

3 ][x1, x
2q+t−2

5 ][x2, x
2k+1

3 ][x2, x
2q+t

5 ][x5, x
2k+3

3 ]

is nontrivial in H. We claim that [Ri+1, F ] ⊆ Ri, i = 1, 2, 3. The proof is
straightforward. In analogy with Example 2.3, one can show that γ3(G) is
cyclic of order 2k with generator α, but w0 = α2k−1

. Therefore, w0 
= 1 and
w /∈ γ4(G). �

We next discuss examples of groups without dimension property in ar-
bitrary dimension. First examples of groups without dimension property in
higher dimensions were constructed by N. Gupta [Gup90].

Example 2.10 (Gupta [Gup90], [Gup91a]). Let n ≥ 4 be fixed and let F be a
free group of rank 4 with basis {r, a, b, c}. Set x0 = y0 = z0 = r, and define
commutators xi = [xi−1, a], yi = [yi−1, b], zi = [zi−1, c], i = 1, 2, . . . . Let
Gn be the quotient of F with the following defining relations:

(i) r22n−1
= 1, a2n+2

= y4
n−3z

2
n−3, b2n

= x−4
n−3zn−3, c2n−2

= x−2
n−3y

−1
n−3;

(ii) zn−2 = y4
n−2, yn−2 = x4

n−2;

(iii) xn−1 = 1, yn−1 = 1, zn−1 = 1;

(iv) [a, b, g] = 1, [b, c, g] = 1, [a, c, g] = 1, for all g ∈ F ;

(v) [xi, b] = 1, [xi, c] = 1, [yi, a] = 1, [yi, c] = 1, [zi, a] = 1, [zi, b] = 1,
i ≥ 1;

(vi) [xi, xj ]=1, [xi, yj ]=1, [xi, zj ]=1, [yi, yj ]=1, [yi, zj ]=1, [zi, zj ] = 1,
i, j ≥ 0.

Let
g = [a, b]2

2n−1
[a, c]2

2n−2
[b, c]2

2n−3
.

Then g ∈ Dn(Gn)\γn(Gn).
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Example 2.11 For every integer n ≥ 0, there exist integers k > l, such that
for the group Gn defined by the presentation

〈x1, x2, x3, x4, x5 | x4
1ξ1 = 1, x2l

2 ξ2 = 1, x2k

3 ξ3 = 1,

[[x5, nx4], x1]4[[x5, nx4], x3, x3]2
k−1

= 1, ξ2k−2

1 ξ2k−l+1

2 = 1〉,

where

ξ1 = [[x5, nx4], x3]2[[x5, nx4], x2][x5, n+1x4]2,

ξ2 = [[x5, nx4], x3]2
l−2

[[x5, nx4], x1]−1[x5, n+1x4]2,

ξ3 = [[x5, nx4], x2]−2l−2
[[x5, nx4], x1]−2,

the element wn = [x1, x2l+1

2 ][x1, x2k

3 ][x2, x2k+1

3 ] ∈ D4+n(Gn) \ γ4+n(Gn).

To prove the above assertion we need some technical lemmas. The
following lemma is a generalization of Lemma 2.4.

Lemma 2.12 Let Π be a group and n ≥ 4 an integer. If x1, x2, x3 ∈ Π are
such that there exist ξi ∈ γn−2(Π), i = 1, . . . , 4, satisfying

x4
1 = ξ1, x2l

2 = ξ2, x2l+1

2 x2k

3 = ξ4
3 , x−2l+1

1 x2k+1

3 = ξ2l

4 , x2k

1 x2k+1

2 = 1

then
w = [x1, x2l+1

2 ][x1, x2k

3 ][x2, x2k+1

3 ] ∈ Dn(Π),

provided k, l are sufficiently large integers.

Proof. Since 1− x ∈ ∆n−2(Π) for x ∈ γn−2(Π), we have

1− w ≡ α1 + α2 + α3 mod ∆n(Π),

where α1 = (1− [x1, x2l+1

2 ]), α2 = (1− [x1, x2k

3 ]), α3 = (1− [x2, x2k+1

3 ]). Now,
working modulo ∆n(Π), we have

α1 ≡ (1− x2l+1

2 )(1− x1)− (1− x1)(1− x2l+1

2 )

≡ (1− x2l+1

2 )(1− x1)− 2l+1(1− x1)(1− x2)+
n−1∑
i=2

(−1)i

(
2l+1

i

)
(1− x1)(1− x2)i.

Note that, for sufficiently large l and i ≤ n, the integer
(2l+1

i

)
is divisible

by 4n. Hence, for such an integer l, we have
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n−1∑
i=2

(−1)i

(
2l+1

i

)
(1− x1)(1− x2)i ∈ ∆n(Π),

and
2l+1(1− x1)(1− x2) ≡ (1− x2l+1

1 )(1− x2) mod ∆n(Π).

Therefore,

α1 ≡ (1− x2l+1

2 )(1− x1)− (1− x2l+1

1 )(1− x2) mod ∆n(Π).

Assuming k to be large enough so that
(2k+1

i

)
is divisible by 2ln for i ≤ n, we

have

α2 ≡ (1− x2k

3 )(1− x1)− (1− x2k

1 )(1− x3),

α3 ≡ (1− x2k+1

3 )(1− x2)− (1− x2k+1

2 )(1− x3).

Therefore, mod ∆n(Π),
α1 + α2 + α3

≡ (2− x2l+1

2 − x2k

3 )(1− x1) + (x2l+1

1 − x2k+1

3 )(1− x2)+

(x2k

1 + x2k+1

2 − 2)(1− x3)

≡ (1− ξ4
3)(1− x1) + (1− ξ2l

4 )(1− x2) + (1− x2k

1 x2k+1

2 )(1− x3)

≡ (1− ξ3)(1− ξ1) + (1− ξ4)(1− ξ2)

≡ 0,

and hence w ∈ Dn(Π). �

Lemma 2.13 Let k ≥ l + 2, l ≥ 4, be integers and G the group defined by
the presentation

〈x1, x2, x3, x4, x5 | x4
1ξ1 = 1, x2l

2 ξ2 = 1, x2k

3 ξ3 = 1

[x4, x1]4[x4, x3, x3]2
k−1

= 1, ξ2k−2

1 ξ2k−l+1

2 = 1,
[x4, xi, x4] = 1, i = 1, . . . , 4〉,

where

ξ1 = [x4, x3]2[x4, x2][x4, x5]2,

ξ2 = [x4, x3]2
l−2

[x4, x1]−1[x4, x5]2,

ξ3 = [x4, x2]−2l−2
[x4, x1]−2.

Then the element w = [x1, x2l+1

2 ][x1, x2k

3 ][x2, x2k+1

3 ] does not lie in γ4(G).
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Proof. We shall construct a nilpotent group of class 3 which is an epimorphic
image of the given group G and is such that the image of the element w is
nontrivial.

Let F be a free group with basis {x1, . . . , x5}. Consider the following four
types of relations:

R1 = γ4(F ),

R2 = 〈R1 ∪ {[xi, xj , xk] : (i, j, k) 
= (4, 1, 1), (4, 2, 2), (4, 3, 3)}, α2k−l
β−1,

β2l−2
γ−1, γ4〉, where α = [x4, x3, x3], β = [x4, x2, x2], γ = [x4, x1, x1]. Now

define R3 to be the product of R2 and the normal closure in F of the following
words:

[x4, x3]2
k

α2k−1
, [x4, x2]2

l

β2l−1
,

[x4, x1]4γ2, [x3, x2]2
l

α−2l−2
,

[x3, x1]4α−2, [x2, x1]4β−1,

[x4, x5]2
k−l+2

α−2k−1

[x5, xi], i 
= 1.

Finally, let R4 be the product of R3 and the normal closure in F of the
following words:

c1 = x4
1[x4, x3]2[x4, x2][x4, x5]2,

c2 = x2l

2 [x4, x3]2
l−2

[x4, x1]−1[x4, x5]2,

c3 = x2k

3 [x4, x2]−2l−2
[x4, x1]−2.

We claim that
[Ri+1, F ] ⊆ Ri, for i = 1, 2, 3.

This is obvious for i = 1, and 2 and it remains only to check for i = 3.
We note that, modulo R3, we have:

[c1, x1] = 1,

[c1, x2] = [x1, x2]4[x4, x3, x3] = [x1, x2]4β = 1,

[c1, x3] = [x1, x3]4[x4, x3, x3]2 = [x1, x3]4α2 = 1,

[c1, x4] = [x1, x4]4[x1, x4, x1]2 = [x1, x4]4γ2 = 1,

[c1, x5] = 1,

[c2, x1] = [x2, x1]2
l
[x4, x1, x1]−1 = β2l−2

γ−1 = 1,

[c2, x2] = 1,

[c2, x3] = [x2, x3]2
l
[x4, x3, x3]2

l−2
= [x2, x3]2

l
α2l−2

= 1,

[c2, x4] = [x2, x4]2
l
[x2, x4, x2]2

l−1
= [x2, x4]2

l
β−2l−1

= 1,

[c2, x5] = 1,

[c3, x1] = [x3, x1]2
k
[x4, x1, x1]−2 = α2k−1

γ−2 = 1,
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[c3, x2] = [x3, x2]2
k
[x4, x2, x2]−2l−2

= α2k−2
β−2l−2

= 1,

[c3, x3] = 1,

[c3, x4] = [x3, x4]2
k
[x3, x4, x3]2

k−1
= [x3, x4]2

k
α2k−1

= 1,

[c3, x5] = 1.

Clearly, γ3(F )/R2 is a cyclic group of order 2k generated by the element α.
To see that α has order exactly 2k in the group F/R4, as in the case of the
proof of Theorem 2.5, we note that the groups R3/R2 and R4/R3 are free
abelian. Hence, the relation αs ∈ R4, s > 0 implies that s is divisible by 2k.
As a consequence we get that α has order exactly 2k in F/R4. Hence, modulo
R4, the word w = [x1, x2l+1

2 ][x1, x2k

3 ][x2, x2k+1

3 ] ≡ α2k−1 ≡ β8 ≡ γ2 
≡ 1.
We claim that F/R4 is a natural epimorphic image of the given group G.

The first three relations of G hold in F/R4 by construction. The relation
[x4, x1]4[x4, x3, x3]2

k−1
= [x4, x1]4γ2 holds modulo R3. Now, modulo R4, we

have

ξ2k−2

1 ξ2k−l+1

2

= [x4, x3]2
k−1

[x4, x2]2
k−2

[x4, x5]2
k−1

[x4, x3]2
k−1

[x4, x1]−2k−l+1
[x4, x5]2

k−l+2

= [x4, x3]2
k
α2k−1

α2k+l−4
[x4, x1]−2k−l+1

[x4, x2]2
k−2

= α2k+l−4
β−2k−3

γ2k−l−2
= 1.

The relations [x4, xi, x4], i ∈ {1, 2, 3, 4}, clearly lie in R2. Hence F/R4 is
a natural epimorphic image of G and the image of w is nontrivial in F/R4.
Therefore, w /∈ γ4(G). �

Proof of Example 2.11. The case n = 0 is exactly Lemma 2.13. Assume
that the result holds for some n ≥ 0, i.e., wn /∈ γ4+n(Gn). We shall prove it
for n + 1, i.e., that wn+1 /∈ γ5+n(Gn+1).

Consider the quotient G′n = Gn/γ4+n(Gn)Nn, where Nn is the normal
subgroup in Gn, generated by all left-normed commutators [y1, . . . , ys],
s ≥ 3, such that there are at least two entries with yi = x4. The auto-
morphism of the free group of rank 5, given by

x1 �→ x1,

x2 �→ x2,

x3 �→ x3,

x4 �→ x4,

x5 �→ x5x4

can be extended to an automorphism of G′n; this follows from the fact that this
automorphism preserves all relations. This automorphism defines a semidirect
product Hn = G′n�〈x〉, where x acts as the described automorphism. Clearly,
we have [x, xi] = 1, i = 1, 2, 3, 4 and [x5, x] = x4 in Hn and Hn is nilpotent:
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γ5+n(Hn) = 1. Evidently the natural map f : G′n → Hn is a monomorphism.
However, it is easy to see that Hn is an epimorphic image of Gn+1, which
sends wn+1 to f(wn). Hence, wn+1 can not lie in γ5+n(Gn+1). �

We next make somewhat more complicated constructions, working on the
same principles as above, and show that there exists a nilpotent group of
class 4 with nontrivial sixth dimension subgroup.

Theorem 2.14 There exists a nilpotent group G of class 3 with

G ∩ (1 + ∆(γ2(G))2Z[G] + g5) 
= 1.

Proof. Let F be a free group with basis {x1, x2, x3, x4, x5}. Let R1 := γ4(F ).
Define

R2 =〈R1, [xi, xj , xk] /∈〈α, β, γ, δ〉R1 for all i, j, k, δ16β, α2k−10
δ, β8γ−1, γ8〉,

where δ = [x4, x5, x5], α = [x4, x3, x3], β = [x4, x2, x2], γ = [x4, x1, x1]; Let
R3 be R2 together with the following set of words:

[x1, x2]8[x4, x2, x2],

[x1, x3]8[x4, x3, x3]4,

[x2, x3]64[x4, x3, x3]−16,

[x1, x4]8[x4, x1, x1]4,

[x2, x4]64[x4, x2, x2]32,

[x3, x4]2
k

[x4, x3, x3]2
k−1

,

[x2, x5]64[x4, x5, x5]16,

[x5, x4]1024[x4, x5, x5]512,

[x1, x5]8, [x3, x5]1024.

Let R4 be R3 together with the following set of words:

c1 = x8
1[x4, x3]4[x4, x2];

c2 = x64
2 [x4, x3]−16[x4, x1]−1[x4, x5]16;

c3 = x2k

3 [x4, x2]16[x4, x1]−4

c4 = x1024
5 [x4, x2]16;

For any i = 1, 2, 3, [F, Ri+1] ⊆ Ri and k ≥ 12. The case i = 1 is obvious.
The case i = 2 easily can be checked. We shall consider the most difficult
case i = 3. Working modulo R3, we shall show that [ci, xj ] = 1 for all i, j:

[c1, x1] = 1;

[c1, x2] = [x1, x2]8[x4, x2, x2] = 1;

[c1, x3] = [x1, x3]8[x4, x3, x3]4 = 1;
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[c1, x4] = [x1, x4]8[x4, x1, x1]4 = 1, since γ8 ∈ R3;

[c1, x5] = [x1, x5]8 = 1;

[c2, x1] = [x2, x1]64[x4, x1, x1]−1 = [x4, x2, x2]8[x4, x1, x1]−1 = 1;

[c2, x2] = 1;

[c2, x3] = [x2, x3]64[x4, x3, x3]−16;

[c2, x4] = [x2, x4]64[x4, x2, x2]32 = 1;

[c2, x5] = [x2, x5]64[x4, x5, x5]16 = 1;

[c3, x1] = [x3, x1]2
k
[x4, x1, x1]−4 = [x4, x3, x3]2

k−1
[x4, x1, x1]−1 = 1;

[c3, x2] = [x3, x2]2
k
[x4, x2, x2]16 = [x4, x3, x3]−2k−2

[x4, x2, x2]16 = 1;

[c3, x3] = 1;

[c3, x4] = [x3, x4]2
k
[x4, x3, x3]2

k−1
= 1;

[c3, x5] = [x3, x5]2
k

= 1, since k > 10;

[c4, x1] = [x5, x1]1024 = 1;

[c4, x2] = [x5, x2]1024[x4, x2, x2]16 = [x4, x5, x5]256[x4, x2, x2]16 = 1;

[c4, x3] = [x5, x3]1024 = 1;

[c4, x4] = [x5, x4]1024[x4, x5, x5]512 = 1;

[c4, x5] = 1;

Clearly, γ3(F/R2) is a cyclic group of order 2k generated by element α.
To see that α has order exactly 2k in the group F/R4, as in the case of the
proof of Theorem 2.3, we note that the groups R3/R2 and R4/R3 are free
abelian. Hence, the relation αs ∈ R4, s > 0 implies that s divides 2k. As
a consequence we get the fact that α has order exactly 2k in F/R4. And
therefore, our element

w = [x1, x256
2 ][x1, x2k

3 ][x2, x2k+1

3 ]

is equal to α2k−1
= δ512 = β32 = γ4 
= 1.

Since x8
1, x64

2 , x2k

3 ∈ γ2(G), modulo g6, we have the following equivalences:

1− w ≡ (1− [x1, x256
2 ]) + (1− [x1, x2k

3 ]) + (1− [x2, x2k+1

3 ]).

Since 64(1− x1)2, 2k(1− x1)2, 2k+1(1− x2)2 ∈ g4, 64(1− x2) ∈ g2, modulo g5

we have

1− [x1, x256
2 ]

≡ (1− x256
2 )(1− x1)− (1− x1)(1− x256

2 )

≡ (1− x256
2 )(1− x1)− (1− x256

1 )(1− x2) +
(

256
2

)
(1− x1)(1− x2)2

≡ (1− x256
2 )(1− x1)− (1− x256

1 )(1− x2) + (1− x128
1 )(1− x2)2.
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Note that modulo g5:

(1− x128
1 )(1− x2)2

≡ (1− [x4, x3]−64[x4, x2]−16)(1− x2)2

≡ (1− x2) + (1− x1024
5 )(1− x2)2

≡ 1024(1− x5)(1− x2)2

≡ (1− x5)(1− x2)(1− x1024
2 )

≡ (1− x5)(1− x2)(1− [x4, x3]256[x4, x1]16[x4, x5]−256)
≡ 0,

therefore, modulo g5,

1− [x1, x256
2 ] ≡ (1− x256

2 )(1− x1)− (1− x256
1 )(1− x2). (2.6)

Analogically, it is easy to show that modulo g5,

1− [x1, x2k

3 ] ≡ (1−x2k

3 )(1−x1)−(1−x2k

1 )(1−x3)+(1−x2k−1

1 )(1−x3)2, (2.7)

1−[x2, x2k+1

3 ] ≡ (1−x2k+1

3 )(1−x2)−(1−x2k+1

2 )(1−x3)+(1−x2k

2 )(1−x3)2. (2.8)

Note that

x2k−1

1 x2k

2 = [x4, x3]−2k−2
[x4, x2]−2k−4

[x4, x3]2
k−2

[x4, x1]2
k−6

[x4, x5]−2k−2
=

[x4, x2]−2k−4
[x4, x1]2

k−6
[x4, x5]−2k−2

.

Hence, for k ≥ 13, we have x2k−1

1 x2k

2 = 1; therefore, modulo g5, we have

(1−x2k

1 )(1−x3)+(1−x2k−1

1 )(1−x3)2+(1−x2k+1

2 )(1−x3)+(1−x2k

2 )(1−x3)2 ≡
(1− x2k

1 x2k+1

2 )(1− x3) + (1− x2k−1

1 x2k

2 )(1− x3)2 ≡ 0. (2.9)

Equivalences (2.6) - (2.9) imply that, modulo g5,

1− w ≡(1− x256
2 )(1− x1)− (1− x256

1 )(1− x2)+

(1− x2k+1

3 )(1− x2) + (1− x2k

3 )(1− x1)

≡ (1− x256
2 x2k

3 )(1− x1) + (1− x−256
1 x2k+1

3 )(1− x2)

≡ (1− ζ16
1 )(1− x1) + (1− ζ128

2 )(1− x2),

where

ζ1 = [x4, x3]4[x4, x5]−4[x4, x2]−1[x4, x2, x2]2,

ζ2 = [x4, x3][x4, x5, x5]−4.
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Hence, modulo g5,

1− w ≡ 16(1− ζ1)(1− x1) + 128(1− ζ2)(1− x2)

≡ (1− ζ1)(1− x16
1 )− 8(1− ζ1)(1− x1)2 + (1− ζ2)(1− x128

2 )

− 64(1− ζ2)(1− x2)2

≡ (1− ζ1)(1− x16
1 ) + (1− ζ2)(1− x128

2 ).

Since x8
1, x64

2 ∈ γ2(G), we conclude

1− w ∈ ∆(γ2(G))2Z[G] + g5.

Furthermore, the detailed analysis of the above construction shows that

1− w ∈ ∆([〈x4〉G, G])2Z[G] + ∆([〈x4〉G, 4G])Z[G], (2.10)

since all commutators used in the words ci, i = 1, . . . , 4, have a nontrivial
entry of the generator x4. �

Theorem 2.15 There exists a nilpotent group Π of class 4 with D6(Π) 
= 1.

Proof. Consider the 5-generated group G of Theorem 2.14 which is nilpotent
of class 3. Let G1 = G ∗ 〈t〉/γ4(G ∗ 〈t〉), the quotient of the free product of
G with infinite cyclic group with generator t modulo its fourth lower central
subgroup. Clearly (2.10) implies that, for the image in G1 of the element w
(we retain the notation of elements of G when naturally viewed as elements
of G1), we have

1− w ∈ ∆([〈x4〉G1 , G1])2Z[G1] + ∆([〈x4〉G1 , 4G1])Z[G1]. (2.11)

Clearly, w /∈ 〈t〉G1 . Define the quotient G2 = G1/〈[x4, t, x4]〉G1 . Let f be an
automorphism of the free group with basis {x1, x2, x3, x4, x5, t} defined by

xi �→ xi, i = 1, . . . , 5
t �→ tx4.

It is easy to see that f can be extended to an automorphism of the group
G2. Thus we can consider the semi-direct product Π = G2 � 〈x〉. We have
the following relations in the group Π:

[xi, x] = 1, i = 1, . . . , 5, [t, x] = x4.

Since, in G2, we have the relations [x4, xi, x4] = [x4, t, x4] = 1 for all i, the
group Π is nilpotent of class 4. The natural map G2 → Π is a monomorphism;
hence the image of the element

w = [x1, x256
2 ][x1, x2k

3 ][x2, x2k+1

3 ]
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is nontrivial in Π. However, (2.11) implies that

1− w ∈ ∆([〈[t, x]〉Π, Π])2Z[Π] + ∆([〈[t, x]〉Π, 4Π])Z[Π] ⊆ ∆6(Π).

Therefore, 1 
= w ∈ D6(Π). �

Example 2.16

The reader can check that the constructions given in the proofs of Theorems
2.14 and 2.15 show that for the group Γ given by the following presentation:

〈x1, x2, x3, x4, x5, x6 | x8
1[x4, x6, x3]4[x4, x6, x2],

x64
2 [x4, x6, x3]−16[x4, x6, x1]−1[x4, x6, x5]16,

x2k

3 [x4, x7, x2]16[x4, x6, x1]−4, x1024
5 [x4, x6, x2]16,

[x4, x6, x5]2048, [x4, x6, x1]16, [x4, x6, x2]128,

[x4, x6, x1, x1][x4, x6, x2, x2]−8,

[x4, x6, x2, x2]−8[x4, x6, x3, x3]2
k−3〉,

for k ≥ 13,
D6(Γ) � γ5(Γ).

The arguments from the proof of Theorem 2.14 imply that the relations of Γ
are enough for the element

w = [x1, x256
2 ][x1, x2k

3 ][x2, x2k+1

3 ]

to lie in D6(Γ). However, the group Π, constructed in Theorem 2.15 is the
natural epimorphic image of Γ, and consequently w /∈ γ5(Γ).

2.2 Sjögren’s Theorem

For every natural number k, let

b(k) = the least common multiple of 1, 2, . . . , k,

and let

c(1) = c(2) = 1, c(n) = b(1)(
n−2

1 ) . . . b(n− 2)(
n−2
n−2), n ≥ 3.

The most general result known about dimension quotients is the following:

Theorem 2.17 (Sjögren [Sjo79]). For every group G,

Dn(G)c(n) ⊆ γn(G), n ≥ 1.
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Alternate proofs of Sjögren’s theorem have been given by Gupta [Gup87c]
and Cliff-Hartley [Cli87]. In case G is a metabelian group, Gupta [Gup87d]
has given the following sharper bound for the exponents of dimension
quotients:

Theorem 2.18 (Gupta [Gup87d]). If G is a metabelian group, then

Dn(G)2b(1) ... b(n−2) ⊆ γn(G), n ≥ 3.

Let F be a free group and R a normal subgroup of F . For k ≥ 1, let

R(k) = [. . . [[R, F, F ], . . . , F︸ ︷︷ ︸
k−1

],

and
r(k) =

∑
Z[F ]r1r2 . . . rk,

where Ri ∈ {R, F} and exactly one Ri = R.
The following two lemmas are the key results in the proof of Sjögren’s

theorem.

Lemma 2.19 Let w ∈ γn(F ), n ≥ 2, be such that w − 1 ∈ fn+1 + r(k) for
some k, 1 ≤ k ≤ n. Then wb(k) − 1 ≡ fk − 1 mod fn+1 + r(k + 1) for some
fi ∈ R(k).

Lemma 2.20 For n ≥ 1, F ∩ (1 + fn+1 + r(n)) = γn+1(F )R(n).

From Lemmas 2.19 and 2.20 Sjögren’s theorem follows by using a process
of descent:

Let H1 ⊇ H2 ⊇ . . . and K1 ⊇ K2 ⊇ . . . be two series, and {Nm, l : 1 ≤ m ≤
l} a family of normal subgroups of a group G satisfying

Nm, m+1 = HmKm+1,

HmKl ⊆ Nm, l,

Nm, l+1 ⊆ Nm, l for all m < l.

⎫⎪⎬⎪⎭ (2.12)

Lemma 2.21 ([Gup87c], [Har82a]). If n is a positive integer and there exist
positive integers a(l) such that

(Kl+m ∩Nl, l+m+1)a(l) ⊆ Nl+1, l+m+1Hl, l + m ≤ n + 1,

then
N

a(1, n+2)
1, n+2 ⊆ H1Kn+2,

where

a(1, n + 2) =
n∏

i=1

a(i)(
n
i).
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2.3 Fourth Dimension Subgroup

An identification of the fourth dimension subgroup is known.

Theorem 2.22 (see [Gup87c], [Tah77b]).
Let G be a nilpotent group of class 3 given by its pre-abelian presentation:

〈x1, . . . , xm | xd(1)
1 ξ1, . . . , x

d(k)
k ξk, ξk+1, . . . , γ4(〈x1, . . . , xm〉)〉

with k ≤ m , d(i) > 0, d(k)| . . . |d(2)|d(1) and ξi ∈ γ2(〈x1, . . . , xm〉). Then,
the group D4(G) consists of all elements

w =
∏

1≤i<j≤k

[xd(i)
i , xj ]aij , aij ∈ Z, (2.13)

such that

d(j)|
(

d(i)
2

)
aij (1 ≤ i < j ≤ m), (2.14)

and

yl =
∏

1≤i<l

x
−d(i)ail

i

∏
l<j≤k

x
d(l)alj

j ∈ γ2(G)d(l)γ3(G) for 1 ≤ l ≤ k. (2.15)

Theorem 2.23 (Losey [Los74], Tahara [Tah77a], Sjögren [Sjo79], Passi
([Pas68a], [Pas79])). For any group G, D4(G)/γ4(G) has exponent 2.

In may be noted that every 3-generator group G has the property that
D4(G) = γ4(G) (see [Gup87c]). In Example 2.3 we have a 4-generator group
G with 3 relators such that D4(G) 
= γ4(G). We now show that every 2-relator
group G has the property that D4(G) = γ4(G). Thus, in a sense, Example
2.3 is a minimal example of a group G with D4(G) 
= γ4(G).

Theorem 2.24 Let G = 〈X | r1, r2〉 be a 2-relator group. Then D4(G) =
γ4(G).

Proof. Observe that G has a pre-abelian presentation of the form

G = 〈x1, . . . , xn, . . . | xd(1)
1 ξ1, x

d(2)
2 ξ2, ξ3, . . . 〉

with ξi ∈ γ2〈x1, . . . 〉 and d(2)|d(1). Then, modulo γ4(G), the group D4(G)
consists of the elements

w = [xd(1)
1 , x2]a12 ,

such that
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d(2)|
(

d(1)
2

)
a12,

and
y2 = x

−d(1)a12
1 ∈ γ2(G)d(2)γ3(G).

Therefore, modulo γ4(G), for some z ∈ γ2(G), we have

w = [xd(1)a12
1 , x2] = [y2, x2] = [zd(2), x2] = [z, x

d(2)
2 ] = 1.

�

Theorem 2.25 [Gup92] For any group G, [D4(G), G] = γ5(G).

Proof. In view of Theorem 2.23, it suffices to prove the statement for finite
2-groups. Let G be a finite 2-group, generated by elements x1, . . . , xk such
that x

d(i)
i ∈ γ2(G) for some d(i) = 2αi , with ordering α1 ≥ α2 ≥ · · · ≥ αk ≥ 1.

Let w ∈ D4(G). Theorem 2.22 implies that modulo γ4(G), w can be expressed
in the form (2.13), such that the conditions (2.14) and (2.15) are satisfied.
Let h be arbitrary element of G. Then we have the following equivalences
modulo γ5(G):

[w, h] = [
∏

1≤i<j≤k

[xd(i)
i , xj ]aij , h] ≡

∏
1≤i<j≤k

[xd(i)
i , xj , h]aij ≡

∏
1≤i<j≤k

[xd(i)
i , h, xj ]aij

∏
1≤i<j≤k

[xj , h, x
d(i)
i ]−aij mod γ5(G). (2.16)

Condition (2.14) implies that∏
1≤i<j≤k

[xd(i)
i , h, xj ]aij ≡

∏
1≤i<j≤k

[xi, h, x
d(i)
j ]aij ≡

∏
1≤i<j≤k

[xi, h, x
d(i)aij

j ] mod γ5(G);

∏
1≤i<j≤k

[xj , h, x
d(i)
i ]−aij ≡

∏
1≤i<j≤k

[xj , h, x
−d(i)aij

i ] mod γ5(G).

Therefore, by condition (2.15), we have

[w, h] ≡
∏

1≤i<j≤k

[xi, h, x
d(i)aij

j ]
∏

1≤i<j≤k

[xj , h, x
−d(i)aij

i ] ≡

∏
1≤t≤k

[xt, h,
∏

1≤s<t

x−d(s)ast
s

∏
t<r≤k

x−d(t)atr
r ] ≡

∏
1≤t≤k

[xt, h, yt] ≡ 1 mod γ5(G). �

An extensive analysis of the counter-examples to the equality of the fourth
dimension subgroup with the fourth lower central subgroup has been carried
out by M. Hartl [Har].
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Theorem 2.26 (Hartl [Har]; see also [Har98, Theorem 7.2.6, p. 72]). Let A =
Z2β1 ⊕Z2β2 ⊕Z2β3 ⊕Z2β4 with β1 ≤ β2 ≤ β3 ≤ β4 and n ≥ 1. Then there exists
a finite nilpotent group G of class 3 with Gab 	 A, such that D4(G) 
= 1 and
[v, x] = 1 for every v ∈ γ2(G), x ∈ G, such that xγ2(G) is a generator of the
summand Z2β4 in Gab if and only if the following conditions hold:

(i) β1, β2 − β1, β3 − β2 ≥ 2,

(ii) β3 > n > max{β2, β3 − β1}.

Moreover, under conditions (i) and (ii), the group G can be chosen to be of
order 24β1+3β2+2β3+β4+n+1.

2.4 Fifth Dimension Subgroup

The structure of the fifth dimension subgroup has been described by Tahara
[Tah81], and it has been further shown that D6

5(G) ⊆ γ5(G):

Theorem 2.27 (Tahara [Tah81]). For every group G, D5(G)6 ⊆ γ5(G).

Analysis of Tahara’s description of the fifth dimension subgroup leads us
to the following result.

Theorem 2.28 For every group G, D5(G)2 ⊆ δ2(G)γ5(G).

Let G be a finite group of class 4. Choose the elements

{x1i ∈ G \ γ2(G)}i=1,...,s,

{x2i ∈ γ2(G) \ γ3(G)}i=1,...,t,

{x3i ∈ γ3(G) \ γ4(G)}i=1,...,u,

{x4i ∈ γ4(G)}i=1,...,v

to be such that {xliγl+1(G)} forms a basis of γl(G)/γl+1(G). Let d(i) be the
order of x1iγ2(G) in G/γ2(G), e(i) the order of x2iγ3(G) in γ2(G)/γ3(G), f(i)
the order of x3iγ4(G) in γ3(G)/γ4(G). We then have

x
d(i)
1i =

∏
1≤j≤t

x
bij

2j

∏
1≤j≤u

x
cij

3j y4i, y4i ∈ γ4(G), 1 ≤ i ≤ s;

x
e(i)
2i =

∏
1≤j≤t

x
dij

3i y′4i, y′4i ∈ γ4(G), 1 ≤ i ≤ t;

x
f(i)
3i =

∏
1≤j≤v

x
fij

4j , 1 ≤ i ≤ u;

[xd(i)
1i , x1j ] =

∏
1≤k≤u

x
α

(ij)
k

3k y′′ij , y′′ij ∈ γ4(G), 1 ≤ i < j ≤ s.
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We choose the element xij in such a way that d(i)|d(i + 1), e(i)|e(i + 1),
f(i)|f(i + 1).

Theorem 2.29 (Tahara [Tah81]). With the above notations, the subgroup
D5(G) is equal to the subgroup generated by the elements∏

1≤i≤j≤s

[xuijd(j)
1i , x1j ]

∏
1≤i≤s, 1≤k≤t

∏
k<l

[x2l, x2k]bilvik

∏
1≤i≤j≤k≤s

[xd(i)
1i , x1j , x1k]wijk ,

(2.17)
where

uij , 1 ≤ i < j ≤ s,

vik, 1 ≤ i ≤ s, 1 ≤ k ≤ t,

v′ik, 1 ≤ i ≤ s, 1 ≤ k ≤ t,

wijk, 1 ≤ i ≤ j ≤ k ≤ s,

w′ijk, 1 ≤ i < j ≤ k ≤ s,

w′′ijk, 1 ≤ i ≤ j < k ≤ s,

are integers satisfying the following conditions:

wiii = 0, 1 ≤ i ≤ s; (2.18)

uij
d(j)
d(i)

(
d(i)
2

)
+ wiijd(i) + w′′iijd(j) = 0, 1 ≤ i < j ≤ s; (2.19)

− uij

(
d(j)
2

)
+ wijjd(i) + w′ijjd(j) = 0, 1 ≤ i < j ≤ s; (2.20)

wijkd(i) + w′ijkd(j) + w′′ijkd(k) = 0, 1 ≤ i < j < k ≤ s; (2.21)

∑
i<h

uihbhk −
∑
h<i

uhi
d(i)
d(h)

bhk + vikd(i) + v′ike(k) = 0, 1 ≤ i ≤ s, 1 ≤ k ≤ t;

(2.22)

uij
d(j)
d(i)

(
d(i)
3

)
+ wiij

(
d(i)
2

)
≡ 0 mod d(i), 1 ≤ i < j ≤ s; (2.23)

wiij

(
d(i)
2

)
+ w′′iij

(
d(j)
2

)
≡ 0 mod d(i), 1 ≤ i < j ≤ s; (2.24)

− uij

(
d(j)
3

)
+ w′ijj

(
d(j)
2

)
≡ 0 mod d(i), 1 ≤ i < j ≤ s; (2.25)

wijk

(
d(i)
2

)
, w′ijk

(
d(j)
2

)
, w′′ijk

(
d(k)

2

)
≡ 0 mod d(i), 1 ≤ i < j < k ≤ t;

(2.26)



2.4 Fifth Dimension Subgroup 125

vik

(
d(i)
2

)
−
∑
h≤i

whiibhk −
∑
i<h

w′′iihbhk ≡ 0 mod (d(i), e(k)),

1 ≤ i ≤ s, 1 ≤ k ≤ t; (2.27)

∑
h≤i

whijbhk +
∑

i<h≤j

w′ihjbhk +
∑
j<h

w′′ijhbhk ≡ 0 mod (d(i), e(k)),

1 ≤ i < j ≤ s, 1 ≤ k ≤ t; (2.28)

−
∑
h<i

uhi
d(i)
d(h)

α
(hi)
l +

∑
i<h

uihchl −
∑
h<i

uhi
d(i)
d(h)

chl −
∑

k

v′ikdkl−∑
g≤i≤h

wgihα
(gh)
l −

∑
g≤h≤i

wghiα
(gh)
l −

∑
i<g≤h

w′ighα
(gh)
l ≡ 0 mod (d(i), f(l)),

1 ≤ i ≤ s, 1 ≤ l ≤ s; (2.29)

∑
i

vikbik ≡ 0 mod e(k), 1 ≤ k ≤ t; (2.30)∑
i

vikbil +
∑

i

vilbik ≡ 0 mod e(k), 1 ≤ k < l ≤ t. (2.31)

Proof of Theorem 2.28. Standard reduction argument shows that it is
enough to consider finite groups. Commutator identities (see Chapter 1, 1.1)
and condition (2.25) imply

[xuijd(j)
1i , x1j ] = [x1i, x

uijd(j)
1j ][x1i, x1j , x1j ]−uij(d(j)

2 )[x1j , x1i, x1i]−uij(d(j)
2 )·

[x1i, x1j , x1j , x1j ]−uij(d(j)
3 )[x1j , x1i, x1i, x1i]−uij(d(j)

3 ) =

[x1i, x
uijd(j)
1j ][x1i, x1j , x1j ]−uij(d(j)

2 )[x1j , x1i, x1i]−uij(d(j)
2 )·

[x1i, x1j , x1j , x1j ]−w′ijj(d(j)
2 )[x1j , x1i, x1i, x1i]−w′ijj(d(j)

2 ). (2.32)

Observe that

[x1j , x1i, x1i, x1i]−2w′ijj(d(j)
2 ) = 1,

[x1j , x1i, x1i, x1i]−3w′ijj(d(j)
2 ) = [x1j , x1i, x1i, x1i]−3uij(d(j)

3 )

= [x1j , x1i, x1i, x1i]−uijd(j) (d(j)−1)(d(j)−2)
2 = 1

Therefore,
[x1j , x1i, x1i, x1i]w

′
ijj(d(j)

2 ) = 1.

Analogically,
[x1i, x1j , x1j , x1j ]w

′
ijj(d(j)

2 ) = 1.
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i<j

[xuijd(j)
1i , x1j ]2 =

∏
j

(
∏
i<j

[xuijd(j)
1i , x1j ]

∏
j<k

[xujkd(k)
1j , x1k]) =

∏
j

([
∏
i<j

x
uijd(j)
1i

∏
j<k

x
−ujkd(k)
1k , x1j ]) ·B, (2.33)

where

B :=
∏
j<k

([x1j , x1k, x1k]−ujk(d(k)
2 )[x1k, x1j , x1j ]−ujk(d(k)

2 )).

Also we have

[
∏
i<j

x
uijd(j)
1i

∏
j<k

x
−ujkd(k)
1k , x1j ] =

[
∏

l

x
∑

i<j uij
d(j)
d(i) bil−

∑
j<k ujkbkl

2l

∏
q

x
∑

i<j uij
d(j)
d(i) ciq−

∑
j<k ujkckq

3q , x1j ] =

[
∏

l

x
vjld(j)+v′jle(l)
2l , x1j ][

∏
q

x
Aqj

3q , x1j ] = (2.34)

∏
l

[x2l, x1j , x1j ]−vjl(d(j)
2 )[
∏

l

x
vjl

2l , x
d(j)
1j ][

∏
l

x
v′jle(l)
2l , x1j ][

∏
q

x
Aqj

3q , x1j ],

where Aqj =
∑

i<j uij
d(j)
d(i) ciq −

∑
j<k ujkckq.

The condition (2.27) implies that∏
l

[x2l, x1j , x1j ]−vjl(d(j)
2 ) =∏

l

[x2l, x1j , x1j ]−
∑

i≤j wijjbil−
∑

j≤k w′′jjkbkl = (2.35)∏
i≤j

[x1i, x1j , x1j ]−wijjd(i)[x1j , x1i, x1i]−w′′iijd(j)

The condition (2.31) implies that

C :=
∏
j

[
∏

l

x
vjl

2l , x
d(j)
1j ] =

∏
j

(
∏
l′>l

[x2l, x2l′ ]vjlbjl′
∏
l′<l

[x2l, x2l′ ]vjlbjl′ ) = (2.36)

∏
l′>l

[x2l, x2l′ ]
∑

j vjlbjl′
∏
l>l′

[x2l, x2l′ ]
∑

j vjlbjl′ =

∏
l′>l

[x2l, x2l′ ]
∑

j vjlbjl′
∏
l>l′

[x2l, x2l′ ]−
∑

j vjl′bjk =
∏
l′>l

[x2l, x2l′ ]2
∑

j vjlbjl′ .
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The condition (2.29) implies that

D :=
∏
j

[
∏

l

x
v′jle(l)
2l , x1j ][

∏
q

x
Aqj

3q , x1j ] =
∏

1≤q≤u, 1≤j≤s

[x3q, x1j ]
∑

l v′jldlq+Aqj =

∏
1≤j≤s,
1≤q≤u

[x3q, x1j ]
−
∑

h<j

uhj
d(j)
d(h) α

(hj)
q −

∑
g≤j≤h

wgjhα
(gh)
q −

∑
g≤h≤j

wghjα
(gh)
q −

∑
j<g≤h

w′jghα
(gh)
q

=

∏
h<j

[xd(j)
1h , x1j , x1j ]−uhj

∏
g≤j≤h

[xd(g)
1g , x1h, x1j ]−wgjh · (2.37)∏

g<h≤j

[xd(g)
1g , x1h, x1j ]−wghj

∏
j<g≤h

[xd(g)
1g , x1h, x1j ]−w′jgh .

Since [xd(i)
1i , x1k, x1j ][x1k, x1j , x

d(i)
1i ][x1j , x

d(i)
1i , x1k] = 1, we have∏

i≤j≤k

[xd(i)
1i , x1k, x1j ]−wijk =

∏
i≤j≤k

[x1k, x1j , x
d(i)
1i ]wijk

∏
i≤j≤k

[xd(i)
1i , x1j , x1k]−wijk .

We change the subscripts g, h in (2.37) by appropriate subscripts i, j, k. The
conditions (2.20) and (2.26) then imply

D =
∏
i<j

[x1i, x1j , x1j ]−uijd(j)
∏

i≤j≤k

[x1k, x1j , x
d(i)
1i ]wijk ·∏

i≤j≤k

[xd(i)
1i , x1j , x1k]−2wijk

∏
j<i≤k

[xd(i)
1i , x1k, x1j ]−w′jik = (2.38)∏

i<j

[x1i, x1j , x
d(j)
1j ]−uij

∏
i≤j≤k

[x1k, x1j , x
d(i)
1i ]wijk ·∏

i≤j≤k

[xd(i)
1i , x1j , x1k]−2wijk

∏
j<i≤k

[x1k, x1i, x
d(i)
1j ]w

′
jik .

Hence

g2 = B · C ·D ·
∏
i≤j

[x1i, x1j , x1j ]−wijjd(i)[x1j , x1i, x1i]−w′′iijd(j)·∏
1≤i≤s, 1≤k≤t

∏
k<l

[x2l, x2k]2bilvik

∏
1≤i≤j≤k≤s

[xd(i)
1i , x1j , x1k]2wijk

=
∏
j<k

([x1j , x1k, x1k]−ujk(d(k)
2 )[x1k, x1j , x1j ]−ujk(d(k)

2 ))·

∏
i≤j

[x1i, x1j , x1j ]−wijjd(i)[x1j , x1i, x1i]−w′′iijd(j)·

∏
i<j

[x1i, x1j , x
d(j)
1j ]−uij

∏
i≤j≤k

[x1k, x1j , x
d(i)
1i ]wijk

∏
i<j≤k

[x1k, x1j , x
d(j)
1i ]w

′
ijk

(2.39)
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=
∏
j<k

([x1j , x1k, x1k]w
′
jkkd(k)[x1k, x1j , x1j ]wjjkd(j))·

∏
i≤j≤k

[x1k, x1j , x
d(i)
1i ]wijk

∏
i<j≤k

[x1k, x1j , x
d(j)
1i ]w

′
ijk

=
∏
j<k

([x1j , x1k, x
d(k)
1k ]w

′
jkk [x1k, x1j , x

d(j)
1j ]wjjk [x1k, x1j , x1j , x1j ]−wjjk(d(j)

2 ))·

∏
i≤j≤k

[x1k, x1j , x
d(i)
1i ]wijk

∏
i<j≤k

[x1k, x1j , x
d(j)
1i ]w

′
ijk

=
∏
j<k

([x1j , x1k, x
d(k)
1k ]w

′
jkk [x1k, x1j , x

d(j)
1j ]wjjk)

∏
i≤j≤k

[x1k, x1j , x
d(i)
1i ]wijk .

∏
i<j≤k

[x1k, x1j , x
d(j)
1i ]w

′
ijk ,

since [x1k, x1j , x1j , x1j ]2wjjk(d(j)
2 ) = 1, and

[x1k, x1j , x1j , x1j ]3wjjk(d(j)
2 ) = [x1k, x1j , x1j , x1j ]

−3ujk
d(k)
d(j) (d(j)

3 ) = 1

by (2.23). Consequently, g2 ∈ δ2(G), and the proof is complete. �

Proof of Theorem 2.27. Multiplying [x1i, x1j , x2k] by left hand side of
(2.28) and taking the product over all i < j and k, we obtain the following:

1=
∏

i≤j<k

[x1j , x1k, x
d(i)
1i ]wijk

∏
i<j≤k

[x1i, x1k, x
d(j)
1j ]w

′
ijk

∏
i<j<k

[x1i, x1j , x
d(k)
1k ]w

′′
ijk

= (
∏
i<j

[x1i, x1j , x1i]wiijd(i)[x1i, x1j , x1j ]w
′
ijjd(j))·

∏
i<j<k

[x1j , x1k, x1i]wijkd(i)
∏

i<j<k

[x1i, x1k, x
d(j)
1j ]w

′
ijk .

∏
i<j<k

[x1j , x1i, x1k]w
′
ijkd(j)+wijkd(i)

= (
∏
i<j

[x1i, x1j , x1i]wiijd(i)[x1i, x1j , x1j ]w
′
ijjd(j))·

∏
i<j<k

[x1j , x1k, x1i]wijkd(i)
∏

i<j<k

[x1j , x1i, x1k]wijkd(i)
∏

i<j<k

[x1j , x1k, x1i]w
′
ijkd(j).
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Therefore,∏
i<j<k

[x1k, x1j , x1i]w
′
ijkd(j)

= (
∏
i<j

[x1i, x1j , x1i]wiijd(i)[x1i, x1j , x1j ]w
′
ijjd(j))

∏
i<j<k

[x1j , x1k, x1i]wijkd(i).

∏
i<j<k

[x1j , x1i, x1k]wijkd(i)

Now consider the element g2 given in (2.39):

g2 =
∏
j<k

([x1j , x1k, x
d(k)
1k ]w

′
jkk [x1k, x1j , x

d(j)
1j ]wjjk)·

∏
i≤j≤k

[x1k, x1j , x
d(i)
1i ]wijk

∏
i<j≤k

[x1k, x1j , x
d(j)
1i ]w

′
ijk

=
∏
j<k

([x1j , x1k, x
d(k)
1k ]w

′
jkk [x1k, x1j , x

d(j)
1j ]wjjk)

∏
i≤j≤k

[x1k, x1j , x
d(i)
1i ]wijk ·

(
∏
i<j

[x1i, x1j , x1i]wiijd(i)[x1i, x1j , x1j ]w
′
ijjd(j))· (2.40)

∏
i<j<k

[x1j , x1k, x1i]wijkd(i)
∏

i<j<k

[x1j , x1i, x1k]wijkd(i)

= (
∏
i<j

[x1j , x1i, x1i]wiijd(i)[x1i, x1j , x1j ]2w′ijjd(j))
∏

i<j<k

[x1j , x1i, x1k]wijkd(i)

Analogously, multiplying [x2k, x1j , x1i] by left hand side of (2.28) and
taking the product over all i < j and k, we obtain the following:

1=
∏

i≤j<k

[xd(i)
1i , x1k, x1j ]wijk

∏
i<j<k

[xd(j)
1j , x1k, x1i]w

′
ijk

∏
i<j<k

[xd(k)
1k , x1j , x1i]w

′′
ijk

=
∏

i≤j<k

[xd(i)
1i , x1k, x1j ]wijk

∏
i<j<k

[x1j , x1k, x1i]w
′
ijkd(j).

∏
i<j<k

[x1j , x1k, x1i]wijkd(i)+w′ijkd(j)

=
∏
i<j

[xd(i)
1i , x1j , x1i]wiij

∏
i<j<k

[x1i, x1k, x1j ]wijkd(i)·

∏
i<j<k

[x1j , x1k, x1i]wijkd(i)
∏

i<j<k

[x1j , x1k, x1i]2w′ijkd(j)
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Hence∏
i<j<k

[x1k, x1j , x1i]2w′ijkd(j)

=
∏
i<j

[xd(i)
1i , x1j , x1i]wiij

∏
i<j<k

[x1i, x1k, x1j ]wijkd(i)
∏

i<j<k

[x1j , x1k, x1i]wijkd(i).

Now consider the element g4 obtained by squaring the element given in (2.39):

g4 =
∏
j<k

([x1j , x1k, x
d(k)
1k ]2w′jkk [x1k, x1j , x

d(j)
1j ]2wjjk)·

∏
i≤j≤k

[x1k, x1j , x
d(i)
1i ]2wijk

∏
i<j<k

[x1k, x1j , x
d(j)
1i ]2w′ijk

=
∏
j<k

([x1j , x1k, x
d(k)
1k ]2w′jkk [x1k, x1j , x

d(j)
1j ]4wjjk)

∏
i<j<k

[x1k, x1j , x
d(i)
1i ]2wijk ·

∏
i<j

[xd(i)
1i , x1j , x1i]wiij

∏
i<j<k

[x1i, x1k, x1j ]wijkd(i)
∏

i<j<k

[x1j , x1k, x1i]wijkd(i)

=
∏
i<j

([x1i, x1j , x
d(j)
1j ]2w′ijj [x1j , x1i, x

d(i)
1i ]3wiij )

∏
i<j<k

[x1i, x1j , x1k]wijkd(i).

(2.41)

Multiplying (2.40) and (2.41), we obtain

g6 =
∏
i<j

([x1i, x1j , x
d(j)
1j ]4w′ijj [x1j , x1i, x

d(i)
1i ]4wiij ).

The condition (2.27) implies that∏
i<j

[xd(i)
1i , x1j , x1j ]wijj [xd(j)

1j , x1i, x1i]w
′′
iij =

∏
i, k

vik

(
d(i)
2

)
[x2k, x1i, x1i].

Conditions (2.19), (2.20), (2.22) imply that

1 =
∏
i<j

[x1i, x1j , x1j ]2wijjd(i)[x1j , x1i, x1i]2w′′iijd(j)

=
∏
i<j

[x1i, x1j , x1j ]−2w′ijjd(j)−uijd(j)[x1j , x1i, x1i]−2wiijd(i)+uijd(j)

= (
∏
i<j

[x1i, x1j , x1j ]−2w′ijjd(j)[x1j , x1i, x1i]−2wiijd(i))·

∏
i<j

[x1i, x1j , x1j ]−uijd(j)[x1i, x1j , x1i]−uijd(j)

=
∏
i<j

[x1i, x1j , x1j ]−2w′ijjd(j)[x1j , x1i, x1i]−2wiijd(i).

Hence g6 = 1. �
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Problem 2.30 If G is a nilpotent group of class three, then must D5(G) be
trivial?

We illustrate the complexity of the above problem by verifying it for a
group, without dimension property, considered by Gupta-Passi ([Gup87c],
p. 76). Let us recall the construction of this group.

Let F be the free group with basis x1, x2, x3, x4 and let R be the normal
subgroup generated by

r1 = x64
4 [x4, x3]32, r2 = x64

3 [x4, x2]−4[x4, x1]−2, r3 = x16
2 [x4, x3]4[x4, x1]−1,

r4 = x4
1[x4, x3]2[x4, x2], r5 = [x4, x3]64[x4, x3, x3]32,

r6 = [x4, x2]16[x4, x2, x2]8, r7 = [x4, x1]4[x4, x1, x1]2,

r8 = [x3, x2]16[x4, x2, x2]−1, r9 = [x3, x1]4[x4, x3, x3]−2,

r10 = [x2, x1]4[x4, x2, x2]−1, r11 = [x4, x3, x3]4[x4, x2, x2]−1,

r12 = [x4, x2, x2]4[x4, x1, x1]−1, r13 = [x4, x1, x1]4,

γ4(F ), and all commutators [xi, xj , xk](1 ≤ i, j, k ≤ 4) which do not belong
to

〈[x4, x1, x1], [x4, x2, x2], [x4, x3, x3]〉γ4(F ).

Then the group
G := F/R (2.42)

is a finite 2-group of class 3 with the non-identity element

w0 = [x64
3 , x2]2[x64

3 , x1][x16
2 , x1]2R

in D4(G).
With the notations of Theorem 2.29, we choose

x11 = x1, x12 = x2, x13 = x3, x14 = x4,

x21 = [x1, x2], x22 = [x1, x3], x23 = [x1, x4],

x24 = [x2, x3], x25 = [x2, x4], x26 = [x3, x4],

x31 = [x4, x3, x3].
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For this group we have the following constants:

d(1) = 4, d(2) = 16, d(3) = 64, d(4) = 64,

e(1) = 4, e(2) = 4, e(3) = 4, e(4) = 16, e(5) = 16, e(6) = 64,

b15 = 1, b16 = 2, b23 = −1, b26 = 4,

b33 = 2, b35 = −4, b46 = 32, all other bij are zero,

d11 = −4, d21 = −2, d31 = 32, d41 = −4, d51 = 32, d61 = 32,
all other dij are zero,

α
(12)
1 = −4, α

(23)
1 = −4, α

(13)
1 = −2, all other α

(ij)
1 are zero,

f(1) = 64.

Theorem 2.31 For the group G defined by the presentation (2.42),

D5(G) = 1.

Proof. With the constants d(i), e(i), f(i), dij , described above, let

uij , vik, v′ik, wijk, w′ijk, w′′ijk,

be constants satisfying the conditions (2.18)-(2.31), and let g be the corre-
sponding element, defined by (2.17). Since the group G is nilpotent of class
3, the element g can be written as

g =
∏

1≤i≤j≤s

[xuijd(j)
1i , x1j ];

by Theorem 2.29, the fifth dimension subgroup D5(G) is generated by
such elements. From the defining relations of the group G, it follows that
[xd(i)

i , x4] = 1, i = 1, 2, 3; therefore,

g = [x1, x2]16u12 [x1, x3]64u13 [x2, x3]64u23 .

Consider the condition (2.22) for the case i = 1, k = 6:

u12b26 + u14b46 + v16d(1) + v′16e(6) = 4u12 + 32u14 + 4v16 + 64v′16 = 0.
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It follows that
u12 + v16 ≡ 0 mod 4. (2.43)

Next, consider the condition (2.30) for the case k = 6, we have:

2v16 + 4v26 + 32v46 ≡ 0 mod 64,

and we have
v16 + 2v26 ≡ 0 mod 16. (2.44)

From the condition (2.31) for the case k = 3, l = 6, we have:

2v13 + 4v23 + 32v43 − v26 + 2v36 ≡ 0 mod 4,

and thus we conclude that

v26 ≡ 0 mod 2. (2.45)

The conditions (2.43), (2.44), (2.45) then imply that

u12 ≡ 0 mod 4. (2.46)

It is clear from the defining relations of the group G that

[x1, x2]64 = [x4, x3, x3]64 = 1.

Therefore,

g = [x1, x3]64u13 [x2, x3]64u23 = [x64u13
1 x64u23

2 , x3] =

[x4, x3, x3]−32u13−16u23 = x−32u13−16u23
31 .

Now consider the condition (2.22) for the case i = 3, k = 6. We have

32u34 − 32u13 − 16u23 + 64v36 + 64v′36 = 0.

Hence,
32u34 − 32u13 − 16u23 ≡ 0 mod 64. (2.47)

Note that the condition (2.20) for the case i = 3, j = 4, implies that

u34

(
64
2

)
≡ 0 mod 64;

hence
u34 ≡ 0 mod 2. (2.48)

Congruences (2.47) and (2.48) imply that

32u13 + 16u23 ≡ 0 mod 64.
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Therefore, we have

g = [x4, x3, x3]−32u13−16u23 = 1. �

Problem 2.32 Is it true that [D5(G), G,G] = γ7(G) for every group G?

2.5 Quasi-varieties of Groups

Our discussion in this and the next section follows [Mik06c].
Recall that a variety V of groups is a class of groups defined by a set

of identities. Let Dn (n ≥ 2) denote the class of groups with trivial nth
dimension subgroup. The existence of groups without dimension property
shows that Dn is not a variety of groups for n ≥ 4, since a variety of groups is
always quotient closed. The classes Dn, however, are quasi-varieties (Theorem
2.35). We recall in this section some of the basic notions about quasi-varieties.

Let F∞ be a free group of countable rank with basis {x1, x2, . . . } and
w1, . . . , wk, v some words in F∞. A quasi-identity is a formal implication:

(w1 = 1 & . . . & wn = 1) =⇒ (v = 1). (2.49)

A quasi-identity (2.49) is said to hold in a given group G if it is a true
implication for every substitution xi = gi, gi ∈ G.

A quasi-variety VS is a class of groups defined by a set S of quasi-identities,
i.e., VS is the class of all groups in which every quasi-identity from S holds.

Example 2.33

The class T0 of all torsion-free groups is a quasi-variety; it is defined by the
infinite set of quasi-identities

xp = 1 =⇒ x = 1,

where p runs over the set of all primes. Trivially, T0 is not a variety.

Recall that a non-empty class F of subsets of a given set I is called a filter
on I if the following conditions are satisfied:

(i) ∅ /∈ F ;

(ii) A ∈ F , B ∈ F =⇒ A ∩B ∈ F ;

(iii) A ∈ F , A ⊆ B =⇒ B ∈ F .

Let {Ai}i∈I be a family of groups indexed by the elements of a set I, and
F a filter on I. Let A be the Cartesian product
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A =
∏
i∈I

Ai.

For a given a ∈ A, denote by ai the ith component of a in A. Consider the
relation ∼F on A defined by setting

a ∼F b if and only if {i | ai = bi} ∈ F , a, b ∈ A.

It follows directly from the properties of a filter that this relation is, in fact,
an equivalence relation. The filtered product of the family {Ai}i∈I of groups,
with respect to the filter F , is, by definition, the quotient group∏

F
Ai := A/ ∼F .

The following result of A. I. Mal’cev gives a characterization of quasi-
varieties of groups.

Theorem 2.34 (Mal’cev [Mal70]). A class X of groups is a quasi-variety if
and only if it contains the trivial group and is closed under subgroups and
filtered products.

Recall that Dn (n ≥ 2) denotes the class of groups with trivial nth dimen-
sion subgroup. For n = 2, and 3, the class Dn coincides with the variety Nn

of nilpotent groups of nilpotency class ≤ n. On the other hand, for all n ≥ 4,
as already mentioned, the existence of groups without dimension property
shows that the class Dn is not a variety of groups. However, there is the
following result:

Theorem 2.35 (Plotkin [Plo71]). For all n ≥ 1, the class Dn is a quasi-
variety of groups.

Proof. The fact that the class Dn, n ≥ 1, is nonempty and closed under
subgroups is obvious.

Let {Ai}i∈I be a family of groups in the class Dn, and let F be a filter
on I. Consider the Cartesian product A =

∏
i∈I Ai. Let N be the normal

subgroup of A consisting of elements (gi)i∈I with J := {i ∈ I | gi = 1} ∈ F .
If
∏
F Ai /∈ Dn, then there exists an element g ∈ A such that

g − 1 ∈ an +
∑
s∈S

(ys − 1)αs, (2.50)

where the sum is finite, αs ∈ Z[A], and ys ∈ N . Define

Js := {i ∈ I | the ith component of ys is 1}.
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By definition, Js ∈ F . Since the set S in the sum (2.50) is finite, we have

J̄ =
⋂
s∈S

Js ∈ F .

For j ∈ J̄ , projecting g to the j-th component, we get gj ∈ Dn(Aj) and hence
gj = 1, j ∈ J . Consider the set

K := {i ∈ I | gi = 1}.

Since J̄ ⊆ K, we conclude that K ∈ F . Hence g ∈ N and therefore,
∏
F Ai ∈

Dn. Consequently, the class Dn is closed under filtered products. Hence, by
Mal’cev’s criterion (Theorem 2.34), the class Dn is a quasi-variety. �

In view of Theorem 2.22 the quasi-variety D4 is defined by the following
implications:

Given integers k, ci, dij (1 ≤ i, j ≤ k) and elements g1, . . . , gk of the
group G, if the following conditions hold

(1) 2cidij + 2cj dji = 0 (1 ≤ i, j ≤ k),

(2) if ci = cj , then dij is even,

(3) g2ci
i ∈ γ2(G) (1 ≤ i ≤ k),

(4)
∏k

i=1 g2ci
i dij ∈ γ2(G)2cj

γ3(G) (1 ≤ j ≤ k),

then
k∏

i=1

k∏
j=i+1

[gi, gj ]2
ci dij = 1.

Clearly, this set of implications is equivalent to a suitable set of quasi-
identities.

A quasi-variety Q is said to be finitely based if it can be defined by a finite
number of quasi-identities.

Let Q be a quasi-variety of groups. Then the rank rk(Q) of Q is the
minimal number n (which may be infinite) such that there exists a system of
quasi-identities

(wi
1 = 1 & . . . & wi

ni
= 1) =⇒ (vi = 1), i = 1, 2, . . . (2.51)

such that all words wj
i , vi are from a free group Fn of rank n.

Example 2.36

(i) For the quasi-variety T0 of torsion-free groups, rk(T0) = 1.
(ii) The quasi-variety defined by the quasi-identity

([x, y]2 = 1) =⇒ ([x, y] = 1)

clearly has rank 2.
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Proposition 2.37 Let Q be a quasi-variety and G a group. Then G ∈ Q if
and only if all rk(Q)-generated subgroups of G lie in Q.

Proof. One side is clear, due to the fact that quasi-varieties are closed under
the operation of taking subgroups.

Suppose G is a group such that all its rk(Q)-generated subgroups lie in Q.
Consider the quasi-identity system (2.51) which defines Q and the total num-
ber of variables entering in (2.51) is rk(Q), i.e., all words wj

i , vi in (2.51) are
from a free group of rank rk(Q). Then (2.51) holds for any choice of elements
g1, . . . , grk(Q) from G, since it holds for any elements from the subgroup
in G generated by g1, . . . , grk(Q) (which is at most rk(Q)-generated. Hence
(2.51) holds for all possible substitutions of elements from G and G ∈ Q by
definition. �

The following observation is immediate:

Proposition 2.38 If Q is finitely based, then rk(Q) is finite.

The next result provides a method for showing that a given quasi-variety
is not finitely based.

Proposition 2.39 Let Q be a quasi-variety such that there exists a sequence
of finitely-generated groups Gi, i = 1, 2, . . . , such that the following condi-
tions are satisfied:

(i) Gi /∈ Q.

(ii) For any i there exists f(i) such that all f(i)-generated subgroups of Gi lie in Q.

(iii) The function f(i) is not bounded, i.e., f(i)→∞ for i→∞.

Then rk(Q) =∞ and hence Q is not finitely based.

Proof. Suppose rk(Q) < ∞. Then, by (iii), there exists an integer i that
f(i) > rk(Q). Since every f(i)-generated subgroup of Gi lies in Q, every
rk(Q)-generated subgroup also lies in Q. Therefore, Gi ∈ Q by Proposition
2.37; but this contradicts (i). Hence rk(Q) =∞, and Q is not finitely based.

�

2.6 The Quasi-variety D4

For the study of the quasi-variety D4, recall that the precise structure of the
fourth dimension subgroup for finitely generated nilpotent groups of class 3 is
given by Theorem 2.22. It has been shown by Mikhailov-Passi [Mik06c] that
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the quasi-variety D4 is not finitely based, thus answering a problem of Plotkin
([Plo83], p. 144, Probelm 12.3.2). The proof requires a technical result about
certain finite groups of class 2.

Lemma 2.40 Let n, s be natural numbers,

G = 〈x1, . . . , x2n | xs
i = 1 (1 ≤ i ≤ 2n)〉

and Π = G/γ3(G). If

[x1, x2]k . . . [x2n−1, x2n]k = [h1, h2] . . . [h2l−1, h2l], (2.52)

with 0 < k < s, h1, . . . , h2l ∈ Π, then l ≥ n.
In particular, if H be an m-generator subgroup of Π and

[x1, x2]k . . . [x2n−1, x2n]k ∈ γ2(H),

then
(
m
2

)
≥ n.

Proof. Suppose
hi ≡ x

ai, 1
1 . . . x

ai, 2n

2n mod γ2(Π),

where 0 ≤ ai, j < s, 1 ≤ i ≤ 2l, 1 ≤ j ≤ 2n. Substituting in the equation
(2.52), we have the following equation in Π:

[x1, x2]k . . . [x2n−1, x2n]k =
∏

1≤i<j≤2n

[xi, xj ]bij , (2.53)

where

bij =
l∑

r=1

(a2r−1, ia2r, j − a2r−1, ja2r, i).

Observe that γ2(Π) =
∏

1≤i<j≤2n〈[xi, xj ]〉 and 〈[xi, xj ]〉 is a cyclic group of
order s. Therefore, from equation (2.53), comparing the exponents of the
generators [xi, xj ], 1 ≤ i < j ≤ 2n of the summands, we have:

b2t−1, 2t ≡ k mod s, 1 ≤ t ≤ n, (2.54)

bi, j ≡ 0 mod s, 1 ≤ i < j ≤ 2n, (i, j) 
= (2t− 1, 2t). (2.55)

Let Mp, q(Zs) denote the set of p × q matrices over the ring Zs of integers
mod s. Let A = (ai, j)1≤i≤2l, 1≤j≤2n ∈ M2l, 2n(Zs) and define a matrix D ∈
M2n, 2l(Zs) as follows:

D = (Dp, q)1≤p≤n, 1≤q≤l,
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where

Dp, q =
(

a2q, 2p −a2q−1, 2p

−a2q, 2p−1 a2q−1, 2p−1

)
∈M2, 2(Zs).

A straightforward verification shows that

DA = kI2n, 2n,

where I2n, 2n ∈M2n, 2n(Zs) is the identity matrix, and it follows that l ≥ n.
Next let H be an m-generator subgroup of Π. It is easy to see that every

element of γ2(H) can be expressed as a product of at most
(
m
2

)
commutators

of elements in H, since H is nilpotent of class 2. The second assertion in
Lemma thus follows from the preceding result. �

Theorem 2.41 The quasi-variety D4 is not finitely based.

Proof. For n ≥ 5, let Π = G(n)/γ4(G(n)) be the lower central quotient
of the group considered in Example 2.7. We assert that every m-generator
subgroup H of Π, with

(
m
2

)
< n, has the property that D4(H) = 1. Clearly

then rk(D4) = ∞ (by Proposition 2.39) and the assertion in Theorem 2.41
is an immediate consequence. We conitnue to denote by n xi, yi the set of
generators of Π.

Let H be an m-generator subgroup of Π and h1, . . . , hm a set of generators
of H. Assume that, modulo γ2(H), h1, . . . , hk (k ≤ m) are of finite order and
hk+1, . . . , hm are of infinite order.

For g ∈ Π, let ḡ denote the image of g in Π/γ2(Π) under the natural
projection. Observe from the structure of Π that the torsion subgroup of
Π/γ2(Π) is equal to

〈x̄1〉 ⊕ 〈x̄2〉 ⊕ 〈x̄3〉 	 Z4 ⊕ Z16 ⊕ Z64.

By suitably replacing h1, . . . , hk, if necessary, we can assume that

h1 = x
l1, 1
1 x

l1, 2
2 x

l1, 3
3 λ1, h2 = x

l2, 1
1 x

l2, 2
2 λ2, h3 = x

l3, 1
1 λ3,

hj = λj (4 ≤ j ≤ k),

where li, j ∈ Z, λi ∈ H ∩ γ2(Π) (1 ≤ i ≤ k).
Let d(i) be the order of hi modulo γ2(H). Then, in particular,

l3, 1d(3) ≡ 0 mod 4, (2.56)

l2, 2d(2) ≡ 0 mod 16. (2.57)

We can assume also that

d(k)|d(k − 1)| . . . |d(2)|d(1).
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Therefore, by Theorem 2.22, the group D4(H) consists of the following
elements:

w =
∏

1≤i<j≤k

[hd(i)
i , hj ]aij ,

where the integers aij satisfy the conditions (2.14) and (2.15).
We have, for j ≥ 4, [hd(i)

i , hj ] = [hd(i)
i , λj ] = 1; therefore,

w = [hd(1)
1 , h2]a12 [hd(1)

1 , h3]a13 [hd(2)
2 , h3]a23 =

[h1, h
d(1)a12
2 h

d(1)a13
3 ][hd(2)

2 , h3]a23 . (2.58)

Since
y1 =

∏
1<j≤k

h
d(1)a1j

j ∈ γ2(Π)d(1)γ3(Π) by (2.15),

we have,
w = [h1, y1][h

d(2)
2 , h3]a23 = [hd(2)

2 , h3]a23 .

We claim that [hd(2)
2 , h3]a23 = 1.

Consider the element h3 = x
l3, 1
1 λ3. We have

x
l3, 1d(3)
1 λ

d(3)
3 =

∏
1≤i<j≤m

[hi, hj ]uij γ, (2.59)

for some γ ∈ γ3(Π) and uij ∈ Z.
Let E be the normal subgroup in Π generated by x2, x3, Y2, Y3, [x1, Yj ] (j ∈

{1, 4, 5}), [Yi, Yj ] (i, j ∈ {1, 4, 5}, i 
= j) and γ3(Π), where

Yi = {y(2i−2)n+1, . . . , y2in}, i = 1, . . . , 5.

Let

S = 〈x1, Y1, Y4, Y5 | x4
1 = ξ1, (n), x−32

1 = ξ16
4, (n), x−64

1 = ξ64
5, (n),

[x1, Yi] = 1 (i ∈ {1, 4, 5}), [Yi, Yj ] = 1 (i, j ∈ {1, 4, 5}, i 
= j)〉, (2.60)

We note that
Π/E 	 S/γ3(S).

Let p : Π→ S/γ3(S) be the composition of the projections Π→ Π/E and
Π/E → S/γ3(S). Applying the projection p to the equation (2.59) in Π, we
have the following equation in S/γ3(S):

x
l3, 1d(3)
1 p(λ1)d(3) =

∏
i<j

[p1(hi), p1(hj)]uij , (2.61)
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Note that

S/γ3(S) = (〈x1〉 ⊕ Y1/γ3(Y1)⊕ Y4/γ3(Y4)⊕ Y5/γ3(Y3)) /N,

where Yi, 1 ≤ i ≤ 5 is a free group with basis Yi,

N = 〈x4
1, (n)ξ

−1
1, (n), ξ8

1, (n)ξ
16
4, (n), ξ16

1, (n)ξ
64
5, (n)〉.

Therefore (2.61) implies that in the direct product

Y := Y1/γ3(Y1)⊕ Y4/γ3(Y3)⊕ Y5/γ3(Y3).

We have
l3, 1d(3) ≡ 0 mod 4, (2.62)

and

ξ
l3, 1d(3)

4
1, (n) µ

d(3)
1 (ξ8

1, (n)ξ
16
4, (n))

k1 (ξ16
1, (n)ξ

64
5, (n))

k2 =
∏

1≤i<j≤m

[zi, zj ]uij , (2.63)

for some integers k1, k2 and elements µ1 ∈ γ2(Y), zi ∈ Y, 1 ≤ i ≤ m. Pro-
jecting (2.63) to each of the three summands of Y we have the following three
equations:

ξd1
1, (n)µ

d(3)
1, 1 =

∏
1≤i<j≤m

[zi, 1, zj, 1]uij , in Y1/γ3(Y1), d1 =
l3, 1d(3)

4
+ 8k1 + 16k2,

(2.64)
ξd4
4, (n)µ

d(3)
1, 4 =

∏
1≤i<j≤m

[zi, 4, zj, 4]uij , in Y4/γ3(Y4), d4 = 16k1, (2.65)

ξd5
5, (n)µ

d(3)
1, 5 =

∏
1≤i<j≤m

[zi, 5, zj, 5]uij , in Y5/γ3(Y5), d5 = 64k2, (2.66)

for some µ1, i ∈ γ2(Yi)/γ3(Yi), zi, l ∈ Yl/γ3(Yl), 1 ≤ i ≤ m, l ∈ {1, 4, 5}.

Case (a): l3, 1 is odd.
In view of (2.62), we have d(3) = 4s for some integer s. Let

Zi = 〈Yi | y4s
i = 1 (yi ∈ Yi), γ3(Y1)〉,

and pi : Yi/γ3(Yi) → Zi be the natural projection, i ∈ {1, 4, 5}.
Projecting the equations (2.64), (2.65) and (2.66) into Z1, Z4, Z5 respectively,
we conclude, by an application of Lemma 2.40, that

di ≡ 0 mod 4s (i ∈ {1, 4, 5}).
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From (2.64) and (2.65), we therefore have

l3, 1s + 8k1 + 16k2 ≡ 0 mod 4s, (2.67)
16k1 ≡ 0 mod 4s. (2.68)

It follows easily that s ≡ 0 mod 16, and consequently,

d(3) ≡ 0 mod 64.

Let d(3) = 64f, f ∈ Z, and suppose d(2) = d(3)c (c ∈ Z) (recall that
d(3)|d(2)). Then we have

w = [hd(2)
2 , h3]a23 = [h2, h

d(3)
3 ]ca23 =

[h2, x
64l3, 1f
1 λ64f

3 ]ca23 = [h16
2 , x

4l3, 1f
1 λ4f

3 ]ca23 .

Since h16
2 ∈ γ2(Π), it follows that w = 1.

Case (b): l3, 1 = 2l and l is odd. We assert that in this case

d(3) ≡ 0 mod 16. (2.69)

Since x
2ld(3)
1 ∈ γ2(Π), we have d(3) = 2r for some r > 0. Projecting the square

of the equation (2.64) to Z1 under the map p1, we conclude, by an application
of Lemma 2.40, that 2d1 ≡ 0 mod 4r.

Therefore we have

2d1 = 2lr + 16k1 + 32k2 ≡ 0 mod 4r,

which implies that r ≡ 0 mod 8, and consequently, we have (2.69).
Now consider the element h2 = x

l2, 1
1 x

l2, 2
2 λ2. We have

h
d(2)
2 = (xl2, 1

1 x
l2, 2
2 )d(2)λ

d(2)
2 =

∏
1≤i<j≤m

[hi, hj ]vij γ, (2.70)

for some γ ∈ γ3(Π) and vij ∈ Z.
Let I be the normal subgroup in Π generated by x1, x3, Y1, Y4, [x2, Yj ] , j ∈

{2, 3, 5}), [Yi, Yj ] (i, j ∈ {2, 3, 5}, i 
= j) and γ3(Π). Let

Q = 〈x2, Y2, Y3, Y5 | x16
2 = ξ2, (n), ξ2

2, (n) = ξ4
3, (n), ξ8

2, (n) = ξ64
5, (n)〉.

Note that Π/I 	 Q/γ3(Q) and

Q/γ3(Q) 	 (〈x2〉 ⊕ Y2/γ3(Y2)⊕ Y3/γ3(Y3)⊕ Y5/γ3(Y5))/M,

where M = 〈x16
2 ξ−1

2, (n), ξ2
2, (n)ξ

−4
3, (n), ξ8

2, (n)ξ
64
5, (n)〉. Let q : Π→ Q be the natural

projection. Applying q to the equation (2.70), we have the following equation
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q(x2)l2, 2d(2)q(λ2)d(2) =
∏

1≤i<j≤m

[q(hi), q(hj)]vij (2.71)

in the group Q/γ3(Q). This equation implies that, in the direct product

V := Y2/γ3(Y2)⊕ Y3/γ3(Y3)⊕ Y5/γ3(Y5),

we have (using (2.57))

ξ
l2, 2d(2)

16
2, (n) µ

d(2)
2 (ξ2

2, (n)ξ
−4
3, (n))

m1 (ξ8
2, (n)ξ

64
5, (n))

m2 =
∏

1≤i<j≤m

[vi, vj ]vij , (2.72)

for some integers m1, m2 and the elements µ2 ∈ γ2(V), vi ∈ V, 1 ≤ i ≤ m.
Projecting (2.72) to the first summand of V, we have the following equation:

ξe1
2, (n)µ

d(2)
2, 1 =

∏
1≤i<j≤m

[vi, 1, vj, 1],

where

e1 =
l2, 2d(2)

16
+ 2m1 + 8m2,

and µ2, 1 ∈ γ2(Y2)/γ3(Y2), vi, 1 ∈ Y2/γ3(Y2), 1 ≤ i ≤ m. Since d(3)|d(2),
therefore d(2) = 16t for some t. An application of Lemma 2.40 once again
shows that e1 ≡ 0 mod 16t; consequently, l2, 2t is even and so l2, 2d(2) = 32f
for some f . Hence

w = [hd(2)
2 , h3]a23 = [(xl2, 1

1 x
l2, 2
2 λ2)d(2), x2l

1 ]a23 = [xl2, 1
1 x

l2, 2
2 λ2, x

l3, 1d(2)
1 ]a23

= [xl2, 2
2 , x

l3, 1d(2)
1 ]a23 = [x2, x

l3, 1l2, 2d(2)
1 ]a23 = [x2, x64lf

1 ]a23

= [x2, ξ16lf
1, (n)]

a23 = [x16
2 , ξlf

1, (n)]
a23 = 1.

Case (c): l3, 1 ≡ 0 mod 4. In this case h3 ∈ γ2(Π), since x4
1 ∈ γ2(Π); there-

fore, w = 1.

Thus, in all cases, w = 1, and consequently, D4(H) = 1. This completes the
proof. �

2.7 Dimension Quotients

If G is a finite p-group, p odd, then D4(G) = γ4(G) [Pas68a]. Refuting the
long standing dimension conjecture that Dn(G) = γn(G) always, Rips [Rip72]
constructed a 2-group (Example 2.1) with D4(G) 
= γ4(G) = 1. Extending
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these results N. Gupta has shown that odd prime power groups have the
dimension property [Gup02] and, for every n ≥ 4, there exist 2-groups with
Dn(G) 
= γn(G) [Gup90]. For odd prime p, the dimension property was earlier
shown to hold for metabelian p-groups by Gupta [Gup91b] and for centre-
by-metabelian p-groups by Gupta-Gupta-Passi [Gup94]. The result for odd
prime power groups is an immediate consequence of the following result.

Theorem 2.42 (N. Gupta [Gup02]). The nth dimension quotient of a finite
nilpotent group has exponent dividing 2l, where l is the least natural number
such that 2l ≥ n.

Let n ≥ 3 be an arbitrary but fixed integer and let G be a finite nilpotent
group with γn(G) = 1. Choose a non-cyclic free presentation (see [Mag66],
Theorem 3.5, p. 140)

1→ R→ F → G→ 1,

where F is the free group with basis {x1, . . . , xm}, m ≥ 2, and R is the
normal closure in F of the set of relators {xe(1)

1 ξ1, . . . , x
e(m)
m ξm} ∪ T such

that e(i) > 1, ξi ∈ [F, F ] and T is a finite subset of [F, F ].
Let l be the least positive integer such that 2l ≥ n. Let

G = δ0(G) ⊇ δ1(G) . . . ⊇ δl−1(G) ⊇ δl(G) = 1

be the derived series of G. Then δk(G) 	 δk(F )R/R, 0 ≤ k ≤ l − 1, and
therefore we can have a presentation

1→ R(k) → F (k) → δk(G)→ 1

where F (k) is a free subgroup of the kth derived subgroup δk(F ) of F with
ordered basis B(k) = {xk, 1, . . . , xk,mk

}, mk ≥ 2, R(k) is the normal clo-
sure in F (k) of the set of relators {xe(k, 1)

k, 1 ξk, 1, . . . , x
e(k, mk)
k,mk

ξk,mk
} ∪ Tk with

e(k, i) > 1, ξk, i ∈ [F (k), F (k)] and Tk ⊂ [F (k), F (k)] a finite subset. Further-
more, it is possible to define a weight function and a weight-preserving order
on the set ∪kB(k). To this end, we need the following basic results.

Lemma 2.43 If S is a set of generators of a free group F which is linearly
independent modulo [F, F ], then S is a basis of F .

Proof. Let X be a set equinumerous with S and α : X → S a bijec-
tion. Let F be the free group on X. Then the map α extends to a homo-
morphism ᾱ : F → F . Since S generates F and is linearly independent
modulo [F, F ], the homomorphism ᾱ is an epimorhism and the induced ho-
momorphism F/[F, F] → F/[F, F ] is an isomorphism. By Theorem 1.76,
the induced homomorphisms F/γm(F) → F/γm(F ), m ≥ 2, are all isomor-
phisms, since, both F and F being free, H2(F) = H2(F ) = 0. Hence ker(ᾱ) ⊆
γω(F) = 1. It thus follows that ᾱ is an isomorphism, and so S is a free set of
generators of F . �
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Lemma 2.44 Let B be an ordered basis of a free group F . Then the basic
commutators

C(t) = [y1, y2, . . . , yt], yi ∈ B, t ≥ 2,

satisfying y1 > y2 ≤ y3 ≤ . . . ≤ yt are linearly independent modulo δ2(F ). �

Proof. Let a = Z[F ]∆(δ1(F )). Consider the Magnus embedding

θ : δ1(F )/δ2(F )→ f/fa, xδ2(F ) �→ (x− 1) + fa, x ∈ δ1(F ). (2.73)

Suppose we have an inclusion

m∏
i=1

yn(yi)
i ∈ δ2(F ), (2.74)

where yi, i = 1, 2, . . . , m, are left-normed commutators [yi1, yi2, . . . , yiti
]

satisfying yi1 > yi2 ≤ . . . ≤ yiti
. On applying θ, we then have

m∑
i=1

([yi1, yi2]− 1)(yi3 − 1) . . . (yiti
− 1) ≡ 0 mod fa. (2.75)

Since f is a free right Z[F ]-module with basis B − 1, it follows that∑
n(yi)(yi2 − 1) . . . (yim − 1) ≡ 0 mod a,

where the sum is taken over all i for which the first entry yi1 in yi is the
same. Since the elements (y1 − 1)(y2 − 1) . . . (yr − 1), y1 ≤ y2 ≤ . . . yr with
yi’s in B are linearly independent modulo a, it follows that n(yi) = 0 for all
i = 1, 2, . . . ,m. �

The chain
F = F (0) ⊃ F (1) ⊃ · · · ⊃ F (l) = {1}, (2.76)

can be constructed inductively as follows. Let the basis {x1, . . . , xm} of
F = F (0) be renamed as B(0) = {x0,1, . . . , x0,m0} by defining m0 = m and
setting x0,1 = x1, . . . , x0,m0 = xm. To each basis element x0,i in B(0), we
assign weight 1:

wt(x0,i) = 1 for i = 1, . . . , m0.

Having defined, for k ≥ 1, the subgroup F (k−1) with an ordered basis

B(k − 1) = {xk−1,1, . . . , xk−1,mk−1}

satisfying xk−1,i < xk−1,i+1 and wt(xk−1,i) < n for i = 1, . . . , mk−1, to define
the subgroup F (k) with a weight preserving ordered basis, list the finite set
B(k) of all left-normed basic commutators of the form
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C(t) = [y1, y2, . . . , yt] , yi ∈ B(k − 1), t ≥ 2, (2.77)

satisfying y1 > y2 ≤ · · · ≤ yt and wt(y1) + · · · + wt(yt) < n. Let F (k) be
the subgroup generated by B(k). By Lemmas 2.43 and 2.44 the commutators
C(t) constitute a free basis of F (k). Now define

wt(C(t)) = wt(y1) + · · ·+ wt(yt).

Define any weight-preserving order relation on the set B(k) and relabel its
elements following this order to obtain the basis

B(k) = {xk,1, . . . , xk,m(k)} (2.78)

of the subgroup F (k).
Let k ∈ {0, 1, . . . , l − 1} be arbitrary but fixed. In the free group rings

Z[F (k)] set

r(k) = Z[F (k)](R(k) − 1),

f (n,k) = Z-span{(y±1
1 − 1) . . . (y±1

t − 1) | t ≥ 2}
with yi ∈ B(k) satisfying wt(y1) + · · ·+ wt(yt) ≥ n.

(2.79)

Next, define the kth partial dimension subgroup by

D(n)(R(k)) = F (k) ∩ (1 + r(k) + f (n, k)) (2.80)

and the kth partial lower central subgroup γ(n)(F (k)) to be the normal closure
of the set

{[y1, . . . , yt] , yi ∈ B(k) , t ≥ 2, y1 > y2 ≤ · · · ≤ yt},

where wt(y1)+ · · ·+wt(yt) ≥ n and wt(y1)+ · · ·+wt(yt−1) < n. We thus have
the following subnormal chain of subgroups:

D(n)(R(0)) ⊇ D(n)(R(1)) ⊇ · · · ⊇ D(n)(R(l)) = 1 (2.81)

where clearly R(k)γ(n)(F (k)) ≤ D(n)(R(k)).

The main result in [Gup02] is the following

Theorem 2.45 For each k ∈ {0, 1, . . . , l − 1},

D(n)(R(k))2 ⊆ R(k)γ(n)(F (k))D(n)(R(k+1)).

Theorem 2.42 is an immediate consequence of the above result. For, let
w ∈ F ∩ (1 + r + fn). Then w − 1 ∈ r(0) + f (n, 0) and w ∈ D(n)(R(0)).
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Theorem 2.45 implies that there exist elements

g0 ∈ R(0)γ(n)(F (0)), g1 ∈ R(1) γ(n)(F (1)), . . . , gl−1 ∈ R(l−1)γ(n)(F (l−1))

such that
(. . . ((w2g0)2g1)2 . . . )2 gl−1 = 1

and, since R(k)γ(n)(F (k)) ⊆ Rγn(F ) for each k, Theorem 2.42 follows.

If G is a group whose lower central factors γn(G)/γn+1(G) are all torsion-
free, then G has the dimension property (see [Pas79], p. 48). Thus, in par-
ticular, free nilpotent groups and the free poly-nilpotent groups have the
dimension property.

Theorem 2.46 (Kuz’min [Kuz96]). If G is an extension of a group whose
lower central quotients are torsion-free by an abelian group, then G has the
dimension property.

It is known [Gup73] that the lower central factors of the free centre-by-
metabelian group are, in general, not torsion-free. However, we have the
following

Theorem 2.47 (Gupta-Levin [Gup86]). Free centre-by-metabelian groups
have the dimension property.

Let f be the augmentation ideal of the free group ring Z[F ]. For c ≥ 1, let
ac be the ideal Z[F ](γc(F )− 1).

Theorem 2.48 (Gupta-Gupta-Levin [Gup87b]). For all n, c ≥ 1,

F ∩ (1 + fac + fn+1) = [γc(F ), γc(F )]γn+1(F ).

In particular, the groups F/[γc(F ), γc(F )], c ≥ 1, have the dimension
property.

For c = 2, the above result was proved earlier by Gupta [Gup82].

Theorem 2.49 (Gupta-Kuz’min). For any n ≥ 1 and a group G, the sub-
quotient group Dn(G)/γn+1(G) is abelian.

Proof. Let G be a nilpotent of class n. We have to show that Dn(G) is
abelian. Let A be a maximal abelian normal subgroup of G. It is easy
to show that A coincides with its centralizer CG(A). We can view A as a
G-module via conjugation. Then for any k ≥ 1, we have

a ◦ (g − 1) ⊆ γk+1(G), g ∈ Dk(G).

In particular, any g ∈ Dn(G) lies in CG(A). Therefore Dn(G) ⊆ CG(A) and
hence Dn(G) is an abelian group. �
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2.8 Plotkin’s Problems

The following problems have been raised and discussed by Plotkin in [Plo73]
(see also Hartley [Har84]).

Problem 2.50 For every group G, is it true that Dω(G) = γω(G).

Problem 2.51 Is it true that for every nilpotent group G, there exists an
integer n(G) such that Dn(G)(G) = 1? In other words, does every nilpotent
group have finite dimension series?

Plotkin conjectures that problem 2.50 has an affirmative answer.

Theorem 2.52 (Hartley [Har82c]). If G is a nilpotent group in which the tor-
sion subgroup has finite dimension series, then G itself has finite dimension
series.

For a group G, let s(G) denote the least natural number n, if it exists,
such that Dn(G) = 1, and infinity otherwise. Let Nc denote the variety of
nilpotent groups of class ≤ c. It is easy to see that finitely generated nipotent
groups and torsion-free nilpotent groups have finite dimension series.

Let c be a natural number and suppose that every group in Nc has finite
dimension series. Then there exists a natural number r = r(c) such that
Dr(G) = 1 for every G ∈ Nc. For, if not, then we can find groups in Nc

having arbitrarily long dimension series. Choose groups G1, G2, . . . in Nc

so that Gi has dimension series of length ≥ i. Then the group Γ = ⊕∞i=1Gi,
is in Nc, but its dimension series does not terminate with identity in a finite
number of steps. A standard reduction argument (see [Pas68a]) shows that if
s = s(c) is a number such that, for every finite p-group G ∈ Nc, Ds(G) = 1,
then, for every group Γ ∈ Nc, Ds(Γ ) = 1.

Lemma 2.53 Let H � G and suppose that

[H, mG] := [. . . [H, G], G]. . . . , ], G︸ ︷︷ ︸
m terms

] = 1.

Let M be a right G-module such that M.gr ⊆ M.h for some integer r ≥ 1.
Then M.grnm ⊆M.hn for all n ≥ 1.

Proof. We proceed by induction on m ≥ 1. If m = 1, then H is a cen-
tral subgroup. Therefore, repeated use of M.gr ⊆ M.h gives the required
inclusion:

M.grn ⊆M.hn.

Now suppose m > 1 and the result holds for m − 1. Let K = [H, m−1G]
and consider the groups H̄ = H/K and Ḡ = G/K. Note that H̄ � Ḡ and
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[H̄, m−1Ḡ] = 1. The quotient M̄ = M/M.k is a Ḡ-module under the action
induced by that of M as a G-module and

M̄.ḡr ⊆ M̄.h̄.

Therefore, by induction hypothesis,

M̄.ḡr.nm−1 ⊆ M̄.h̄n,

for all n ≥ 1. This implies that

M.grnm−1 ⊆M.hn + M.k.

Since K is a central subgroup of G, iteration gives

M.grnm ⊆M.hn,

and the proof is complete. �

Lemma 2.54 Let G be a group, and suppose that H �G, G = HF for some
finite p-group F ⊆ G, [H, mG] = 1 for some integer m ≥ 1. Then for every
r ≥ 1, there exists u = u(r) such that

Z[H] ∩ gu ⊆ hr.

Proof. Let D = H∩F . Then D is a finite p-group. Let r ≥ 1 be given. Choose
s ≥ 1 such that psd ⊆ dr ⊆ hr. Observe that hrZ[G]+psfZ[H] is a right ideal
of Z[G]. Consider the right G-module M = Z[G]/(hrZ[G] + pshZ[H]). Since
G/H is a finite p-group, there exists n ≥ 1 such that gn ⊆ hZ[G] + psfZ[H].
Hence, by Lemma 2.53, we can conclude that there exists an integer u =
u(r) ≥ 1 such that M.gu ⊆M.hr, i.e.,

gu ⊆ hrZ[G] + psfZ[H].

Intersecting with Z[H] we get

Z[H] ∩ gu ⊆ Z[H] ∩ (hrZ[G] + psfZ[H]). (2.82)

If T is a transversal for D in F including 1, then by the choice of s, we have

hrZ[G] + psfZ[H] = hrZ[G] + pstZ[H],

where t is the additive subgroup of Z[G] generated by t − 1, t ∈ T . Let
θ : Z[G] → Z[H] be the linear extension of the map G → H given by
g = th �→ h (t ∈ T, h ∈ H). Applying θ to the inclusion (2.82) we get

Z[H] ∩ (hrZ[G] + psfZ[H]) = hr.

Hence Z[H] ∩ gu ⊆ hr. �
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Theorem 2.55 (Kuskulei, see [Plo73]). If G is a nilpotent group having a
subgroup H of finite index whose dimension series is finite, then G has finite
dimension series.

Proof. It clearly suffices to consider the case when H � G and G/H is a
cyclic group of prime order, p say. If the torsion subgroup T of G lies in H,
then T has finite dimension series and therefore, by Theorem 2.52, G has
finite dimension series. If T 
⊆ H, then H has a supplement of p-power order
in G, and Lemma 2.54 implies that G has finite dimension series. �

Theorem 2.56 (Tokarenko and Rips [Plo73]). If a semi-direct product G =
H � K is nilpotent and both H and K have finite dimension series, then G
has finite dimension series and s(G) ≤ max(s(H)c, s(K)).

Proof. Regard Z[H] as a right G-module as follows. For α ∈ Z[H], g = hk ∈
G, h ∈ H, k ∈ K, define

α.g = αkh,

where αk stands for the element of Z[H] obtained on conjugating by k each
element in the support of α. Then, as can be seen by induction on the class
of G,

Z[H].gmc ⊆ hm.

Since K has finite dimension series, Dn(G) ⊆ H for n ≥ s(K). Let n ≥
max(s(H)c, s(K)) and x ∈ Dn(G). Then x− 1 ∈ Z[H] ∩ gs(H)c

. Hence

1.(x− 1) ∈ hs(H).

However, under the G-module action we are considering, 1.(x − 1) = x − 1
Therefore, it follows that x − 1 ∈ hs(H), and consequently x = 1, showing
that G has finite dimension series with s(G) ≤ max(s(H)c, s(K)). �

Corollary 2.57 (Valenza [Val80]). If G is a nilpotent group and G = H �K
with K abelian, then s(G) is bounded by a function of s(H) and the class
of G.

A group G is said to satisfy the minimal condition on subgroups if each
nonempty collection of subgroups contains a minimal element; or, equiva-
lently, each descending chain of subgroups stabilizes after a finite number
of steps. A solvable group satisfies the minimum condition on subgroups if
and only if it is an extension of a direct product of finitely many quasicyclic
groups by a finite group (see [Rob95, p. 156]). Thus, in view of Theorem 2.55,
we have:
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Proposition 2.58 Every nilpotent group which satisfies minimum condition
on subgroups has finite dimension series.

An A3-group, in the notation of Mal’cev [Mal56], is an abelian group G
whose periodic part P satisfies the minimum condition on subgroups and
the quotient G/P has finite rank. A nilpotent A3-group is a nilpotent group
having a finite normal series in which the factor groups are A3-groups. Clearly,
the torsion subgroup of a nilpotent A3-group satisfies the minimum condition
on subgroups and therefore, by Proposition 2.58, the torsion part, and hence
by Theorem 2.52, the group itself has finite dimension series:

Theorem 2.59 (Plotkin [Plo73]). A nilpotent A3-group has finite dimension
series.

2.9 Modular Dimension Subgroups

In contrast to the case of integral dimension subgroups, definitive answer for
the identification of dimension subgroups over fields has long been known.
To state the result we need the following definitions, given a group G and a
prime p:

(i) Define the series {Mn, p(G)}n≥1 by setting

M1, p(G) = G, M2, p(G) = γ2(G), Mn+1, p(G) = [G, Mn, p(G)]Mp
( n

p ), p(G)

(2.83)
for n ≥ 2, where ( r

s ) denotes the least integer ≥ r
s .

(ii) Define the series {Gn, p}n≥1 by setting

Gn, p =
∏

ipj≥n

γi(G)pj

. (2.84)

If H is a subset of a group G, we denote by
√

H the radical of H:
√

H = {x ∈ G |xm ∈ H, for some m > 0}. (2.85)

Theorem 2.60 (Jennings, [Jen41], [Jen55]). Let F be a field and G a group.
(i) If char(F ) = 0, then Dn, F (G) =

√
γn(G) for all n ≥ 1.

(ii) If char(F ) = p > 0, then Dn, F (G) = M(n), p(G) = Gn, p for all n ≥ 1.

Over general rings, it is known that the dimension subgroups of groups
depend only on the ones over the rings Zn, n ≥ 0 (see Passi [Pas79], p. 16
for details). We mention here a few results in low dimensions.
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Theorem 2.61 (Moran [Mor70]; see also Tasić [Tas93]). For every group G,
prime p and integer e ≥ 1,

Dn, Zpe (G) = Gpe

γn(G) for 1 ≤ n ≤ p.

Let n be a non-negative integer; if n is even, let n = 2qm, where q is a
power of 2 and m is odd. Let

Kn(G) =

{
Gnγ3(G), if n is odd or 0,
(Gmγ3(G)) ∩ 〈x2q |xq ∈ G2qγ2(G)〉γ3(G), if n is even.

Let N/Kn(G) be the subgroup of the centre of G/Kn(G) consisting of the
elements of order dividing n.

Theorem 2.62 (Passi-Sharma [Pas74]).

(i) G ∩ (1 + ∆3
Zn

(G) + ∆Zn (G)∆Zn (N)) = Kn(G) if n is odd or 0.

(ii) G ∩ (1 + ∆3
Zn

(G) + ∆Zn (G)∆Zn (N)) = Kn(G)〈xn |xqm ∈ N〉 if n is even.

(iii) G ∩ (1 + ∆3
Zn

(G)) = Kn(G) for all n.

2.10 Lie Dimension Subgroups

Given a multiplicative group G and a commutative ring R with identity,
define ideals ∆(n)

R (G), n ≥ 1, inductively by setting ∆(1)
R (G) = ∆R(G), the

augmentation ideal of the group ring R[G], and

∆(n)
R (G) = [∆(n−1)

R (G), ∆R(G)]R[G], n > 1, (2.86)

the two-sided ideal of R[G] generated by [α, β]=αβ−βα, α ∈ ∆(n−1)
R (G), β ∈

∆R(G). We then have a decreasing series

∆R(G) = ∆(1)
R (G) ⊇ ∆(2)

R (G) ⊇ . . . ⊇ . . . ∆(n)
R (G) ⊇ . . .

of two-sided ideals in R[G]; this series has the property that

∆(m)
R (G).∆(n)

R (G) ⊆ ∆(n+m−1)
R (G) (2.87)

for all m, n ≥ 1 (see [Pas79], Prop. 1.7 (iii), p.4). Let

D(n), R(G) = G ∩ (1 + ∆(n)
R (G)), n ≥ 1.
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We call D(n), R(G) the nth upper Lie dimension subgroup of G over R. In
view of (2.87), {D(n), R(G)}n≥1 is a central series in G. When R = Z, we drop
the suffix and write simply D(n)(G) instead of D(n), Z(G).

Let L be a Lie ring. For subsets H, K of L, we denote by [H, K] the
additive subgroup of L spanned by the commutators [h, k] = hk − kh, h ∈
H, k ∈ K. Recall that the lower central series {Ln}n≥1 of L is defined
inductively by setting L1 = L, and Ln+1 = [L, Ln] for n ≥ 1. The Lie ring L
is said to be nilpotent if Ln = 0 for some n ≥ 1.

Let A be an associative ring. We can view A as a Lie ring with the bracket
operation defined by

[α, β] = αβ − βα, α, β ∈ A.

Define a series of two-sided ideals {A[n]}n≥1 of A by setting A[1] = A and
A[n], n > 1, to be the two-sided ideal of A generated by the nth term An

in the lower central series of A viewed as a Lie ring. We say that A is Lie
nilpotent (resp. residually Lie nilpotent) if A[n] = 0 for some n ≥ 1 (resp.⋂

A[n] = 0).

Theorem 2.63 (Gupta-Levin [Gup83]). Let A be an associative ring with
identity and let U = U(A) be its group of units. Then

A[m].A[n] ⊆ A[m+n−2] for all m, n ≥ 2.

Let G be a multiplicative group and R a commutative ring with identity.
Consider the series {∆[n]

R (G)}n≥1 of two-sided ideals in R[G]. Clearly

∆[n]
R (G) ⊆ ∆(n)(G) for all n ≥ 1,

and, by Theorem 2.63, we have

∆[n](G)∆[m](G) ⊆ ∆[n+m−2](G)Z[G] (2.88)

for every group G. The filtration {∆[n]
R (G)}n≥1 of ∆R(G) defines a series of

normal subgroups {D[n], R(G)}n≥1 in G:

D[n], R(G) = G ∩ (1 + ∆[n]
R (G)). (2.89)

We call D[n], R(G), n ≥ 1, the nth lower Lie dimension subgroup of G over R.
As usual, when the ring R is Z, we drop the suffix R and write D[n](G) instead
of D[n], Z(G).

From definitions, and in view of Theorems 1.6 and 2.63, it is then clear
that for any group G and integer n ≥ 1, we have the following inclusions:

γn(G) ⊆ D[n](G) ⊆ D(n)(G) ⊆ Dn(G). (2.90)
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In general, not only the inclusion γn(G) ⊆ Dn(G) can be strict, but even the
inclusion γn(G) ⊆ D[n](G) can be strict. To this end, we have

Theorem 2.64 Let s be an arbitrary natural number. Then there exists a
natural number n and a nilpotent group G of class n, such that D[n+s](G) 
= 1.

We first prove two lemmas.

Lemma 2.65 Let Π be a group, k # l# 4. If x1, x2, x3 ∈ γm(Π) and there
exist ξi ∈ γn(Π), i = 1, . . . , 5, n ≥ 2m, m ≥ 3, such that

x4
1 = ξ1, x2l

2 = ξ2, x2l+1

2 x2k

3 = ξ4
3 , x−2l+1

1 x2k+1

3 = ξ2l

4 , x2k

1 x2k+1

2 = ξ2k

5 ,

then
w = [x1, x2l+1

2 ][x1, x2k

3 ][x2, x2k+1

3 ] ∈ D[n+2m−6](Π).

Proof. Since 1− x ∈ ∆[n](Π)Z[Π] for x ∈ γn(Π), we have

1− w ≡ α1 + α2 + α3 mod ∆[2n](Π)Z[Π],

where α1 = (1− [x1, x2l+1

2 ]), α2 = (1− [x1, x2k

3 ]), α3 = (1− [x2, x2k+1

3 ]). Now,
working modulo ∆[n+2m−6](Π)Z[Π], we have

α1 ≡ (1 + (x−1
1 x−2l+1

2 − 1))((1− x2l+1

2 )(1− x1)− (1− x1)(1− x2l+1

2 ))

≡ (1− x2l+1

2 )(1− x1)− (1− x1)(1− x2l+1

2 ),

since x−1
1 x−2l+1

2 ∈ γm(Π) and

(x−1
1 x−2l+1

2 − 1)((1− x2l+1

2 )(1− x1)− (1− x1)(1− x2l+1

2 )) ∈ ∆[n+2m−6](Π)Z[Π]

by (2.88). Modulo ∆[n+2m−6](Π)Z[Π], we have:

α1 ≡ (1− x2l+1

2 )(1− x1)− 2l+1(1− x1)(1− x2)

+
n−1∑
i=2

(−1)i

(
2l+1

i

)
(1− x1)(1− x2)i

Note that
(2l+1

i

)
is divisible by 4n for sufficiently large l and i ≤ n. Hence, for

such a large l,

n−1∑
i=2

(−1)i

(
2l+1

i

)
(1− x1)(1− x2)i ∈ ∆[n+2m−6](Π)Z[Π].

By the same principle, we get

2l+1(1− x1)(1− x2) ≡ (1− x2l+1

1 )(1− x2) mod ∆[n+2m−6](Π)Z[Π].
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Therefore,

α1 ≡ (1− x2l+1

2 )(1− x1)− (1− x2l+1

1 )(1− x2) mod ∆[n+2m−6](Π)Z[Π].

Choosing k to be such that
(2k+1

i

)
is divible by 2ln for any i ≤ n, we get

α2 ≡ (1− x2k

3 )(1− x1)− (1− x2k

1 )(1− x3) mod ∆[n+2m−6](Π)Z[Π],

α3 ≡ (1− x2k+1

3 )(1− x2)− (1− x2k+1

2 )(1− x3) mod ∆[n+2m−6](Π)Z[Π].

Therefore,

α1 + α2 + α3 ≡ (2− x2l+1

2 − x2k

3 )(1− x1) + (x2l+1

1 − x2k+1

3 )(1− x2)+

(x2k

1 +x2k+1

2 −2)(1−x3) ≡ (1−ξ4
3)(1−x1)+(1−ξ2l

4 )(1−x2)+(1−ξ2k

5 )(1−x3) ≡

(1−ξ3)(1−ξ1)+(1−ξ4)(1−ξ2)+(1−ξ5)(1−ξ3) ≡ 0 mod ∆[n+2m−6](Π)Z[Π],

and hence w ∈ D[n+2m−6](Π). �

Lemma 2.66 Let Wm, n be the group given by the following presentation:

〈x1, . . . , x14 | [x1, mx11]4ξ1, [x2, mx12]2
l

ξ2, [x3, mx13]2
k

ξ3,

[x4, nx14, x10]4[x4, nx14, x3, mx13, x7]2
k−1

, ξ2k−2

1 ξ2k−l+1

2 〉,

where

ξ1 = [x4, nx14, x7]2[x4, nx14, x6][x4, nx14, x5]2,

ξ2 = [x4, nx14, x7]2
l−2

[x4, nx14, x10]−1[x4, nx14, x5]2,

ξ3 = [x4, nx14, x6]−2l−2
[x4, nx14, x10]−2.

Then the element

wn, m = [x1, mx11, [x2, mx12]2
l+1

][x1, mx11, [x3, mx13]2
k

]

[x2, mx12, [x3, mx13]2
k+1

]

does not lie in γn+m+4(Wn, m), n ≥ m ≥ 0.

Proof. Let F be a free group with basis {x1, . . . , x10}. Consider four types
of relations:

R1 = γ4(F ),

R2 = 〈R1, [xi, xj , xk] /∈ 〈α, β, γ, δ, ε, θ〉R1 for all i, j, k,

α2k−l

β−1, β2l−2
γ−1, γ4, βε, αδ, θγ〉,
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where

α = [x4, x3, x7], β = [x4, x2, x6], γ = [x4, x10, x1], δ = [x4, x7, x3],
ε = [x4, x6, x2], θ = [x4, x1, x10];

Now define R3 to be the subgroup generated by R2 together with the
normal closure of the following words:

[x3, x4]2
k

, [x2, x4]2
l

,

[x4, x1]4, [x2, x3]2
l

α−2l−2
,

[x3, x1]4α−2, [x2, x1]4β−1,

[x4, x5]2
k−l+2

α−2k−1
, [x4, x7]2

k

γ2,

[x4, x6]2
k−2

, [x4, x10]4γ2,

[x5, xi], i 
= 1, [x1, xi], [x2, xi], [x3, xi], i > 4.

Let R4 be the subgroup generated by R3 and the normal closure of words

c1 = x4
1[x4, x7]2[x4, x6][x4, x5]2,

c2 = x2l

2 [x4, x7]2
l−2

[x4, x10]−1[x4, x5]2,
c3 = x2k

3 [x4, x6]−2l−2
[x4, x10]−2.

Set H = F/R4. We claim that [Ri+1, F ] ⊆ Ri, i = 1, 2, 3. This is obvious
for i = 1, 2. We show it for i = 3. Working modulo R3, we have:

[c1, x1] = 1,

[c1, x2] = [x1, x2]4[x4, x6, x2] = [x1, x2]4β = 1,

[c1, x3] = [x1, x3]4[x4, x7, x3]2 = [x1, x3]4α2 = 1,

[c1, x4] = [x1, x4]4 = 1,

[c2, x1] = [x2, x1]2
l
[x4, x10, x1]−1 = β2l−2

γ−1 = 1,

[c2, x2] = 1,

[c2, x3] = [x2, x3]2
l
[x4, x7, x3]2

l−2
= [x2, x3]2

l
α−2l−2

= 1,

[c2, x4] = [x2, x4]2
l

= 1,

[c3, x1] = [x3, x1]2
k
[x4, x10, x1]−2 = α2k−1

γ−2 = 1,

[c3, x2] = [x3, x2]2
k
[x4, x6, x2]−2l−2

= α2k−2
β−2l−2

= 1,

[c3, x3] = 1,

[c3, x4] = [x3, x4]2
k

= 1.

By standard arguments, one can show that the element

w = [x1, x2l+1

2 ][x1, x2k

3 ][x2, x2k+1

3 ]

is nontrivial in H. Note that all brackets [xj , xi, xj ] are trivial in H.
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Let W be a group given by the following presentation:

〈x1, . . . , x10 | x4
1ξ1, x2l

2 ξ2, x2k

3 ξ3,

[x4, x10]4[x4, x3, x7]2
k−1

, ξ2k−2

1 ξ2k−l+1

2 〉,

where

ξ1 = [x4, x7]2[x4, x6][x4, x5]2,

ξ2 = [x4, x7]2
l−2

[x4, x10]−1[x4, x5]2,

ξ3 = [x4, x6]−2l−2
[x4, x10]−2.

It is easy to see that the group W0, 0 is a free product of W with a free
group of rank 5. The group W naturally maps onto H, and W0, 0 maps onto
G2. The image of w0, 0 is exactly the element w which is nontrivial, hence
w0, 0 /∈ γ4(W0, 0).

We shall prove first that wm, m /∈ γ2m+4(Wm, m), i.e., the case n = m. For
any m consider the quotient W ′

m, m = Wm, m/γ2m+4(Wm, m)Nm, where Nm

is the normal closure in Wm, m of brackets [y1, . . . , yt], t ≥ 3, such that there
are at least two occurrences of yi = x1 or yi = x2, or yi = x3, or yi = x4 in
this bracket, or at least three occurrences of elements from {x1, x2, x3, x4}
simultaneously. We see that all such brackets are trivial in H, hence w0, 0 is
nontrivial in W ′

0, 0.
We assume that the element wm, m is nontrivial in W ′

m, m for a given m
and we shall prove the statement for m + 1.

Consider the following automorphism f of the free group of rank 14:

xi �→ xi, i 
= 11, 12, 13, 14,

x11 �→ x11x1,

x12 �→ x12x2,

x13 �→ x13x3,

x14 �→ x14x4.

Clearly, this automorphism can be extended to get an automorphism f ′ of a
group W ′

m, m. This automorphism defines the semi-direct product

W ′′
m, m = W ′

m, m � 〈x〉,

where x acts as f ′. Clearly, we have in W ′′
m, m:

[x, xi] = 1, i 
= 11, 12, 13, 14,

[x11, x] = x1, [x12, x] = x2, [x13, x] = x3, [x14, x] = x4.



158 2 Dimension Subgroups

It is easy to see that W ′′
m, m is nilpotent with γ2m+6(W ′′

m, m) = 1. Note that
W ′′

m, m is an epimorphic image of Wm+1, m+1; thus the image of the element
wm+1, m+1 is nontrivial in W ′′

m, m, since it is the same as the element wm, m

in W ′′
m, m. Thus we have proved that wm+1, m+1 /∈ γ2m+6(W ′

m+1, m+1). The
induction is thus complete and we have

wm, m /∈ γ2m+4(W ′
m, m)

for any m ≥ 0.
Now we shall prove the needed result for general case n ≥ m ≥ 0. We fix m

and make an induction on t = n−m. For the case t = 0 we already proved the
needed result. We consider the quotient W ′

n, m = Wn, m/γn+m+4(Wn, m)Nm.
Consider the following automorphism f ′ of a free group on generators xi:

xi �→ xi, i 
= 14,
x14 �→ x14x4.

Clearly, it extends to an automorphism of the group W ′
n, m. Then the

corresponding semi-direct product W ′′
n, m = Wn, m � x is nilpotent with

γn+m+5(W ′′
n, m) = 1. Observe that W ′

n+1, m naturally maps onto W ′′
n, m, send-

ing non-trivially the element wn+1, m. Hence wn+1, m /∈ γn+m+5(W ′
n+1, m) and

we have thus completed the induction. �

Proof of Theorem 2.64. By Lemma 2.65, for k # l# 4, we have

wn, m ∈ D[n+2m−2](Wn, m) \ γn+m+4(Wn, m).

Since the difference (n+2m−2)−(n+m+4) = m−6 can be taken arbitrarily,
the statement of the Theorem 2.64 follows. �

When R is a field, upper Lie dimension subgroups have been identified in
[Pas75b] (see also [Pas79]). To state the result we need the following defini-
tions, given a group G and a prime p:

(i) Define the series {M(n), p(G)}n≥1 by setting
M(1), p(G)=G, M(2), p(G)=γ2(G), M(n+1), p(G)=[G, M(n), p(G)]Mp

( n+p
p ), p

(G)

for n ≥ 2, where ( r
s ) denotes the least integer ≥ r

s .

(ii) Define the series {G(n), p}n≥1 by setting

G(n), p =
∏

(i−1)pj≥n

γi(G)pj

.

Theorem 2.67 (Passi-Sehgal [Pas75b]). Let G be a group and F a field.
Then, for n ≥ 2,
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D(n), F (G) =

{√
γn(G) ∩ γ2(G), if char(F ) = 0,

G(n−1), p = M(n), p(G), if char(F ) = p > 0.

Some very interesting properties of lower central and dimension subgroups
have been observed by A. Shalev [Sha90a]. To mention a sample, let us adopt
the following

Notation. For integers n ≥ 1, k ≥ 0, write

Dn, k(G) =
∏

ipj≥n

γpj

i+k(G).

Proposition 2.68 (Shalev [Sha90a].) For integers n ≥ 1, k ≥ 0,

[Dn, k(G), G] = Dn, k+1(G).

We next consider the lower Lie dimension subgroups in characteristic p> 0.
An identification of these subgroups is known when p 
= 2, 3. First note the
following

Proposition 2.69 The series {D[n], Fp
(G)}n≥1 is a central series of G sat-

isfying

(i) [D[m], Fp (G), D[n], Fp (G)] ⊆ D[m+n−2], Fp (G), m, n ≥ 2.

(ii) (D[n], Fp (G))p ⊆ D[p(n−2)+2], Fp (G), n ≥ 2.

Theorem 2.70 (Bhandari-Passi [Bha92b]), Riley [Ril91]). For every group G
and field F with char(F ) 
= 2, 3,

D[n], F (G) = D(n), F (G) for all n ≥ 1.

Theorem 2.71 (Bhandari-Passi [Bha92b]). Let G be a group. Then for all
n ≥ 0

(i) D[2n+2], F2 (G) = D(2n+2), F2 (G);

(ii) D[a3n+2], F3 (G) = D(a3n+2), F3 (G), 0 ≤ a ≤ 2.

As a result of Theorems 2.70 and 2.71, we have

Corollary 2.72 The following statements for a group algebra F [G] are
equivalent:

(i) F [G] is residually Lie nilpotent.

(ii)
⋂

n≥1 D[n], F (G) = 1.

(iii) Either char(F ) is zero and G is residually “nilpotent with derived group torsion
free”, or char(F ) = p > 0 and G is residually “nilpotent with derived group a p-group
of bounded exponent”.

We end this section with a review of the results on integral Lie dimension
subgroups.
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Theorem 2.73 D(n)(G) = γn(G) for 1 ≤ n ≤ 8.

The above result for 1 ≤ n ≤ 6 is due to Sandling [San72a] and the cases
n = 7, 8 are due to Gupta-Tahara [Gup93].

Theorem 2.74 (Gupta-Srivastava [Gup91c]). In general,

D[n], Z(G) 
= γn(G) for 9 ≤ n ≤ 13.

Theorem 2.75 (Hurley-Sehgal [Har91b]). In general,

D[n], Z(G) 
= γn(G) for n ≥ 14,

and
D(n), Z(G) 
= γn(G) for n ≥ 9.

2.11 Lie Nilpotency Indices

Theorem 2.76 (Passi, Passman and Sehgal [Pas73]). The group algebra F [G]
of a group G over a field F is Lie nilpotent if and only if either the charac-
teristic of F is zero and G is abelian, or the characteristic of F is a prime
p, G is nilpotent and G′, the derived subgroup of G, is a finite p-group.

As a consequence of the above theorem, we have

Corollary 2.77 The following two statements are equivalent:

(i) F (G)(m) = 0 for some m ≥ 1.

(ii) F (G)[n] = 0 for some n ≥ 1.

For a Lie nilotent group algebra F [G], define the upper and lower Lie
nilpoency indices tL(F [G]) and tL(F [G]) as follows:

tL(F [G]) = min{m |F [G](m) = 0},

tL(F [G]) = min{m |F [G][m] = 0}.

Clearly tL(F [G]) ≤ tL(F [G]), and by Theorem 2.63, the unit group U(F [G])
is nilpotent of class c, say, with c + 1 ≤ tL(F [G]). In fact, in view of a result
of Du [Du,92], c + 1 = tL(F [G]) (see Theorems 2.79, 2.80 below).

Recall that a ring R is said to be a Jacobson radical ring if, for every
r ∈ R, there exists s ∈ R such that

r + s− rs = 0 = r + s− sr.

Let R be a Jacobson radical ring. Define a binary operation on R by setting
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a ◦ b = a + b− ab, a, b ∈ R.

With this binary operation, R is a group, called the adjoint group of R; we
denote this group by (R, ◦).

Example 2.78

Let G be a finite p-group and F a field of characteristic p. Then the augmen-
tation ideal ∆F (G) is nilpotent; therefore ∆F (G) is a Jacobson radical ring.
Observe that the group (∆F (G), ◦) is isomorphic to the group U1(F [G]) of
units of augmentation 1 under the map

α �→ 1− α, α ∈ ∆F (G).

Theorem 2.79 If G is a finite p-group, F a field of characteristic p, then

nilpotency class of U(F [G]) = tL(F [G]).

This result is an immediate consequence of the following

Theorem 2.80 (Du [Du,92]). The associated Lie ring of a Jacobson radical
ring is nilpotent of class n if and only if its adjoint group is nilpotent of
class n.

Theorem 2.81 (Bhandari-Passi [Bha92a]). Let F be a field of characteristic
p > 3 and let G be a group such that F [G] is Lie nilpoent. Then

tL(F [G]) = tL(F [G]) = 2 + (p− 1)
∑
m≥1

md(m+1),

where, for m ≥ 2, pd(m) = [D(m), F (G) : D(m+1), F (G)].

The proof of the above theorem requires the following results of Sharma-
Srivastava. Following their notation, let Ln(R) denote the nth term in
the lower central series of the ring R when viewed as a Lie ring under
commutation.

Theorem 2.82 (Sharma-Srivastava [Sha90b], Theorem 2.8). Let R be a ring
in which both 2, 3 are invertible. If m and n are any two positive integers
such that one of them is odd, then

Lm(R)RLn(R)R ⊆ Lm+n−1(R)R.

Lemma 2.83 (Sharma-Srivastava [Sha90b], Lemma 2.11). Let R be a ring in
which both 2, 3 are invertible. Then for any positive integers m and n and
for all g1, g2, . . . , gm ∈ U(R),

([g1, g2, . . . , gm+1]− 1)n ∈ Lmn+1(R)R.
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Proof of Theorem 2.81. Since F [G] is Lie nilpotent, by Theorem 2.76, G
is nilpotent and its derived subgroup G′ is a finite p-group. If G is abelian,
then the assertion is obviously true; thus we assume that G′ 
= 1.

Let Hi = D(i+1), F (G), i ≥ 1, and pei = [Hi : Hi+1] so that ei = d(i+1).
The series

G = H1 ⊃ H2 ⊃ . . . ⊃ Hd ⊃ Hd+1 = 1

is a restricted N -series in G′, i.e.,

[Hi, Hj ] ⊆ Hi+j , Hi ⊆ Hip, for all i, j ≥ 1.

By Theorem 2.67,
Hn =

∏
(i−1)pj≥n

γi(G)pj

.

Now observe that Hn is generated, modulo Hn+1, by the elements of the
type xpj

, where x is a left-normed group commutator of weight i and
(i − 1)pj = n. Thus it is possible to choose a canonical basis (see [Pas79],
p. 23) {x11, x12, . . . , x1e1 , x21, x22, . . . , x2e2 , . . . , xd1, xd2, . . . , xded

} of G′,
where for 1 ≤ r ≤ d, 1 ≤ k ≤ er, xrk is an element of of the type ξpj , where
ξi is a left-normed group commutator of weight i and (i − 1)pj = r. It then
follows that the element

α = (x11 − 1)(p−1)(x12 − 1)(p−1) . . . (x1e1 − 1)(p−1) . . .

(xd1 − 1)(p−1) . . . (xded
− 1)(p−1) (2.91)

is a non-zero element of F [G]. For 1 ≤ r ≤ d, 1 ≤ k ≤ er, xrk = ξpj

i , by
Lemma 2.83, we have

(xrk − 1)(p−1) = (ξi − 1)pj(p−1) ∈ F [G][(i−1)pj (p−1)+1] = F [G][r(p−1)+1].

Moreover, by Theorem 2.82

(xr1 − 1)(p−1)(xr2 − 1)(p−1) . . . (xrer
− 1)(p−1) ∈ F [G][rer(p−1)+1],

which in turn yields that α ∈ F [G][1+(p−1)
∑d

r=1 rer ]. Since α 
= 0, it follows
that

tL(F [G]) ≥ 2 + (p− 1)
d∑

r=1

rer = 2 + (p− 1)
∑
m≥1

md(m+1),

as er = d(r+1) for r ≥ 1.
Since, tL(F [G]) = 2 + (p − 1)

∑d
r=1 rer = 2 + (p − 1)

∑
m≥1 md(m+1) (see

[Pas79], p. 47) and tL(F [G]) ≥ tL(F [G]) always, the proof is complete. �

Let p be a prime and R a ring of characteristic p. Consider the Lie powers
R(m), m ≥ 1, of R defined inductively by setting R(1) = R, and, for m ≥ 1,
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R(m+1) to be the two-sided ideal of R generated by the ring commutators
xy − yx, x ∈ R(m), y ∈ R.

Theorem 2.84 (Shalev [Sha91]). If R(1+(p−1)pi−1) = 0 for some i ≥ 1, then
R satisfies the identity

(X + Y )pi

= Xpi

+ Y pi

. (Pi)

Corollary 2.85 Let G be a finite group of exponent pe, and K a field of char-
acteristic p. If K[G](1+(p−1)pe−1) = 0, then exp(U1(K[G])) = exp(G), where
U1(K[G]) is the group of units of K[G] having augmentation 1.

Proof. Since G⊆U1(K[G]), it only needs to be checked that exp(U1(K[G]))≤
exp(G).

Let u =
∑

ajgj ∈ U1(K[G]), aj ∈ K, gj ∈ G. Since, by Theorem 2.84,
K[G] satisfies the identity (Pi), we have

upe

=
∑

(ajgj)pe

=
∑

ape

j .1 = 1. �

In [Sha91] Shalev shows that the hypothesis of the above Corollary is
satisfied if p ≥ 7 and exp(G)3 > |G|, and thus we have

Theorem 2.86 (Shalev [Sha91]). Let K be a field of prime characteristic p,
and G a finite p-group. Then G and U1(K[G]) have the same exponent if
p ≥ 7 and exp(G)3 > |G|.

2.12 Subgroups Dual to Dimension Subgroups

Let G be a group and R a commutative ring with identity. Define a series
{Zn(R[G])}n≥0 of two-sided ideals in R[G] inductively by setting

Z0(R[G]) = 0

and

Zn+1(R[G]) = {α ∈ R[G] |α(g − 1) ∈ Zn(R[G]), (g − 1)α ∈ Zn(R[G])}

for n ≥ 0. This ascending series {Zn(R[G])}n≥0 of two-sided ideals of R[G]
is the most rapidly ascending among all ascending series stabilized by G; it
defines an ascending series {zn, R(G)}n≥0 of normal subgroups of G, by setting

zn, R(G) := G ∩ (1 + Zn(R[G])).

The series {zn, R(G)}n≥0 has been investigated by R. Sandling [San72b]; it is
in a sense dual to the dimension series {Dn, R(G)}n≥1 defined by the series of
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augmentation powers ∆n
R(G), n ≥ 1, which is the most rapidly descending

among the descending series stabilized by G. The subgroups zn, R(G), n ≥ 1,
are rarely non-trivial. More precisely, we have

Theorem 2.87 (Sandling [San72b]). The normal subgroup zn, R(G) is non-
trivial for some n ≥ 1 if and only if the group G is a finite p-group and the
ring R is of characteristic pe for some e ≥ 1.

Proof. Suppose N := zn, R(G) has a non-trivial element g, say, for some
n ≥ 1. Then, by definition of Zn(R[G]), (g−1)∆n

R(G) = 0. This is not possible
if G is infinite. Hence G must be finite. Now ∆n+1

R (N) = 0. Therefore, there
exists a prime p such that N a finite p-group and R has characteristic pe for
some e ≥ 1. If 1 
= h ∈ G is a p′-element, then (g − 1).(h − 1)n = 0. It then
follows that (g − 1)(h− 1) = 0 and hence h = 1, a contradiction. Hence G is
a finite p-group. �

Let R be a commutative ring with identity and G a group. Let W = R �G,
the standard wreath product of the abelian group R and the group G. Let

Jn(R, G) := {α ∈ R[G] |α.∆n
R(G) = 0},

i.e., the left annihilator of ∆n
R(G). The subgroups zn(R, G) are related to the

upper central series {ζn(W )}n≥0 of W . More precisely, there is the following
result which is easily proved by induction.

Theorem 2.88 (Sandling [San72b]). For all natural numbers n,

ζn(W ) = zn−1(R, G)Jn(R, G).



Chapter 3

Derived Series

Closely related to the lower central series of a group is its derived series. We first
give a method, due to Gupta-Passi [Gup07], for studying the derived series of free
nilpotent groups. Our main aim in this Chapter, however, is the study of the trans-
finite terms of the derived series of groups. We give an account of the homological
approach of R. Strebel [Str74]. The impact on the asphericity conjecture of J. H. C.
Whitehead [Whi41] is also explored.

3.1 Commutator Subgroups of Free Nilpotent Groups

Let F be a free group of finite rank. The structure of γn(F ), n ≥ 2, as a
subgroup of the commutator subgroup [F, F ] (= γ2(F )) has been investigated
by Gupta-Passi [Gup07] with the help of a filtration

F = F (0) ⊃ F (1) ⊃ . . . ⊃ F (l−1) ⊃ F (l) = {1}

of F by finitely generated free groups F (k) ⊆ δk(F ), which we briefly discussed
in Chapter 2, §2.7. This procedure, which is an interesting blend of the prop-
erties of lower central and derived series, provides a setting for recognizing,
up to isomorphism, the derived subgroups δk(F/γn(F )) of the free nilpotent
group F/γn(F ) as F (k)/γ(n)(F (k)), where γ(n)(F (k)) = F (k) ∩ γn(F ) is the
normal closure of certain commutators of weight exceeding n− 1.

Let F = 〈x1, . . . , xm | ∅〉 be the free group of rank m ≥ 2 with basis
x1, . . . , xm and let n ≥ 2 be a fixed integer. Let l be the least natural
number satisfying 2l ≥ n. Set

F (0) = F, B(0) = {x0, 1, . . . , x0, m(0)},

where m(0) = m, x0, i = xi for 1 ≤ i ≤ m and the elements of B(0) are
ordered as x0, 1 < . . . < x0, m(0). Define the weight of each x0, i (1 ≤ i ≤ m(0))
by wt(x0, i) = 1. Now assume that, for some k ≥ 1, we have already defined
the free subgroup F (k−1) ⊆ δk−1(F ) having ordered basis

R. Mikhailov, I.B.S. Passi, Lower Central and Dimension Series of Groups, 165
Lecture Notes in Mathematics 1952,
c© Springer-Verlag Berlin Heidelberg 2009
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B(k − 1) = {xk−1 , 1 , xk−1 , 2 , . . . , xk−1 , m(k−1)} (xk−1 , i < xk−1 , i+1)

with integral weights wt(xk−1 , i) defined and satisfying

2k−1 ≤ wt(xk−1 , i) < n and wt(xk−1 , j) ≤ wt(xk−1 , j+1)

for 1 ≤ i ≤ m(k − 1) and 1 ≤ j ≤ m(k − 1) − 1. Consider the set Uk−1 of
all distinct t-tuples (z1 , . . . , zt), t ≥ 2, of elements zj ∈ B(k− 1) satisfying
the following conditions:

(i) z1 ≤ . . . ≤ zt; (ii) z1 < zt; (iii) wt(z1) + . . . + wt(zt) < n.

For each t-tuple z = (z1 , . . . , zt) ∈ Uk−1, consider the set S(z) of all distinct
left-normed commutators

z = [zj , z1 , · · · , zj−1 , zj+1 , . . . , zt] (zj > z1, 2 ≤ j ≤ t)

and define, for each such z,

wt(z) = wt(z1) + · · ·+ wt(zt).

Let B(k) be the subset
B(k) :=

⋃
z∈Uk−1

S(z) (3.1)

of [F (k−1) , F (k−1)], and let

F (k) := 〈B(k)〉. (3.2)

In view of Lemmas 2.43 and 2.44, B(k) ⊆ δk(F ) is a free basis of F (k). Now
order the finite set B(k) as follows:

For each pair of elements

z=[zi , z1 , . . . , zi−1 , zi+1 , . . . , zs], z′=[z′j , z′1 , . . . , z′j−1 , z′j+1 , . . . , z′t],

in B(k), define z < z′ if

(i) wt(z) < wt(z′), or
(ii) wt(z) = wt(z′) and s < t, or
(iii) wt(z) = wt(z′), s = t and (z1 , . . . , zs) < (z′1 , . . . , z′s) lexicographically

relative to the ordering in B(k − 1) , or
(iv) (z1 , . . . , zs) = (z′1 , . . . , z′s) and i < j.

With this ordering, rename the elements of the set B(k) as

xk , 1, . . . , xk , m(k)

with xk , i < xk , i+1 for 1 ≤ i ≤ m(k)− 1, so that
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F (k) = 〈xk , 1 , . . . , xk , m(k) | ∅〉.

Clearly B(t) = ∅ when 2t ≥ n and thus F (l) = {1}.
Let γ(n)(F (k)) be the normal closure in F (k) of all commutators

[xk , i(1) , xk , i(2) , . . . , xk , i(t)], i(1) > i(2) ≤ . . . ≤ i(t) ,

satisfying
wt(xk , i(1)) + · · ·+ wt(xk , i(t)) ≥ n,

and
wt(xk , i(1)) + · · ·+ wt(xk , i(t−1)) < n.

Extend the order relation on the basis B(k) to B(k)∪B(k)−1 be declaring
for u, v in B(k),

u < u−1 and u−1 < v, if u < v.

The commutators [zε(p)
p , z

ε(1)
1 , . . . , z

ε(p−1)
p−1 , z

ε(p+1)
p+1 , . . . , z

ε(t)
t ] ∈ F (k), where

t ≥ 2, zq ∈ B(k) and ε(q) = ±1 (1 ≤ q ≤ t), z
ε(1)
1 ≤ . . . ≤ z

ε(t)
t , zp > z1,

will be called ordered commutators of level k. An ordered commutator will
be called reduced, if whenever ε(i) 
= ε(i + 1), then zi 
= zi+1. Define

γ<n>(F (k)) = 〈{[zε(p)
p , z

ε(1)
1 , . . . , z

ε(p−1)
p−1 , z

ε(p+1)
p+1 , . . . , z

ε(t)
t ]}〉

to be the subgroup generated by all reduced commutators of level k and
weight ≥ n, i.e., satisfying

∑
1≤q≤t wt(zq) ≥ n. Further, let

β<n>(F (k)) = 〈{[zε(p)
p , z

ε(1)
1 , . . . , z

ε(p−1)
p−1 , z

ε(p+1)
p+1 , . . . , z

ε(t)
t ]}〉

be the subgroup generated by all reduced commutators of level k, weight < n
and not lying in B(k+1), i.e., satisfying the conditions that

∑
1≤q≤t wt(zq) <

n and not all ε(i) are equal to 1.
From definitions and repeated use the commutator identities listed in

Chapter 1, Section 1.1, we have

Lemma 3.1 For 0 ≤ k < l,

(i) γ<n>(F (k)) ⊆ γ(n)(F (k));
(ii) β<n>(F (k)) ⊆ F (k+1)γ(n)(F (k));

(iii) γ(n)(F (k+1)) ⊆ γ(n)(F (k)).

Theorem 3.2 (Gupta-Passi [Gup07]). The commutator subgroup [F (k) , F (k)]
of the free group F (k) is freely generated by the set of all reduced commutators
of level k, namely commutators of the form

z(k , p , ε(t)) := [zε(p)
p , z

ε(1)
1 , . . . , z

ε(p−1)
p−1 , z

ε(p+1)
p+1 , . . . , z

ε(t)
t ] , (3.3)
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where t ≥ 2, zq ∈ B(k) and ε(q) = ±1(1 ≤ q ≤ t), z
ε(1)
1 ≤ . . . ≤ z

ε(t)
t , zp > z1,

and, furthermore, whenever ε(i) 
= ε(i + 1), then zi 
= zi+1.

Proof. It is clear that [F (k) , F (k)] is generated by the set of all commutators

[zε(1)
1 , z

ε(2)
2 , . . . , z

ε(t)
t ], t ≥ 2, zq ∈ B(k), ε(q) = ±1 (1 ≤ q ≤ t). (3.4)

Modulo δ2(F (k)), the commutators (3.4) can be decomposed, with the help of
commutator identities (Ch. 1, 1.1 (v)), as products of ordered commutators
of the form

[zε(p)
p , z

ε(1)
1 , . . . , z

ε(p−1)
p−1 , z

ε(p+1)
p+1 , . . . , z

ε(t)
t ] , (3.5)

with t ≥ 2, ε(i) = ±1 and further satisfying z1 ≤ . . . ≤ zt and zp > z1. With
repeated application of the standard congruence, modulo δ2(F (k)),

[gp , g1 , . . . , gε
i , g−ε

i , . . . , gt] ≡
[gp , g1 , . . . , gε

i , . . . , gt]−1[gp , g1 , . . . , g−ε
i , . . . , gt]−1 (gi ∈ F (k)) ,

we can write each ordered commutator of the form (3.5) as a product of
reduced and ordered commutators of smaller weights. It follows that the set
of all reduced commutators generates the commutator subgroup [F (k) , F (k)].
It suffices, therefore, to prove that the reduced commutators are linearly
independent modulo δ2(F (k)).

Consider the set of all reduced commutators z(k , p , ε(t)) (3.3). To prove
the linear independence of this set, we consider the Schumann-Magnus
embedding

F (k)/δ2(F (k)) −→ Z[F (k)]/f(k)a(k)

(see, for instance, [Gup87c], p. 2), where Z[F (k)] is the integral group ring of
F (k), f(k) the augmentation ideal of Z[F (k)] and the ideal

a(k) := Z[F (k)]([F (k) , F (k)]− 1).

We then have, modulo f(k)a(k),

z(k , p , ε(t)− 1 ≡ (zε(p)
p − 1)(zε(1)

1 − 1) . . . (zε(p−1)
p−1 − 1)(zε(p+1)

p+1 − 1)

. . . (zε(t)
t − 1)− (zε(1)

1 − 1)(zε(2)
2 − 1) . . . (zε(t)

t − 1).

Since f(k) is a free Z[F (k)]-module with basis {z − 1 : z ∈ B(k)}, the com-
mutators z(k , p , ε(t)) and z(k , p′ , ε(t)) with p 
= p′ are linearly independent
and so are the commutators z(k , p , ε(t)) and z(k , p , ε(t′)) with t 
= t′. Thus
the linear independence of the commutators z(k , p , ε(t)) reduces to proving
only the linear independence of the following set of reduced commutators:
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S = {z(k , p , ε(t)) : ε(t) = (ε(1) , ε(2) , . . . , ε(t))} (3.6)

with fixed z = (z1 , . . . , zt) and p with zp > z1, and the t-tuples ε(t) ranging
over distinct t-tuples (ε(1) , ε(2) , . . . , ε(t)) with ε(i) = ±1 and ε(i) 
= ε(i+1)
only if zi 
= zi+1. Expansion of z(k , p , ε(t))−1 modulo f(k)a(k) yields ordered
products of the form

(zε(p)
p − 1)(zε(1)

1 − 1) . . . (zε(p−1)
p−1 − 1)(zε(p+1)

p+1 − 1) . . . (zε(t)
t − 1) ≡

(zp − 1)(z1 − 1) . . . (zp−1 − 1)(zp+1 − 1) . . . (zt − 1)
∏

1≤i≤t

ε(i)
∏

1≤i≤t

z
(ε(i)−1)/2
i .

Since distinct ε(t)’s yield distinct elements
∏

1≤i≤t z
(ε(i)−1)/2
i , the linear inde-

pendence of the set S, as defined in (3.6), follows from the fact that distinct
group elements

∏
1≤i≤t ε(i)

∏
1≤i≤t z

(ε(i)−1)/2
i associated with the distinct ε(t)’s

are linearly independent modulo [F (k) , F (k)], and this completes the proof of
the theorem. �

In particular, restricting to the case k = 0, we have the following descrip-
tion of the commutator subgroup of F :

Corollary 3.3 The commutator subgroup [F, F ] of a free group F with or-
dered basis B is freely generated by the set of all reduced commutators of the
form

[zε(p)
p , z

ε(1)
1 , . . . , z

ε(p−1)
p−1 , z

ε(p+1)
p+1 , . . . , z

ε(t)
t ] , t ≥ 2,

where zq ∈ B and ε(q) = ±1 (1 ≤ q ≤ t), z
ε(1)
1 ≤ . . . ≤ z

ε(t)
t ,

zp > z1, and ε(i) 
= ε(i + 1) only ifzi 
= zi+1.

Remark. Recall that the Cartesian group of a free product G is the kernel of
the natural homomorphism of G onto the direct product of its free factors, and
that the Cartesian group of a free product of abelian groups coincides with
the derived group. The above result is, therefore, a special case of ([Gru57],
Theorem 5.2) where Gruenberg gives a basis for the cartesian group of a free
product of cyclic groups (see also Levi [Lev40]).

From the definitions of the various partial commutator subgroups we im-
mediately have:

Theorem 3.4 (Gupta-Passi [Gup07]). The commutator subgroup [F (k) , F (k)]
of the free group F (k) is the free product

[F (k) , F (k)] = β<n>(F (k)) ∗ γ<n>(F (k)) ∗ F (k+1).
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Fundamental Theorem of Free Group Rings

Theorem 3.5 (Magnus-Grün-Witt). If F is a free group, then Dn(F ) =
γn(F ) for all n ≥ 1.

Proof (Gupta-Passi [Gup07]). It clearly suffices to consider the case when
the free group F is of finite rank m ≥ 2, and n ≥ 2. In the free group ring
Z[F (k)], k ≥ 0, let

f(k , n) = Z-span of all products (z±1
1 − 1) . . . (z±1

t − 1) (t ≥ 2),

where zj ∈ B(k) for 1 ≤ j ≤ t, and wt(z1) + · · · + wt(zt) ≥ n. Note that
γ(n)(F (k)) ⊆ 1 + f(k , n). We first prove the following result.

Lemma 3.6 Let u ∈ f(k , n), k ≥ 0. Then

u = u1 + u2 + u3 +
∑

i

±(hi − 1), hi ∈ γ(n)(F (k)),

where u1 is a linear sum of ordered products of the form

(z±1
1 − 1) . . . (z±1

t − 1), t ≥ 2,

with zi ∈ B(k), z1 ≤ . . . ≤ zt and wt(z1) + · · · + wt(zt) ≥ n; u2 is a linear
sum of partly-ordered products of the form

(z±1
1 − 1) . . . (z±1

a − 1)(X1 − 1) . . . (Xb − 1), a ≥ 1, b ≥ 1,

with zi ∈ B(k), z1 ≤ . . . ≤ za, Xs = [z±1
s(1), . . . , z±1

s(�)], � ≥ 2, zs(i) ∈ B(k),wt
(z1)+ · · ·+wt(za)+wt(X1)+ · · ·+wt(Xb) ≥ n, wt(Xs) :=

∑
i wt(zs(i)) < n;

u3 is a linear sum of products of the form

(X1 − 1) . . . (Xb − 1), b ≥ 2,

with Xs as above and satisfying wt(X1) + · · · + wt(Xb) ≥ n.

Proof. By definition, f (k,n) consists of finite linear sums of products of the
form

(z±1
1 − 1) . . . (z±1

t − 1), t ≥ 2, (3.7)

where zj ∈ B(k), and wt(z1) + · · ·+ wt(zt) ≥ n. By repeated application of
the identity

(y − 1)(x− 1) = (x− 1)(y − 1) + ([y, x]− 1) + (x− 1) ([y, x]− 1)
+ (y − 1) ([y, x]− 1) + (x− 1)(y − 1) ([y, x]− 1) ,
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each product of the form (3.7), and hence every element u ∈ f(k, n), can be
decomposed as claimed.

Proof of Theorem 3.5. Let k ≥ 0 and let f ∈ F (k) ∩ (1 + f (k, n)). Since
f (k,n) ⊆ ∆2(F (k)), we have f ∈ [F (k), F (k)] = F (k+1)γ(n)(F (k)). Therefore,
f = gh, g ∈ F (k+1), h ∈ γ(n)(F (k)). Since γ(n)(F (k)) ⊆ 1 + f (k,n), therefore
h− 1 ∈ f (k,n), and consequently g− 1 ∈ f (k,n). With the notations of Lemma
5.2, we decompose g − 1 as

g − 1 = u1 + u2 + u3 +
∑

i

±(hi − 1).

Observe that

u1 ∈ Z[F (k)](F (k) − 1)\ {Z[F (k)]
(
[F (k), F (k)]− 1

)
},

u2 ∈ Z[F (k)]
(
[F (k), F (k)]− 1

)
\ {Z[[F (k), F (k)]]

(
[F (k), F (k)]− 1

)
},

u3 ∈ Z[[F (k), F (k)]]
(
[F (k), F (k)]− 1

) (
[F (k), F (k)]− 1

)
.

Since g ∈ F (k+1) ⊆ [F (k), F (k)] , we must have u1 = 0, u2 = 0, and conse-
quently

g − 1 = u3 +
∑

i

±(hi − 1). (3.8)

Since F (k+1) is a free factor of [F (k), F (k)] (Theorem 3.4), projecting
Z[[F (k), F (k)]] onto Z[F (k+1)] under the map which sends the basis elements
of [F (k), F (k)] which lie in F (k+1) identically and the remaining basis elements
into identity, the equation (3.8) yields that

g ∈ F (k+1) ∩ (1 + f(k+1, n)).

Therefore
f = gh ∈ (F (k+1) ∩ (1 + f(k+1,n)))γ(n)(F (k)).

Hence F (k) ∩ (1 + f(k,n)) ⊆ (F (k+1) ∩ (1 + f(k+1, n)))γ(n)(F (k)). Since f(0, n) = fn

and γ(n)(F (k)) ⊆ γn(F ), we conclude, by iteration, that

Dn(F ) = F ∩ (1 + fn) ⊆ γn(F ),

and the theorem is proved. �

3.2 E and D-groups

In this section we give an exposition of Strebel’s theory of E- and D-groups.
Since this theory plays a key role in the theory of aspherical complexes (see
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next Section), we present this theory in some detail. All the material here is
from Strebel’s paper [Str74].

Let R be a nontrivial commutative ring with identity. A group G is
called an E(R)-group if R, as a trivial R[G]-module, has an R[G]-projective
resolution

· · · → P2
∂2→ P1

∂1→ P0
∂0→ R→ 0,

for which the map

idR⊗∂2 : R⊗R[G] P2 → R⊗R[G] P1

is injective. A group G is called an E-group if it is an E(R)-group for every
ring R.

It follows directly from the definition, that H2(G,R) = 0 for every E(R)-
group G. One of the most important class of E-groups is that of knot groups.

A group G is called a D(R)-group if, for every homomorphism η : A→ B
of projective R[G]-modules, the injectivity of the induced map idR⊗R[G]η :
R⊗R[G] A→ R⊗R[G] B implies injectivity of η.

Example 3.7
The infinite cyclic group is a D(R)-group for any ring R. For, let C be an
infinite cyclic group with generator c ∈ C and η : A → B a map between
projective R[C]-modules, such that idR ⊗R[C] η is a monomorphism. The
augmentation ideal of the group ring R[C] is residually nilpotent, i.e. the in-
tersection

⋂
n ∆n

R(C) is the zero ideal and for any projective R[C]-module A,
the intersection

⋂
n ∆n

R(C)A is the trivial submodule in A. The augmentation
quotients ∆n

R(C)/∆n+1
R (C) are naturally isomorphic to R as R[G]-modules.

Therefore, the maps

∆n
R(C)/∆n+1

R (C)⊗R[C] A→ ∆n
R(C)/∆n+1

R (C)⊗R[C] B,

induced by η, are monomorphisms for all n ≥ 0. For every projective R[C]-
module there is the natural isomorphism

∆n
R(C)/∆n+1

R (C)⊗R[C] A 	 ∆n
R(C)A/∆n+1

R (C)A,

hence η induces the monomorphisms

∆n
R(C)A/∆n+1

R (C)A→ ∆n
R(C)B/∆n+1

R (C)B;

therefore, due to the fact that
⋂

n ∆n
R(C)A = 0, the map η is a monomor-

phism. Hence C is a D(R)-group.

Let η : A → B be a map of projective R[G]-modules. Then there exist
modules Ā, B̄ such that A⊕ Ā and B⊕ B̄ are free R[G]-modules. Define the
map

η̃ : A⊕ Ā→ B ⊕ B̄ ⊕A⊕ Ā
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by setting
η̃ : a⊕ ā �→ η(a)⊕ 0⊕ 0⊕ ā, a ∈ A, ā ∈ Ā.

It is easy to see that η is injective if and only if η̃ is, and idR⊗R[G]η is injective
if and only if idR ⊗R[G] η̃ is. Therefore, in the definition of the D(R)-group
we can assume that modules A and B are free R[G]-modules.

The main result about E-groups is the following theorem, due to Strebel.

Theorem 3.8 Let G be an E-group. Then

(i) Every term of the transfinite derived series δα(G) is an E-group;
(ii) Every term γα(G), 1 ≤ α ≤ ω, of the lower central series of G is an
E-group;

(iii) The quotient G/P(G) is an E-group of cohomological dimension at
most two, where P(G) is the perfect radical of G.

We will need the following result which implies the statement (iii) of
Theorem 3.8.

Theorem 3.9 Let G be an E-group and

· · · → P2
∂2→ P1 → P0 → Z→ 0,

a Z[G]-resolution of Z such that the induced map

idZ⊗∂2 : Z⊗Z[G] P2 → Z⊗Z[G] P1

is a monomorphism. Then, for every ordinal number α, the induced map

∂̃α
2 := idZ⊗∂2 : Z⊗Z[δα(G)] P2 → Z⊗Z[δα(G)] P1

is a monomorphism.

Lemma 3.10 Let G be a group with transfinite descending subnormal series

G = G0 ⊃ G1 ⊃ G2 ⊃ · · · ⊃ Gω ⊃ Gω+1 ⊃ · · · ⊃ Gα = 1

in which all the quotients Gβ/Gβ+1 are D(R)-groups. Then G is a D(R)-
group.

Proof. Let A and B be R[G]-projective modules, η : A → B a map such
that

idR⊗R[G]η : R⊗R[G] A→ R⊗R[G] B



174 3 Derived Series

is a monomorphism. We use the transfinite induction on α to show that the
maps

idR⊗R[Gβ ]η : R⊗R[Gβ ] A→ R⊗R[Gβ ] B

are monomorphisms. It will then follow that η is a monomorphism. For any
ordinal number β, consider the group extension

1→ Gβ+1 → Gβ → Gβ/Gβ+1 → 1

and assume that idR⊗R[Gβ ]η is a monomorphism. The map idR⊗R[Gβ+1]η
can be viewed as a map between R[Gβ/Gβ+1]-projective modules. Then
idR⊗R[Gβ/Gβ+1]⊗(idR⊗R[Gβ+1]η) gets identified with idR⊗R[Gβ ]η and is injec-
tive. Since Gβ/Gβ+1 is a D(R)-group, we conclude that the map idR⊗R[Gβ+1]η
is a monomorphism.

Consider now the limit case. Let τ be a limit ordinal number and suppose
that the maps idR⊗R[Gβ ]η are monomorphisms for all β < τ . For a given
projective R[G]-module M , let

iM : R⊗R[Gτ ] M →
∏
β<τ

R⊗R[Gβ ] M

be the canonical map induced by inclusions Gτ ⊂ Gβ , β < τ . We have the
following commutative diagram:

R⊗R[Gτ ] A
idR ⊗R[Gτ ]η−−−−−−−→ R⊗R[Gτ ] B

iA

⏐⏐� iB

⏐⏐�∏
β<τ R⊗R[Gβ ] A

∏
β<τ idR ⊗R[Gβ ]η

−−−−−−−−−−−→
∏

β<τ R⊗R[Gβ ] B,

where the lower map is a monomorphism, since all maps idR⊗R[Gβ ]η are.
Observe that it suffices to show that the map iA is a monomorphism.

Suppose first A = R[G]. Choose transversals {Ts}s∈G/Gτ
for Gτ in G.

Suppose we have x ∈ ker(iA) and x 
= 0. Then element x ∈ R ⊗R[Gτ ] R[G]
has a unique expression of the form

x =
∑

s

rs(x)⊗R[Gτ ] Ts, rs(x) ∈ R. (3.9)

Since this sum is finite, there exists β such that for every pair of elements
Ts, Ts′ from the sum (3.9) the element TsT

−1
s′ /∈ Gβ . Therefore, the element

x has a nontrivial image in R ⊗R[Gβ ] A and hence iA(x) 
= 0, which is a
contradiction.

Now let A = ⊕kMi, where Mi are R[G]-modules. Then there exists the
following natural commutative diagram:
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⊕kR⊗R[Gτ ] Mk

⊕kiMk−−−−→ ⊕k

∏
β<τ R⊗R[Gβ ] Mk∥∥∥ σ

⏐⏐�
⊕kR⊗R[Gτ ] Mk

⊕kiMk−−−−→
∏

β<τ ⊕kR⊗R[Gβ ] Mk∥∥∥ ∥∥∥
R⊗R[Gτ ] A

iA−−−−→
∏

β<τ R⊗R[Gβ ] A

with monomorphism σ. The map iA is injective for any free R[G]-module
and furthermore for any direct summand of a free R[G]-module, i.e., for any
projective R[G]-module. Hence the map

idR⊗R[Gτ ]η : R⊗R[Gτ ] A→ R⊗R[Gτ ] B

is a monomorphism. This completes the induction and so the proof of the
Lemma is complete. �

Lemma 3.11 Let G be a torsion-free abelian group. Then G is a D(R)-group
for any commutative ring R with identity.

Proof. First observe that in the case of a finitely-generated group G, the
statement follows from Lemma 3.10 and the fact that the infinite cyclic group
is D(R)-group.

Next let G be arbitrary torsion-free abelian group. Then G is a direct limit
of its finitely-generated subgroups:

G = lim−→i∈IUi,

where Ui, i ∈ I, are finitely-generated free abelian groups. Let η : A → B
be a map of free R[G]-modules such that the map idR⊗R[G]η is injective.
Since A and B are unions of their finitely generated free direct summands,
for testing the D(R)-property, we can assume that A and B are finitely
generated. Choose R[G]-bases {a1, . . . , am} and {b1, . . . , bn} of A and B
respectively. Let H be the m×n matrix which defines the map η with respect
to the above choice of bases of A, B. Since this matrix is finite, there exists
i ∈ I such that all entries of H are in Ui. It is easy to see that idR⊗R[Ui]η is
injective. Since Ui is a D(R)-group, the map η is also injective. �

Lemma 3.12 Let G be an E-group. Then for any ordinal number α, δα(G)
is an E-group and for any ring R, the group G/δα(G) is a D(R)-group.

Proof. The proof is by induction on α. Suppose that, for any β < α, δβ(G)
is an E-group and G/δβ(G) is a D(R)-group. Consider the group G/δα(G).
Since Gβ are E-groups for β < α, the quotients Gβ/Gβ+1 are torsion-free
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abelian groups. Hence G/δα(G) has a descending series with torsion-free
abelian quotients. Therefore G/δα(G) is a D(R)-group by Lemmas 3.10 and
3.11.

Let
· · · → P2

∂2→ P1 → P0 → R→ 0,

be an R[G]-projective resolution of R such that idR⊗∂2 is injective. Consider
the R[G/δα(G)]-projective resolution

· · · → R⊗R[δα(G)] P2
idR ⊗∂2→ R⊗R[δα(G)] P1 → R⊗R[δα(G)] P0 → R→ 0.

For this resolution the map

idR⊗R[G/δα(G)](idR⊗R[δα(G)]∂2) 	 idR⊗R[G]∂2

is injective. But the group G/δα(G) is a D(R)-group, hence idR⊗R[δα(G)]∂2
is injective and therefore δα(G) is an E(R)-group for any R, i.e., it is an
E-group. The induction, and therefore the proof, is thus complete. �

Proof of Theorem 3.9. We have the following natural isomorphism of
maps:

idZ⊗Z[G/δα(G)]∂̃
α
2 	 idZ⊗Z[G]∂2.

Therefore the map idZ⊗Z[G/δα(G)]∂̃
α
2 is injective. By Lemma 3.12, the group

G/δα(G) is a D(R)-group; hence the map ∂̃α
2 is also injective. �

C. Gordon raised the following problem in [Gor81]:

Let G be a knot group with γ2(G) transfinitely nilpotent. Is it true that γ2(G) is
residually nilpotent?

The above motivated the following more general

Problem 3.13 Is it true that γω(γ2(G)) = γω+1(γ2(G)) for any finitely gen-
erated E-group G?

3.3 Transfinite Derived Series

Recall that, for a group G, δ+(G) denotes the subgroup generated by the
torsion elements g ∈ G which have only finitely many conjugates in G.

Theorem 3.14 (Mikhailov [Mik05a]). Let F be a free group and {1} 
= S ⊆ R
its normal subgroups such that:

(i) F/S is residually solvable,

(ii) δ+(F/R) = 1,

(iii) F/R is not residually solvable.
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Then
δω(F/[S, R]) 
= δω+1(F/[S, R]). (3.10)

Proof. By Theorem 1.60, the module S/[S, R] is a faithful Z[F/R]-module.
Consider the following exact sequence of groups:

1→ S/[S, R]→ F/[S, R]→ F/S → 1.

By condition (i), δω(F/S) = {1}, therefore δω(F/[S, R]) ⊆ S/[S, R]. Since
the subgroup S/[S, R] is abelian, we have δω+1(F/[S, R]) = {1}. Suppose
that

δω(F/[S, R]) = δω+1(F/[S, R]) = {1}.

Let 1 
= g ∈ δω(F/R). Then

S/[S, R] ◦ (1− g) = 0,

which contradicts the faithfulness of S/[S, R] as a Z[F/R]-module. Hence
δω(F/[S, R]) 
= 1, and our assertion is proved. �
Example 3.15
Let F be a free group of rank 3 with basis {a, b, c}. Let S be the normal
closure of a in F , and R the normal closure of 〈a, b[cbc−1, b]〉 in F . Then the
group F/S is free of rank 2, and is, therefore, residually solvable. The group
F/R has the following presentation

〈b, c | b[cbc−1, b] = 1〉.

It follows from properties of one-relator groups that:

(i) the group F/R is torsion free and therefore δ+(F/R) = 1;

(ii) the element b is nontrivial in F/R.

It is clear that the element b ∈ δω(F/R). Hence, by Theorem 3.14, F/R is
not residually solvable and

δω(F/[S, R]) 
= δω+1(F/[S, R]) = {1}.

For a given group G, let

δ(ω)(G) :=
⋂
n

[δω(G), δn(G)].

Obviously, we have
δω(G) ⊇ δ(ω)(G) ⊇ δω+1(G).

Lemma 3.16 Let g ∈ δω+1(F/RS), then

R ∩ S

[R, S]
◦ (g − 1) ⊆ δ(ω)(F/[R, S]). (3.11)
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Proof. The element g ∈ δω+1(F/RS) can be written as

g =
k∏

j=1

[x2j−1, x2j ],

for some k, where xj ∈ δω(F/RS). Let r[R, S] ∈ R∩S
[R, S] , r ∈ R ∩ S. Then

r[R, S] ◦ (g − 1) = [
k∏

j=1

[f2j−1, f2j ], r−1],

where the elements fl ∈ F, l = 1, . . . , 2k, are such that flRS = xl. We thus
have

r[R, S] ◦ (g − 1) ∈ 〈[[fj , r], fl], j, l = 1, . . . , 2k〉F . (3.12)

Since flRS ∈ δω(F/RS), it follows that [fj , r] ∈ δω(F/[R, S]). The assertion
(3.11) then immediately follows because the elements flRS in (3.12) lie in
δω(F/RS). �

Lemma 3.17 Let F be a free group, R and S its normal subgroups such that
F/RS is torsion free and

(i) δα(F/R) = δα(F/S) = 1, α ≥ ω,

(ii) δω

(
F

[R∩S, RS]

)
= δω+1

(
F

[R∩S, RS]

)
.

Then δω(F/RS) = 1.

Proof. The module R∩S
[R∩S,RS] is a faithful Z[F/RS]-module (Theorem 1.60).

Consider the following exact sequence of groups:

1→ R ∩ S

[R ∩ S, RS]
→ F

[R ∩ S, RS]
→ F/R ∩ S (⊆ F/R× F/S). (3.13)

From (3.13), and condition (i) it follows that δα+1

(
F

[R∩S,RS]

)
= 1, therefore,

due to (ii), we have

δω

(
F

[R ∩ S, RS]

)
= 1. (3.14)

Now let g ∈ δω(F/RS). Then, using the fact that R∩S
[R∩S,RS] ◦ (g − 1) ⊆

δω

(
F

[R∩S,RS]

)
and (3.14) holds, we have

R ∩ S

[R ∩ S, RS]
◦ (g − 1) = 0.

Since F/RS act faithfully on R∩S
[R∩S,RS] , it follows that g = 1. Hence

δω(F/RS) = 1. �
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By a similar argument, we have the following

Lemma 3.18 Let F be a free group, R and S its normal subgroups such that
the group F/RS is torsion free and

(i) δω(F/R) = δω(F/S) = 1,

(ii) δ(ω)

(
F

[R∩S, RS]

)
= δω+1

(
F

[R∩S, RS]

)
,

then δω+1(F/RS) = 1.

Proof. Observe that the group F/R∩S is a subgroup of the direct product
F/R × F/S; therefore the condition (i) implies that F/R ∩ S is residually
solvable, i.e. δω(F/R ∩ S) = 1. The following short exact sequence

1→ R ∩ S

[R ∩ S,RS]
→ F

[R ∩ S,RS]
→ F/R ∩ S → 1

shows that δω+1

(
F

[R∩S,RS]

)
= 1, and in view of the condition (ii), we have

δ(ω)

(
F

[R ∩ S,RS]

)
= 1. (3.15)

Recall (Theorem 1.60) that F/RS acts faithfully on R∩S
[R∩S,RS] . Let g ∈

δω+1(F/RS). Then, by (3.15) and Lemma 3.16, we have

R ∩ S

[R,S]
◦ (g − 1) = 0,

and therefore g = 1. Hence δω+1(F/RS) = 1. �

3.4 Applications to Asphericity

Let X be a two-dimensional CW-complex. Identifying π2(X) with the second
homology group of the universal covering space X̃ over X, we have an em-
bedding of the second homotopy module π2(X) into a free Z[π1(X)]-module,
namely:

∂2 : π2(X)→ C2(X̃),

where C∗(X̃) is the chain complex of X̃. Define the Fox ideal F(π2(X)) of
π2(X) to be the two-sided ideal in Z[π1(X)] generated by the coordinates of
the embedding ∂2. For a given subgroup H ⊆ π1(X), the complex X is called
H-Cockcroft if

F(π2(X)) ⊆ hZ[π1(X)].
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It is easy to see that a complex X is H-Cockcroft for a given subgroup
H ⊆ π1(X) if and only if the Hurewicz homomorphism

hH : π2(X)→ H2(XH)

is the zero map, where XH is a covering of X corresponding to the sub-
group H.

Proposition 3.19 [Bra81]. For a given two-dimensional complex X and a
subgroup H ⊆ π1(X), the following conditions are equivalent:

(i) The induced map idZ⊗∂2 : Z⊗Z[H] C2(X̃)→ Z⊗Z[H] C1(X̃) is injective.

(ii) X is H-Cockcroft and H2(H) = 0.

(iii) H2(XH) = 0.

The proof follows directly from the structure of the chain complex of X̃
on applying the functor Z⊗Z[H] −.

One of the most interesting and challenging problems in the theory of
CW-complexes is the following:

Problem 3.20 (J. H. C. Whitehead). Is any subcomplex of an aspherical two-
dimensional complex itself aspherical?

The above problem was first raised in [Whi41]; an affirmative answer is
now conjectured and so it is often referred to as the Whitehead asphercity
conjecture. The derived series techniques give conditions for a subcomplex of
an aspherical complex which imply asphericity. We will see how Proposition
3.19 introduces the perfect radicals into the theory of the second homotopy
modules.

Theorem 3.21 [Bra81]. Let X be a two-dimensional complex such that
Y = X

⋃
i∈I ei is aspherical, where {ei}i∈I is a collection of 2-cells. If L =

ker{π1(X)→ π1(Y )}, then X is P(L)-Cockcroft and H2(P(L)) = 0.

Proof. Observe that Lab is isomorphic to Z[H]|I| and, in particular, free
abelian. It is easy to see that X is L-Cockcroft and H2(L) = 0; therefore the
map

idZ⊗Z[L]∂2 : Z⊗Z[L] C2(X̃)→ Z⊗Z[L] C1(X̃)

is a monomorphism by Proposition 3.19. We conclude that L is an E-group
in the sense of Strebel . By Theorem 3.9, the map

1⊗Z[P(L)] ∂2 : Z⊗Z[P(L)] C2(X̃)→ Z⊗Z[P(L)] C1(X̃)

is a monomorphism. The assertion then follows from Proposition 3.19. �

It is shown in [Gil] that for a given two-dimensional complex K, the fol-
lowing conditions are equivalent:
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(i) The plus-construction K+ is aspherical.

(ii) The covering space KP(π1(K)) of the complex K with π1(KP(π1(K))) = P(π1(K))
is acyclic.

(iii) H2(P(π1(K))) = 0 and K is P(π1(K))-Cockcroft.

Therefore, Theorem 3.21 implies that, for any subcomplex of a contractible
two-dimensional complex, the plus-construction is aspherical. This is the case
also for a subcomplex of an aspherical two-dimensional complex [Hau].

J. Howie [How83] proved that in case there exists a nonaspherical subcom-
plex of an aspherical two-dimensional complex, then there exists a connected
two-dimensional complex L such that

either (1) L is finite and contractible and L \ e is not aspherical for some open
two-cell e of L;

or (2) L is the union of an infinite ascending chain of finite connected nonaspherical
subcomplexes K0 ⊂ K1 ⊂ . . . , where each inclusion Ki−1 ⊂ Ki is nullhomotopic.

Subsequently E. Luft [Luf96] has shown that in the case of a complex L
with property (1), one can construct also a complex, satisfying property (2).
Hence, Whitehead asphericity conjecture is the question of existence of a
two-dimensional complex L, satisfying the condition (2).

Let F be a free group of finite rank n, say. A factorization F = R1 . . . Rk

of F into a product of normal subgroups Ri is called efficient if there exist
natural numbers ri, 1 ≤ i ≤ k, such that Ri is the normal closure in F of a
set of words in F having cardinality ri and r1 + · · ·+ rk = n.

W. Bogley [Bog93] has proved that the following statements are equivalent:

(i) Every connected subcomplex of a finite contractible 2-complex is aspherical.

(ii) If R and S are distinct factors from an efficient normal factorization of a finitely
generated free group, then R ∩ S = [R, S].

This equivalence follows from Theorem 1.45 and the following result of
Cockcroft [Coc54], which solves Whitehead’s asphericity conjecture in the
simplest case.

Theorem 3.22 (Cockcroft [Coc54]). If a connected subcomplex of an aspher-
ical two-dimensional complex has just a single two-dimensional cell, then that
subcomplex is aspherical.

Bogley [Bog93] has also shown that if F = RST is an efficient factorization,
then

R ∩ S

[R, S]
⊆ γω(F/[R, S])

and the lower central quotients of F/[R, S] are free abelian. Hence the resid-
ual nilpotence of certain groups of the type F/[R,S] implies asphericity of
some subcomplexes of aspherical complexes. The following statement shows
that one can replace the hypothesis of residual nilpotence with residual
solubility.
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Theorem 3.23 (Mikhailov-Passi [Mik05b]). Let F be a free group with basis
x1, . . . , xn (n ≥ 2), and

P = 〈x1, . . . , xn | r1, . . . , rn〉

a balanced presentation of the trivial group. Let Ri, Si (i = 1, . . . , n) be the
normal closures in F of ri and {r1, . . . , ri} respectively. Suppose that for
some natural number m < n, δω(F/[Ri+1, Si]) = 1 (i = 1, . . . , m). Then the
presentation

Pm = 〈x1, . . . , xn | r1, . . . , rm〉

is aspherical, i.e. π2(KPm
) = 0.

Proof. First note that KP is contractible (see Example 2).

If m = 1, then KP1 is a connected sub-complex of the aspherical 2-complex
KP and has only a single 2-cell; therefore, by Theorem 3.22, KP1 is aspherical.
Suppose now that m > 1 and KPm−1 is aspherical. Then, by the sequence
(1.18), applied to the case R = Rm, S = Sm−1, we have

π2(KPm
) 	 Rm ∩ Sm−1

[Rm, Sm−1]
. (3.16)

By Corollary 1.142 (i), either Rm∩Sm−1
[Rm, Sm−1]

is zero, or the action of F/Sm on

this module is faithful. Suppose Rm∩Sm−1
[Rm, Sm−1]

is not zero. Then, in view of (i),
Theorem 1.36 (ii) (applied with V = [R,S]) implies that δω(F/Sm) = 1.
Therefore, by Theorem 3.21, Pm is aspherical, and so Rm∩Sm−1

[Rm, Sm−1]
= 0 by (3.16).

This is a contradiction. Hence Rm∩Sm−1
[Rm, Sm−1]

= 0 and KPm
is aspherical. �

Results about crossed modules give some conditions on a subcomplex of
an aspherical complex to be itself aspherical. First, let X be a subcomplex
of a finite contractible complex. Then, clearly, H1(X) is free abelian and
H2(X) = 0. Therefore, we can apply Theorem 1.138 to get the following:

Proposition 3.24 (Conduché) [Con96] Let X be a subcomplex of a finite con-
tractible two-dimensional complex. Then π2(X) = γω(π1(X(1)), π2(X,X(1))).

Corollary 1.142 gives the following group-theoretical criterion for the as-
phericity of a subcomplex of an aspherical complex.

Theorem 3.25 (Mikhailov [Mik07b]). Let X be a subcomplex of an aspherical
two-dimensional complex. Then the following conditions are equivalent:

(i) X is aspherical.

(ii) The fundamental cat1-group L(X) (see p. 88) is residually solvable.
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Proof. The implication (i) ⇒ (ii) is obvious. Indeed, let X be aspherical.
Then π2(X, X(1)) is a normal subgroup of the free group π1(X(1)) by (1.107).
Consequently, the group L(X) is residually nilpotent, and hence, residually
solvable.

To see the implication (ii) ⇒ (i), assume the contrary, i.e. that π2(X) 
= 0
and that L(X) is residually solvable. Note that

m ◦ (1− f) = [m, f ], f ∈ π1(X(1)), m ∈ π2(X, X(1)).

Let g ∈ π1(X), then g can be presented as a coset g = f. im(∂), f ∈ π1(X(1)).
Then, for any m ∈ π2(X) = ker(∂), with these notations, we have

m ◦ (1− g) = [m, f ]. (3.17)

Suppose g ∈ δn(π1(X)), then g = f. im(∂), f ∈ δn(π1(X(1))), therefore, by

m ◦ (1− g) ∈ δn(L(X)), m ∈ π2(X), g ∈ δn(π1(X)).

Hence,
m ◦ (1− g) ∈ δω(L(X)), m ∈ π2(X), g ∈ δω(π1(X)).

The residual solubility of L(X) implies, therefore, the fact that any element
from δω(π1(X)) annihilates all elements from π2(X). However, by Corollary
1.142, the action of π1(X) on π2(X) is faithful. Hence, δω(π1(X)) = 1. There-
fore, π1(X) has a trivial perfect radical and π2(X) = 0 by Theorem 3.21, a
contradiction. Hence, (ii) implies (i). �

Remark. It is easy to see that the preceding result can be proved for the
more general case of a two-dimensional complex X with aspherical plus-
construction X+.

Note that for any crossed module (M,∂, F ) with F free, the group M is
residually nilpotent, since it is a central extension of the free group im(∂).
Therefore, the group M � F is transfinitely residually solvable, namely,

δ2ω(M � F ) = 1.

Hence, the condition (ii) from Theorem 3.25 is equivalent to the stabilization
of the transfinite derived series:

δω(L(X)) = δω+1(L(X)).

This observation shows that the obstructions to the asphericity of certain
2-complexes lies in the difference between δω and δω+1 of fundamental cat1-
groups. Here we will show that for some important cases of the Whitehead
asphericity conjecture, such kind of obstructions can be found in the difference
between δω and δω+1 of certain finitely generated groups.
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Proposition 3.26 Let K be a subcomplex of a contractible 2-dimensional
complex which is the union of its subcomplexes K = K1 ∪K2, such that K1 ∩
K2 = K(1). Let R = ker{π1(K(1)) → π1(K1)}, S = ker{π1(K(1)) → π1(K2)}.
Suppose that

(i) δω(π1(K1)) = δω(π1(K2)) = 1,

(ii) δ(ω)(π1(K(1))/[R, S]) = δω+1(π1(K(1))/[R, S]).

Then π2(K) = 0.

Proof. By Theorem 3.21, π2(K1) = π2(K2) = 0. Therefore,

π2(K) 	 R ∩ S

[R,S]

by Theorem 1.45. Suppose that π2(K) 
= 0. Then, by Corollary 1.142, the
action of π1(K) 	 π1(K(1))/RS on R∩S

[R,S] is faithful. By Lemma 2.69, we have

R ∩ S

[R,S]
◦ (g − 1) ⊆ δ(ω)(π1(K(1))/[R, S]), g ∈ δω+1(π1(K)). (3.18)

Due to the exact sequence

1→ R ∩ S

[R,S]
→ π1(K(1))/[R, S]→ π1(K(1))/R∩S (⊆ π1(K(1))/R×π1(K(1))/S),

we have δω+1(π1(K(1))/[R, S]) = 1. By condition (ii) and (3.18), we have

δω+1(π1(K(1))/RS) = 1

and complex K is aspherical by Theorem 3.21. �

Proposition 3.27 Let K be a subcomplex of a contractible 2-dimensional
complex and K = K1 ∪ · · · ∪Km, K1 ∩ . . . ∩Km = K(1). Suppose

δω(Ki) = 1, 1 ≤ i ≤ m, (3.19)

and for all i = 1, . . . , , m− 1

δω

(
π1(K(1))

[Q1 . . . Qi, Qi+1]

)
= δω+1

(
π1(K(1))

[Q1 . . . Qi, Qi+1]

)
, (3.20)

δω

(
π1(K(1))

[Q1. . .Qi ∩Qi+1, Q1. . .Qi+1]

)
=δω+1

(
π1(K(1))

[Q1 . . . Qi ∩Qi+1, Q1 . . . Qi+1]

)
,

(3.21)

where Qi = ker{π1(K(1))→ π1(Ki)}, i = 1, . . . , m. Then π2(K) = 0.
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Proof. The proof is by induction on m. The case m = 1 follows from Theorem
3.21. Suppose that the Theorem is proved for a given natural number m− 1,
m ≥ 2, i.e., a sub-complex of a contractible complex, which is the union of
m − 1 sub-complexes, and is such that the corresponding conditions (3.19)-
(3.27) are satisfied, is aspherical.

It is clear that, by induction hypothesis, conditions (3.19), (3.20) and (3.27)
imply asphericity of K1 ∪ · · · ∪ Km−1. Let

R = ker{π1(K(1))→ π1(K1 ∪ . . . ∪ Km−1)}, S = Qm,

and apply Proposition 3.26 to this case. It follows that the complex K1 ∪
. . . ∪ Km is aspherical and therefore its fundamental group is torsion-free.
Now we can apply Lemma 3.17 (the condition (i) of Lemma 3.17 follows from
(3.19) and the induction hypothesis, whereas the condition (ii) follows from
(3.27)). We get δω(π1(K(1))/RS) = 1 and the induction is complete. �

Conditions (3.19) are satisfied in certain important cases of the Whitehead
asphericity conjecture; for example, in the case of LOT (label oriented tree)
presentations. Let T be a tree with vertices X and edges E . Let ϕ : E → X be
some function. For a given pair (T , ϕ) we have the following corresponding
presentation, called LOT-presentation:

〈X | i(e)ϕ(e)t−1(e)ϕ(e)−1, e ∈ E〉,

where i(e) and t(e) are respectively the initial and final vertices of a given
edge e.

It is easy to see that the standard 2-complex, associated with a LOT-
presentation is a subcomplex of a 2-dimensional contractible complex. Clearly,
we have the condition (3.19) for a one-relator group, where the relator is taken
from the set of relators of a given LOT-presentation. Hence the obstructions
to the asphericity of such presentations lie in the difference between δω and
δω+1 terms of the derived series of some finitely generated groups, associated
with a given LOT-presentation. Note that modulo Andrews-Curtis conjec-
ture about balanced presentations of the trivial group, the positive answer
to the Whitehead asphericity conjecture for finite complexes is equivalent to
the asphericity of LOT-presentations [How83].

Remark. The relation of homology with lower central series and derived
series, with applications to topology, has been investigated by T. Cochran
and S. Harvey ([Coc05], [Coc08], [Cocb], [Coca]).



Chapter 4

Augmentation Powers

Our main aim in this Chapter is to discuss certain (co)homological methods for the
study of group rings, in particular the augmentation powers.

4.1 Augmentation Identities

Given a group G, let g denote the augmentation ideal of its integral group
ring Z[G]. While studying augmentation powers gn, certain identities play a
crucial role. We list them here for the reader’s convenience.

1. (Hartley [Har70], Prop. 2.1; [Har82c], Lemma 4.5) If x, y are elements of
G and x has order q, then (1− yqn

)(1− x) ∈ gn+2 for all n ≥ 0.
2. If y ∈ G is an element of infinite p-height, and x ∈ G is a p-element, then

(1− y)(1− x) ∈ gω.
3. (Hartley [Har82c], Lemma 5.3) Let G be a nilpotent group. If x ∈ G is

an element of infinite p-height modulo the torsion subgroup T of G, and
y ∈ G is a p-element of infinite p-height, then (1− x)(1− y) ∈ gω.

4.2 Integral Augmentation Powers

The structure of augmentation powers gn and augmentation quotients
Pn(G) := Z[G]/gn+1, Qn(G) := gn/gn+1 is of number-theoretic interest
(for example, see Passi [Pas68b], Mazur-Tate [Maz87], [Dar92], Ki-Seng Tan
[Tan95], Bak-Vavilov [Bak00]). A presentation of the abelian group gn, n ≥ 1,
has been given by Bak and Tang [Bak04] in case G is a torsion-free or torsion
abelian group; we begin with a brief account of this work.

The augmentation ideal g is clearly a free abelian group generated by the
elements θ(g) := g − 1, g ∈ G, modulo the relation θ(1) = 0. Therefore the
ideal gn, n ≥ 1, is generated by the elements
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θ(g1, . . . , gn) := θ(g1) . . . θ(gn), g1, . . . , gn ∈ G.

This set of generators of gn are called the standard generators. Obviously
there hold the following relations:

N := θ(g1, . . . , gn) = 0, whenever some gi = 1 (n ≥ 1) (normalizing
relation);
R := θ(g1, . . . , gn) is a 2-cocycle in gi−1, gi, (i ≥ 2), when the other vari-
ables are fixed (cocycle relation);
S := θ(g1, . . . , gn) = θ(gσ(1), . . . , gσ(n)) for any permutation σ of n letters
(n ≥ 1) (symmetric relation).

If z is a rational number, let

{z}≥0 = smallest nonnegative integer ≥ z.

If p is a prime number, let

vp : Q→ Z, z �→ vp(z)

denote the discrete p-adic valuation on the field Q of rational numbers. Let
g, h be elements of a torsion abelian group G, |g|, |h| their respective orders.
Let |h| =

∏κ
α=1 ptα

α be a factorization of the order |h| of h as a product of
distinct prime powers. Let m be a natural number such that 3 ≤ m ≤ |g|+1.
For each α (1 ≤ α ≤ κ) and each i (1 ≤ i ≤ m− 2), define

e
(m)
α, i (h, g) :=

{
m− (i + 1)

pα − 1
+ tα − 1− vpα

(
|g|
i

)}
≥0

(4.1)

c
(m)(h, g):=

∏
α p

e
(m)
α,i

(h,g)
α

i (4.2)

and let
c(m)(h, g) := l.c.m.{c(m)

i (h, g) | 1 ≤ i ≤ m− 2}. (4.3)

Consider the polynomial

F
(m)
|g| (X) := (X |g|−m+2 − 1)(X − 1)m−2 −X |g| + 1. (4.4)

Since the free Z-module of all polynomials f(X) ∈ Z[X] such that degree
f(X) ≤ |g| − 1 and f(1) = 0 has Z-basis consisting of the set

{(X − 1)i | 1 ≤ i ≤ m− 2} ∪ {(Xi − 1)(X − 1)m−2 | 1 ≤ i ≤ |g| −m + 1},

the polynomial F
(m)
|g| (X) can be written uniquely as

F
(m)
|g| (X) =

m−2∑
i=1

a
(m)
i (X − 1)i +

|g|−m+1∑
i=1

b
(m)
i (Xi − 1)(X − 1)m−2, (4.5)
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with a
(m)
i , b

(m)
i ∈ Z. It can be checked that

a
(m)
i = −

(
|g|
i

)
. (4.6)

Now there exist unique integers a
(m)
i, 1 , . . . , a

(m)
i, |h|−1 (1 ≤ i ≤ m− 2) such that

c(m)(h, g)
(
|g|
i

)
(h− 1) =

|h|−1∑
j=1

a
(m)
i, j (hj − 1)(h− 1)m−i−1. (4.7)

These considerations lead to the following relation in gm:

Tm(g, h) : c(m)(h, g)θ(h, g|g|−m+2, g, . . . , g︸ ︷︷ ︸
m−2

) =

m−2∑
i=1

|h|−1∑
j=1

a
(m)
i, j θ(hj , h, . . . , h︸ ︷︷ ︸

m−i−1

, g, . . . , g︸ ︷︷ ︸
i

) +
|g|−m+1∑

i=1

c(m)(h, g)b(m)
i θ(h, gi, g, . . . , g︸ ︷︷ ︸

m−2

).

(4.8)

Set

Tn(G) := {θ(f1, . . . , fk)Tm(h, g)θ(fk+m+1, . . . , fn) |n ≥ m ≥ 3, k ≥ 0,

n ≥ m + k, f1, . . . , fk, h, g, fk+m+1, . . . , fn ranges
over all sequences of elements in G such that |g|+ 1 ≥ m}. (4.9)

Let (I, g) denote an ordered basis for the torsion abelian group G, where
I is an ordered set and g : I → G is a map, and let i0 denote the smallest
element of I, which might not exist. Let

MI(G) = {m ∈ N | if1 ≤ k ≤ infimum {m− 2, |gi| − 1 | i ∈ I\{i0}}
then ∀i ∈ I\{i0}, ∀h ∈ G<i\〈1〉, and ∀ natural primes pα

such that pα| |h|, m ≤ (k + 1) + (pα − 1)vpα

(
|g|
k

)
− vpα

(|h|) + 1)}, (4.10)

where
G<i = 〈gj | j < i〉.

Define
nI(G) = supremum MI(G). (4.11)

For an arbitrary torsion abelian group G, define

n(G) = supremum {n′ | given a finite subgroupH ⊆ G,∃ a finite subgroup
H ′ ⊇ Handan ordered basis (I ′, g) of H ′ such that nI ′(H ′) ≥ n′}. (4.12)
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Theorem 4.1 (Bak and Tang [Bak04]). Let G be a torsion free or torsion
abelian group. Then the following holds:

• N, R and S are a defining set of relations for gn when either n = 2 or
n ≥ 2 and G is torsion free or a direct limit of cyclic groups.

• N, R, S and T are a defining set of relations for gn when either G is
p-elementary or G is torsion and n ≤ n(G).

Bak and Tang [Bak04] define another set of relations, denoted by U , which
together with the relations N, R, S and T provide a defining set of relations
for gn when G is an arbitrary torsion abelian group.

As a consequence of the above work, there immediately follows a pre-
sentation for the augmentation quotient Qn(G) = gn/gn+1 (n ≥ 1), in the
corresponding cases since Qn(G) is the quotient of gn modulo the relations

(B) : θ(g1, . . . , gk)(θ(fg)− θ(f)− θ(g))θ(gk+3, . . . , gn+1) = 0.
(bilinearizing relation)

For some of the earlier work on augmentation powers, see [Pas77a], [Pas78],
[Pas79], [Hal85], [Par01].

4.3 Intersection Theorems

Theorem 4.2 (Hartley [Har82c]). Let G be a nilpotent group of class c hav-
ing a normal subgroup K with G/K torsion-free. Let V be a Z[K]-module
satisfying V kb = 0 for some integer b ≥ 1. Let W = V ⊗Z[K] Z[G]. Then

Wg(b−1)c(c+1)+1 ∩ V = 0.

Theorem 4.3 (Hartley [Har82c]). If there is no prime p such that G/K con-
tains an element of infinite p-height and V contains an element of additive
order p, then

⋂∞
b=1 Wgb = 0.

Theorem 4.2 when applied to the module V = Z[K]/kb, immediately gives
the following result.

Theorem 4.4 (Hartley [Har82c]). If G is a nilpotent group of class c, and K
is a normal subgroup of G with G/K torsion-free, then

g(b−1)c(c+1)+1 ∩ Z[K] ⊆ kb

for all integers b ≥ 1.

Corollary 4.5 If G is a nilpotent group, and T its torsion subgroup, then

(i) Dω(G) = Dω(T ).

(ii) [Dω(G), T ] = 1.
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Theorem 4.6 (Hartley [Har82b]). Let p be a given prime and let c, N be
given natural numbers. Then there exists a function ϕ(a) = ϕp, c, N (a) such
that if H = LG is a nilpotent group of class at most c, where L � H and G
has finite exponent dividing pN , then

hϕ(a) ∩ Z[L] ⊆ la for all a ≥ 1.

4.4 Transfinite Augmentation Powers

Let G be a group and R a commutative ring with identity. The transfinite
augmentation powers ∆α

R(G) are defined as follows:

∆1
R(G) = ∆R(G), ∆α+1

R (G) = ∆α
R(G)∆R(G) + ∆R(G)∆α

R(G),

and
∆τ

R(G) =
⋂

α<τ

∆α
R(G)

if τ is a limit ordinal. Thus, for instance, if n is a natural number and ω
denotes the least infinite limit ordinal, then

∆nω
R (G) =

⋂
m

∆(n−1)ω+m
R (G),

where m runs over all natural numbers. In the case of the integral group ring
Z[G] we drop the suffix R and write simply ∆α(G), or gα, in place of ∆α

R(G).
In analogy with the ordinary dimension subgroups, for a given ordinal

number α, denote by Dα, R(G) the transfinite dimension subgroup G ∩ (1 +
∆α

R(G)) of G over R:

Dα, R(G) := G ∩ (1 + ∆α
R(G)).

It is easy to see that γα(G) ⊆ Dα, R(G) always, and γα, Q(G) ⊆ Dα, R(G)
provided Q ⊆ R.

Let G be a nilpotent group of class c containing a normal subgroup K with
G/K torsion-free, and let T be the torsion subgroup of G. Then T =

∏
p Tp,

where p runs over the rational primes and Tp is the p-torsion subgroup of T .
Denote by G(p) the set of elements of infinite p-height in G, by G∗(p)/T the
set of elements of infinite p-height in G/T and by Tp(p) the set of elements
of infinite p-height in Tp. With these notations, we have

Theorem 4.7 (Hartley [Har82a]). If there is no prime p such that (i) G/K
contains a non-trivial element of infinite p-height and (ii) T contains an
element of order p, then

gω = kωZ[G].



192 4 Augmentation Powers

Proof. Let π be the set of primes p for which T has an element of order p.
Trivially, kωZ[G] ⊆ gω. Since G/T is a torsion-free nilpotent group, gω ⊆

tZ[G]. Observe that t = ⊕p∈πtp⊕
∑

p∈π tptp′ and tptp′ ⊆ tω. Thus, to complete
the proof, it suffices to show that X = (

∑
p∈π tp)∩ gω ⊆ kbZ[G] for all b ≥ 1.

The Z[K]-module V/Vπ′ is such that the only additive torsion is π-torsion,
whereas G/K has no element of infinite p-height. Therefore, an application of
Theorem 4.3 to this Z[K]-module shows that the image of X in V is contained
in Vπ′Z[G]. Note that, modulo kb, X is a π-torsion ablian group, it therefore
follows that X ⊆ kbZ[G] for all b ≥ 1. �

Theorem 4.8 (Hartley [Har82c]).

gω =
∑

p

(g(p)tp + g∗(p)tp(p) + dω(Tp))Z[G].

Proof. For the inclusion of the terms on the right hand side in gω, see
([Pas79], Theorem 2.3, p. 97).

For the reverse inclusion, suppose first that T is a p-group.
If T has no element of infinite p-height, then tZ[G]∩g(p)Z[G] = g(p)tZ[G].

Since the augmentation ideals of Z[G/T ] and Z[G(p)] are both residually
nilpotent, it follows that gω ⊆ tZ[G]∩ g(p)Z[G]. Hence gω = g(p)tZ[G]. Thus
we have gω ⊆ t(p)Z[G] + g(p)tZ[G]. Consequently

gω = g(p)tZ[G] + (t(p)Z[G] ∩ gω).

Suppose every element of G is, modulo T , of infinite p-height. Then gt(p) ⊆
gω. Therefore, in this case, every element of t(p) ∩ gω can be expressed as
1 − x + α, with x ∈ T (p), α ∈ gt(p). Since 1 − x then lies in gω, we have
x ∈ Dω(G)∩T . Therefore, by Cor. 4.5, x ∈ Dω(T ). We have thus shown that
if T is a p-group and G = G∗(p), then

gω = gt(p)Z[G] + gt(p) + dω(T ).

Now suppose G is an arbitrary nilpotent group whose torsion subgroup is
a p-group. By Theorem 4.7, we have gω = kωZ[G], where K = G∗(p). Observe
that the subgroup K is such that all its element are of infinite p-height within
this subgroup. Therefore the preceding case is applicable to this group, and
so we have

gω = (g∗(p)ωZ[G] = g(p)t + g∗(p)t(p) + dω(T ))Z[G].

Finally, the general case can be handled by passing to the the quotients
G/Tp′ , with p varying over the primes for which G has p-torsion. �

It may be mentioned that another definition of the transfinite augmenta-
tion powers was used in [Gru72], where it was defined inductively as follows:
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∆̄1
R(G) = ∆R(G), ∆̄α+1

R (G) = ∆̄α
R(G)∆R(G),

and as intersection of the preceding terms in the case of a limit ordinal. We
call these augmentation powers as the right augmentation powers [note that
we have denoted them by ∆̄α

R(G); as usual, we drop the suffix in case R
is the ring Z of integers]. It is easy to see that ∆̄α

R(G) ⊆ ∆α
R(G) for any

group G and ordinal number α, but the converse, in general, is not true (see
Example 4.14 ).

For an ideal a of Z[G], we define ideals a(n), n ≥ 0, inductively by setting

a(0) = a, a(n) = ga(n−1) + a(n−1)g for n ≥ 1. (4.13)

An example of a group with transfinite augmentation powers not stabiliz-
ing at the first limit ordinal can be found in the class of abelian groups.

Example 4.9 (Gruenberg-Roseblade [Gru72]).

Let p be a prime. If G be an abelian p-group with
⋂

n≥1 Gpn
of exponent p,

then
∆̄ω+k(G) 
= ∆̄ω+k+1(G), k ≥ 0;

for example, let G an abelian p-group with generators x1, x2, . . . and relations

xpn

n = 1, xpn

n+1 = x1, n = 1, 2, . . . .

Example 4.10 (Gruenberg-Roseblade [Gru72]).

Let d > 0 be an integer, p an odd prime greater than d, and Fp the field with
p elements. Let Vd be a vector space with basis v1, . . . , vd over the field Fp.
Consider the automorphism α of Vd defined by

α : vi �→ vi+1 − vi, 1 ≤ i < d,

α : vd �→ −vd.

Define Gd = Vd � 〈α〉. Then

∆̄ω+k(G) 
= ∆̄ω+k+1(G), k < d, ∆̄ω+d(G) = ∆̄ω+d+1(G).

A simple result towards the description of the transfinite dimension sub-
groups is the following:

Theorem 4.11 (Mikhailov-Passi [Mik04]). For any group G and natural
number n

Dω+n, Q(G) = γω+n, Q(G).

Proof. It suffices to prove that Dω+n, Q(G) ⊆ γω+n, Q(G), the reverse inclu-
sion being easy to see.
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Recall that ∆ω
Q(G) = ∆(γω,Q(G))Q[G] (Jennings [Jen55]) and therefore

Dω+n, Q(G) ⊆ γω,Q(G). Let g ∈ Dω+n, Q(G). Then g ∈ γω, Q(G) and

g − 1 ∈ ∆ω+n
Q (G) ⊆ ∆n

Q(G)∆Q(γω, Q(G)) + ∆Q(γω, Q(G)))∆Q(G).

Therefore there exists an integer m ≥ 0 such that

m(g − 1) ∈ gn∆Z(γω,Q(G)) + ∆Z(γω,Q(G))g.

Since m(g − 1) = gm − 1 mod ∆2
Z(γω,Q(G)), it follows that

gm − 1 ∈ gn∆Z(γω, Q(G)) + ∆Z(γω, Q(G))g.

Hence, by Lemma 4.31, gm ∈ [γω,Q(G), γω, Q(G)] · [γω, Q(G), nG]. Now it is
easy to see that [γω, Q(G), nG] and [γω, Q(G), γω, Q(G)] are both contained in
γω+n, Q(G). Therefore g ∈ γω+n, Q(G) and the proof is complete. �
Remark 4.12
The behavior of the rational augmentation powers is closely related to that of
the rational lower central series; for instance, as is clear from the preceding
theorem, or even otherwise, γω, Q(G) = γω+1, Q(G) if and only if ∆ω

Q(G) =
∆ω+1

Q (G).

The following Proposition can be proved by proceeding in analogy with
the proof of Theorem 1.34.

Proposition 4.13 Let 1 → N → F → G → 1 be a non-cyclic free presen-
tation of the group G, and α an ordinal number not less than ω. Then the
following statements are equivalent:

(i) ∆̄α
R(G) = 0;

(ii) γα, R(F/[N, N ]) = 1;

where R is Z or Q and {∆̄α
R(G)} is the series of right augmentation powers of G

over R.

To conclude this section we give an example of a group G such that

∆ω+1
Q (G) 
= ∆̄ω+1

Q (G)

[recall that ∆̄ω+1
Q (G) = ∆ω

Q(G)∆Q(G)], and consequently

∆ω
Q(G)∆Q(G) 
= ∆Q(G)∆ω

Q(G).

Example 4.14
Consider the fundamental group GK of the Klein bottle, namely

GK = 〈a, b | aba−1b = 1〉.

We claim that ∆ω+1
Q (GK) 
= ∆̄ω+1

Q (GK).
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Observe that b is a generalized periodic element (i.e., b is periodic modulo
every term of the lower central series of GK), the cyclic subgroup 〈b〉 is normal
in GK and GK/〈b〉 is cyclic. Therefore it follows that

γω, Q(GK) = 〈b〉,

and
γω+1, Q(GK) =

√
[〈b〉 ,GK ] =

√
〈b2〉 =

√
〈b〉 = 〈b〉.

Therefore, by Remark 4.12, ∆ω+1
Q (GK) = ∆ω

Q(GK) = ∆̄ω
Q(GK), and hence

∆α
Q(GK) = ∆Q(〈b〉)Q[GK ],

for all ordinals α ≥ ω.
If ∆ω+1

Q (GK) were equal to ∆̄ω+1
Q (GK), then clearly the right augmentation

powers ∆̄α
Q(GK) would also stabilize at ω and equal ∆Q(〈b〉)Q[GK ] for all

α ≥ ω, and so we would have, in particular, ∆̄2ω
Q (GK) = ∆Q(〈b〉)Q[GK ].

However, we claim that

∆̄2ω
Q (GK) = ∆2

Q(〈b〉)Q[GK ] (
= ∆Q(〈b〉)Q[GK ]).

For, let z ∈ ∆̄2ω
Q (GK). Then, for every natural number n ≥ 1, we can write

z = (1− b)zn with zn ∈ ∆n
Q(GK). Since the element b is of infinite order, we

must have zn = zm for all m, n. Therefore z ∈ (∆ω
Q(GK))2 = ∆2

Q(〈b〉)Q[GK ]
and so it follows that ∆̄2ω

Q (GK) = ∆2
Q(〈b〉)Q[GK ]. Hence

∆ω+1
Q (GK) 
= ∆̄ω+1

Q (GK).

The group GK provides an example to show that Proposition 4.13 does
not hold, in general, for the transfinite augmentation powers ∆α

Q(G).
To see this, let

1→ N → F → GK → 1

be a free presentation of GK with F = 〈a, b | ∅〉 and N the normal closure
of aba−1b in F . We have examined the augmentation powers of GK in the
preceding example. Proceeding as above, one can show that

∆̄nw
Q (GK) = ∆n

Q(〈b〉)Q[GK ] 
= 0

for all natural numbers n ≥ 1; whereas,

∆̄ω2

Q (GK) = ∆ω
Q(〈b〉)Q[GK ] = 0.

Consequently it follows, by Proposition 4.13, that γα, Q(F/[N, N ]) 
= 1 for
α < ω2 and γω2,Q(F/[N, N ]) = 1. On the other hand,

∆ω2

Q (GK) = ∆ω
Q(GK) 
= 0.
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Proposition 4.15 Let F be a finitely generated free group and N its normal
subgroup such that F/N is nilpotent. Then F/γ2(N) is transfinitely nilpotent
if and only if F/γ2(N) is residually nilpotent.

Proof. The assertion follows from Proposition 4.13 and the property:

gω = ∆̄ω+1(G),

which holds for any finitely generated nilpotent group G (see [Pas79, Theorem
5.3, p. 102]). �

4.5 Schur Multiplicator

In this section we discuss various subgroups of Schur multiplicator which
provide a homological approach to the identification of subgroups determined
by two-sided ideals in group rings.

Generalized polynomial 2-cocycles

Let a ⊆ g be a two-sided ideal of the integral group ring Z[G] and let M
be a trivial G-module. Consider the following classes of maps on G × G.
A normalized 2-cocycle f : G × G → M is said to be a left (resp: right)
a-2-cocycle if the linear extentions to Z[G] of the maps ly : G → M , y ∈ G,
(resp: rx : G→M , x ∈ G), defined by ly(x) = f(x, y), x ∈ G (resp: rx(y) =
f(x, y), y ∈ G) vanish on a. We denote by Pa(G, M)l (resp: Pa(G, M)r) the
subgroup of H2(G, M), the second cohomology group of G with coefficients
in M , consisting of the cohomology classes represented by the left (resp: right)
a-2-cocycles. Furthermore, we denote by Pa, a(G, M) the subgroup consisting
of those cohomology classes which possess representative 2-cocycles which are
both left as well as right a-2-cocyles.

As a varies over the augmentation powers gα, α any ordinal number, we
obtain an increasing filtration of H2(G, M):

0 = P0(G, M) ⊆ P1(G, M) ⊆ . . . Pα(G, M) ⊆ · · · ⊆ H2(G, M), (4.14)

where Pα−1(G, M) = Pgα(G, M)l. This filtration has been studied in [Pas74]
for finite ordinals.

We begin by considering the case when M is a divisible abelian group. In
this case the two subgroups Pa(G, M)l and Pa(G, M)r of H2(G,M) coincide.
The proof is essentially the same as given in [Pas74] where it is proved that,
for all integers n ≥ 1, Pn−1(G, T) is equal to the image of the homomorphism
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Ext1
G(g/gn, T)→ Ext1

G(g,M) (	 H2(G, T))

induced by the natural projection g → g/gn, where T denotes the additive
group of rationals modulo 1. More precisely, we have:

Theorem 4.16 (Mikhailov-Passi [Mik04]). Let G be a group, a ⊆ g an arbi-
trary two-sided ideal of Z[G] and M a divisible abelian group regarded as a
trivial G-module. Let δ : Ext1

G(g/a, M) → Ext1
G(g, M) be the map induced

by the natural projection g→ g/a. Then

Pa(G, M)l = Pa(G, M)r = im(δ).

Proof. The short exact sequences

0→ a→ g→ g/a→ 0,

0→ g→ Z[G]→ Z→ 0

yield the following commutative diagram with exact rows and columns:

0 0 0⏐⏐� ⏐⏐� ⏐⏐�
0 −−−−→ g⊗ a −−−−→ Z[G]⊗ a −−−−→ a −−−−→ 0⏐⏐� ⏐⏐� ⏐⏐�
0 −−−−→ g⊗ g −−−−→ Z[G]⊗ g −−−−→ g −−−−→ 0⏐⏐� ⏐⏐� ⏐⏐�
0 −−−−→ g⊗ g/a −−−−→ Z[G]⊗ g/a −−−−→ g/a −−−−→ 0⏐⏐� ⏐⏐� ⏐⏐�

0 0 0

where all tensor products are over Z and the G-action is diagonal. On ap-
plying the functor HomG(−, M) to this diagram, we obtain the following
commutative diagram, again with exact rows and columns:

HomG(Z[G]⊗ g/a,M) −−−−→ HomG(g⊗ g/a,M)
γ1−−−−→ S⏐⏐� ⏐⏐� ⏐⏐�

HomG(Z[G]⊗ g,M) −−−−→ HomG(g⊗ g,M)
γ2−−−−→ H2(G,M)

γ3

⏐⏐� ⏐⏐� α

⏐⏐�
HomG(Z[G]⊗ a,M) −−−−→ HomG(g⊗ a,M) −−−−→ Ext1

G(a,M)
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where S = im{HomG(g ⊗ g/a,M) → Ext1
G(g/a,M)}. From the spectral

sequences argument, as in [Pas74], it follows that Ext1
G(Z[G]⊗ g/a, M) = 0.

Therefore, the map γ3 is an epimorphism. The map γ2 is an epimorphism due
to the step-by-step resolution, as observed in [Pas74], while the map γ1 is an
epimorphism by construction. It then follows easily that

Pa(G, M)r = ker(α) = im(δ).

In view of the isomorphism g ⊗ g/a 	 g/a ⊗ g, it similarly follows that
Pa(G, M)l also equals im(δ), and the result is proved. �

In view of the preceding Theorem we drop the suffix and write simply
Pa(G, M) instead of Pa(G, M)l or Pa(G, M)r.

Let a ⊆ g be a two-sided ideal of the group ring Z[G]. Denote by Da(G)
the normal subgroup of G determined by a:

Da(G) = G ∩ (1 + a).

If a = gα, then we write Dα(G) for Dgα . For a trivial G-module M , let
ψa(G, M) denote the image of the inflation homomorphism H2(G/Da(G),M)
→ H2(G, M) induced by G→ G/Da(G):

ψa(G, M) = im(inf : H2(G/Da(G), M)→ H2(G, M)). (4.15)

It is easy to see that ψa(G, M) = P∆(Da(G))Z[G](G, M) ⊇ Pa(G, M).

Theorem 4.17 Let a be an ideal of Z[G] contained in g and ā its image
under the natural map g→ ∆(G/Da(G)). Then

(a) Pā(G/Da(G), T) = H2(G/Da(G), T) implies that

Dag(G).Dga(G) ⊆ [Da(G), G];

(b) Pā, ā(G/Da(G), T) = H2(G/Da(G), T) implies that

Dag+ga(G) = [Da(G), G].

Proof. It is easy to see that [Da(G), G] ⊆ Dga+ag(G). Let us
assume that [Da(G), G] = 1; it clearly suffices to consider this case.
Suppose a ∈ Dag(G) in case (a) (resp: a ∈ Dag+ga(G) in case (b)), a 
= 1.
Then a ∈ Da(G) and we can find a homomorphism

α : Da(G)→ T, α(a) 
= 0.

Consider the following commutative diagram induced by α, where the rows
are central extensions of groups:
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1 −−−−→ Da(G) −−−−→ G −−−−→ G/Da(G) −−−−→ 1

α

⏐⏐� ⏐⏐� ∥∥∥
1 −−−−→ T −−−−→ E −−−−→ G/Da(G) −−−−→ 1,

Choose a set of representatives w(g) ∈ G for the elements g ∈ G/Da(G) and
let

W : G/Da(G)×G/Da(G)→ Da(G)

be the corresponding 2-cocycle:

W (g1, g2) = w(g1g2)−1w(g1)w(g2) g1, g2 ∈ G/Da(G).

By hypothesis the 2-cocycle α(W (g1, g2)) : G/Da(G) × G/Da(G) → T is
cohomologous to a normalized 2-cocycle f : G/Da(G)×G/Da(G)→ T whose
linear extension to Z[G/Da(G)] × Z[G/Da(G)] vanishes on ā × Z[G/Da(G)]
in case (a) and on (ā × Z[G/Da(G)]) ∪ (Z[G/Da(G)] × ā) in case (b). We
can therefore extend the homomorphism α to a map ϕ : G→ T whose linear
extension to Z[G] vanishes on ag in case (a) and on ag+ga in case (b). Indeed,
if χ : G/Da(G) → T is a correcting normalized coboundary, i.e., χ(1) = 0
and

α(W (g1, g2)) = f(g1, g2) + χ(g1 − 1)(g2 − 1) (g1, g2 ∈ G/Da(G)),

then set

ϕ(zw(g)) = α(z)− χ(g) (g ∈ G/Da(G), z ∈ Da(G)).

However, for such a map ϕ, we have ϕ(a) = 0, and also ϕ(a) = α(a) 
= 0, a
contradiction. Hence Dag(G) = 1 in case (a) and Dag+ga(G) = 1 in case (b).

Since Pā(G/Da(G), T)l = Pā(G/Da(G), T)r (Theorem 4.16), in case (a)
it similarly follows that Dga(G) = 1. �

For an arbitrary ordinal α taking a = gα in Theorem 4.17(b), we have the
following:

Corollary 4.18 If P∆α(G/Dα(G)), ∆α(G/Dα(G))(G/Dα(G), T) = H2(G/Dα

(G), T), then
Dα+1(G) = [Dα(G), G].

Analogously working with Tp, the p-torsion subgroup of T, instead of T in
the proof of the Theorem 4.17, we have the following:

Corollary 4.19 If G is a p-group and P∆α(G/Dα(G)), ∆α(G/Dα(G))(G/Dα(G),
Tp) = H2(G/Dα(G), Tp), then

Dα+1(G) = [Dα(G), G].
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Let us call an ideal a of Z[G] cohomologically concordant (CC-ideal) with
respect to an abelian group M (regarded as a trivial G-module) if

Pa(G, M) = ψa(G, M).

The preceding results show usefulness of this notion in the study of normal
subgroups determined by ideals of Z[G]. If N is a normal subgroup of a group
G, then the two-sided ideal nZ[G] is a CC-ideal with respect to every abelian
group M . Observe that g2 is a CC-ideal with respect to T for any group G
([Pas79], p. 66). However, there exist groups G for which g3 is not a CC-ideal
with respect to T.

Example 4.20

Let Π be a group with the following properties: Π is nilpotent of class 3
and D4(Π) 
= 1, i.e., Π is a nilpotent group of class three without dimension
property (for the existence of such groups see Chapter 2). Let G = Π/γ3(Π).
Then D3(G) = γ3(G) = 1, and therefore ψg3 (G, T) = H2(G, T), whereas
Pg3 (G, T) 
= H2(G, T) as can be seen from Theorem 4.17 applied to Π with
a = ∆3(Π).

The following easy result relates the CC-property for an ideal a in Z[G]
with respect to a abelian group M to the CC-property for its image in
Z[G/Da(G)].

Proposition 4.21 Let a be a two-sided ideal in g and ā its image in
∆(G/Da(G)), then the natural map

ψā(G/Da(G), M)/Pā(G/Da(G), M)→ ψa(G, M)/Pa(G, M)

is an epimorphism for any abelian group M regarded as a trivial G-module.

Proof. It is immediate from definitions that

H2(G/Da(G), M) = ψā(G/Da(G), M).

The result follows from the following commutative diagram:

H2(G/Da(G), M) −−−−→ ψa(G, M)⏐⏐� ⏐⏐�
ψā(G/Da(G), M)/Pā(G/Da(G), M) −−−−→ ψa(G, M)/Pa(G, M). �

As an immediate consequence, we have the following.

Corollary 4.22 If ā is a CC-ideal in Z[G/Da(G)] with respect to the abelian
group M , then a is a CC-ideal in Z[G] with respect to M .
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Let G be a group, a a two-sided ideal in Z[G] and M an abelian group.
The following result gives a characterization of the elements of Pa,a(G, M)
when M is divisible.

Proposition 4.23 The cohomology class classifying the central extension

1→M → Π
p→ G→ 1

lies in Pa, a(G, M) if and only if

M ∩ (1 + ã∆(Π) + ∆(Π)ã + m∆(Π)) = 1,

where ã is the pre-image of a in ∆(Π) under the homomorphism
Z[Π]→ Z[G] induced by p, provided M is divisible.

Proof. Let w(g) ∈ Π be a set of representatives in Π for the elements g ∈ G
so that p(w(g)) = g and let W (g1, g2) : G × G → M be the corresponding
2-cocycle:

w(g1)w(g2) = w(g1g2)W (g1, g2), g1, g2 ∈ G.

Suppose M ∩ (1+ ã∆(Π)+∆(Π)ã+m∆(Π)) = 1. Then, since M is divisible,
there exists a map ϕ : Π → M whose linear extension to Z[Π] vanishes on
ã∆(Π)+∆(Π)ã+m∆(Π) and ϕ|M is the identity map. Let χ : G→M be the
map defined by χ(g) = ϕ(w(g)), g ∈ G, and extend it to Z[G] by linearity.
Let f : G×G→M be the 2-cocycle given by

f(g1, g2) = W (g1, g2) + χ((g1 − 1)(g2 − 1)), g1, g2 ∈ G.

A simple calculation shows that ϕ((x1 − 1)(x2 − 1)) = f(g1, g2), for xi ∈
Π, p(xi) = gi, i = 1, 2. It is then clear that the 2-cocycle f vanishes on
(Z[Π] × ã) ∪ (ã × Z[Π]), and therefore the cohomology class defined by the
2-cocycle W lies in Pa,a(G, M).

Conversely, suppose that the 2-cocycle W : G × G → M represents a
cohomology class in Pa,a(G, M). Then there exists a map χ : G → M such
that the 2-cocycle f(g1, g2) = W (g1, g2)+ χ((g1 − 1)(g2 − 1)) (g1, g2 ∈ G)
vanishes on (Z[G]×a)∪(a×Z[G]). Define ϕ : Π→M by setting ϕ(w(g)m) =
m + χ(g) (g ∈ G, m ∈ M). It is easy to see that the linear extension of ϕ
to Z[Π] vanishes on ã∆(Π) + ∆(Π)ã + m∆(Π) and ϕ|M is the identity map.
Therefore, it follows that M ∩ (1 + ã∆(Π) + ∆(Π)ã + m∆(Π)) = 1. �

For any two-sided ideal a ⊆ g, and arbitrary abelian group M, the in-
flation homomorphism inf : H2(G/Da(1) (G), M) → H2(G, M) clearly maps
Pā, ā(G/Da(1) (G), M) into Pa, a(G, M), where ā is the image of a under the
homomorphism induced by the natural projection p : G → G/Da(1) (G). In
fact, we have:

Proposition 4.24 The map pa : Pā, ā(G/Da(1) (G), M) → Pa,a(G, M) in-
duced by the inflation is a monomorphism.
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Proof. Suppose we have the following commutative diagram of central ex-
tensions:

1 −−−−→ M −−−−→ N −−−−→ G −−−−→ 1∥∥∥ ⏐⏐� p

⏐⏐�
1 −−−−→ M −−−−→ Π −−−−→ Ḡ −−−−→ 1,

where Ḡ = G/Da(1) (G) and p is the natural projection, the class of the lower
central extension lies in Pā, ā(Ḡ, M) and the upper central extension splits.
We need to show that, under these conditions, the lower central extension
must also split.

Let f : Ḡ×Ḡ→M be a normalized 2-cocycle representing the lower central
extension with the property that its linear extension to Z[Ḡ]×Z[Ḡ] vanishes
on (ā×Z[Ḡ])∪(Z[Ḡ]×ā). Since the upper central extension splits, there exists
a map χ : G→M such that f(p(x), p(y)) = χ((x− 1)(y − 1)), x, y ∈ G.

Define η : Ḡ→M by setting η(ḡ) = χ(g), where p(g) = ḡ. Observe that η
is well-defined; for, if g′ = gd, d ∈ Da(1) (G), then χ(g′ − g) = χ(d− 1 + (g −
1)(d−1)). Since d−1 ∈ a(1), f(p(x), p(y)) = χ((x−1)(y−1)) and f vanishes
on (Z[Ḡ]× ā) ∪ (ā× Z[Ḡ]), it follows that χ(g′ − g) = 0. It is now clear that
the 2-cocycle f is equal to the coboundary of η, and hence the lower central
extension splits. �

We next consider the inflation map H2(G/Da(G), M)→ H2(G, M).

Theorem 4.25 For any two-sided ideal a ⊆ g and divisible abelian group
M , there is an exact sequence:

0→ Hom((Da(G)∩G′)/Da(1) (G), M) i→ Pā, ā(G/Da(G), M)
ja→ Pa, a(G, M),

where ā is the image of a in ∆(G/Da(G)) under the homomorphism induced
by the natural projection j : G→ G/Da(G).

Proof. It is clear that the inflation homomorphism

inf : H2(G/Da(G), M)→ H2(G, M)

maps Pā,ā(G/Da(G), M) into Pa,a(G, M); let ja be its restriction to Pā,ā

(G/Da(G), M).
Let

β : Hom(Da(G)/Da(1) (G), M)→ H2(G/Da(G), M)

be the restriction of the transgression map

trans : Hom(Da(G)/[Da(G), G], M)→ H2(G/Da(G), M).
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We claim that β takes values in Pā, ā(G/Da(G), M). Indeed suppose that we
have the following commutative diagram:

1 −−−−→ Da(G)/Da(1) (G) −−−−→ Ḡ −−−−→ G/Da(G) −−−−→ 1

α

⏐⏐� ⏐⏐� ∥∥∥
1 −−−−→ M −−−−→ Π −−−−→ G/Da(G) −−−−→ 1,

where Ḡ = G/Da(1) (G), in which the lower row is the central extension in-
duced by α. Observe that we have a monomorphism

Da(G)/Da(1) (G)→ Z[Ḡ]/ã(1),

xDa(1) (G) �→ x − 1 + a(1) (x ∈ Da(G)), where ã is the image of a under the
natural projection Z[G]→ Z[G/Da(1) (G)]. Therefore α extends to a map ϕ :
Ḡ→M whose linear extension to Z[Ḡ] vanishes on ã(1). A standard argument
then shows that the lower central extension belongs to Pā,ā(G/Da(G), M).
Thus we have a homomorphism

β : Hom(Da(G)/Da(1) (G), M)→ Pā, ā(G/Da(G), M).

Since inf ◦ trans = 0, we have ja ◦ β = 0. We assert that ker(ja) = im(β).
Let 1→M → Π→ G/Da(G)→ 1 be an extension whose class, ξ say, lies

in the ker(ja). Since ker(inf) = im(trans), we have a commutative diagram:

1 −−−−−→ Da(G)/[Da(G), G] −−−−−→ G/[Da(G), G] −−−−−→ G/Da(G) −−−−−→ 1

γ

⏐⏐� ⏐⏐� ∥∥∥
1 −−−−−→ M −−−−−→ Π −−−−−→ G/Da(G) −−−−−→ 1

Since ξ belongs to Pā, ā(G/Da(G), M) the homomorphism γ must vanish on
Da(1) (G)/[Da(G), G], as can be checked with help of Proposition 4.24. Thus
we have the exact sequence

Hom(Da(G)/Da(1) (G), M)
β→ Pā, ā(G/Da(G), M)

ja→ Pa,a(G, M).

Observe that the kernel of β is precisely the subgroup Hom(Da(G)/(Da(G)
∩G′), M), where G′ is the derived subgroup of G. Hence we have the exact
sequence

0→ Hom((Da(G)∩G′)/Da(1) (G), M) i→ Pā, ā(G/Da(G), M)
ja→ Pa, a(G, M),

where i is the homomorphism induced by β. �

Notation. For a given ordinal τ , let Pτ denote the class of group homomor-
phisms f : G → H for which the induced homomorphism H1(G) → H1(H)
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on the first integral homology groups is an isomorphism and Phτ (H, T) →
Pgτ (G, T) is a monomorphism.

The foregoing considerations, when applied to augmentation powers, yield
the following:

Theorem 4.26 If n is a natural number and f : G → H a Pn-homo-
morphism, then the induced homomorphism G/Dn+1(G) → H/Dn+1(H) is
an isomorphism.

Proof. We proceed by induction on n. Since D2(Π) = γ2(Π) for every group
Π, the assertion holds for n = 1. Assume that n > 1, the Theorem holds for
n− 1, and in addition

jn : Phn(H, T)→ Pgn(G, T)

is a monomorphism; in that case note that

jn−1 : Phn−1 (H, T)→ Pgn−1 (G, T)

too is a monomorphism and therefore, by induction hypothesis, f induces an
isomorphism G/Dn(G) 	 H/Dn(H). Theorem 4.25 (applied to a = gn and
hn) yields the following commutative diagram:

0→Hom(Dn(G)/Dn+1(G), T) −−−−−→ P∆n(G/Dn(G))(G/Dn(G), T)
inf1−−−−−→ Pgn(G, T)

f∗1

�⏐⏐ f∗2

�⏐⏐ f∗3

�⏐⏐
0→Hom(Dn(H)/Dn+1(H), T)−−−−−→P∆n(H/Dn(H))(H/Dn(H), T)

inf2−−−−−→Phn(H, T),

where the vertical maps are induced by f, and f ∗2 is an isomorphism. Since
f ∗3 is a monomorphism, therefore im(inf2) → im(inf1) is also a monomor-
phism and f ∗1 is an epimorphism. It follows that f ∗1 is an isomorphism, and
consequently f induces an isomorphism

Dn(G)/Dn+1(G) 	 Dn(H)/Dn+1(H).

Hence f induces an isomorphism G/Dn+1(G) 	 H/Dn+1(H) and the proof
is complete. �

Proposition 4.27 For every natural number n, the class loc(Pn) is the
quasi-variety consisting of the groups G with Dn+1(G) = 1.

[See Section 1.7 for the definition of loc(Pn).]

Proof. Let G be a group with Dn+1(G) = 1 and let f : X → Y be a
Pn-homomorphism. Consider an arbitrary homomorphism h : X → G. By
Theorem 4.26 f induces an isomorphism f̄ : X/Dn+1(X) → Y/Dn+1(Y ).
Since Dn+1(G) = 1, h induces a homomorphism h̄ : X/Dn+1(X) → G. It is
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easy to see that the correspondence h �→ h̄ ◦ f̄ ◦ p, where p is the natural
projection Y → Y/Dn+1(Y ), is a bijection, and it follows that G is Pn-local.

Conversely, let G be a Pn-local group. By Proposition 4.24, the natural
projection pn : G → G/Dn+1(G) is a Pn-homomorphism. Therefore the
identity homomorphism idG : G→ G must factor through the projection pn,
and consequently Dn+1(G) = 1. �

Corollary 4.28 For every group G and natural number n ≥ 1, the
homomorphism G → G/Dn+1(G) is, up to isomorphism, the unique Pn-
localization of G.

Proof. Propositions 4.24 and 4.27 imply that the natural projection G →
G/Dn+1(G) is a Pn-localization of G. The uniqueness follows from Proposi-
tion 4.27 and Theorem 4.26. �

We now apply the method developed above for identifying subgroups deter-
mined by two-sided ideals in group rings to the study of transfinite dimension
subgroups. It is not known whether for a nilpotent group G, Dω(G) = 1. It
has been shown by Hartley [Har82c] that Dω(G) = Dω(T ), where T is the
torsion subgroup of G. We prove that Dω+1(T ) = 1 for any torsion nilpotent
group T ; this comes out as a consequence of the following:

Theorem 4.29 If G is a nilpotent p-group with Dω(G) = 1, then

Pgω, gω (G, Tp) = H2(G, Tp).

Proof. By Theorem 4.8 (see also ([GR], §3), ([Pa], p. 99)),

gω = ∆(G(p))g,

where G(p) is the subgroup consisting of elements of infinite p-height in G.
Since G(p) is contained in the centre of G, we thus need to show that if

1→ Tp
i→ E

j→ G→ 1

is a central extension, then there exists a choice of representative of G in M
such that the corresponding 2-cocycle f : G × G → Tp, when extended to
Z[G]× Z[G] by linearity, vanishes on ∆(G(p))g× Z[G].

Let N = j−1(G(p)) and note that N is central in E. Therefore the exten-
sion

1→ Tp
i→ N

j→ G(p)→ 1

of abelian groups splits, since Tp is divisible. Thus there exists a choice of
representatives u(z) ∈ E for the elements z ∈ G(p) such that u(z) �→ z
is a homomorphism. Write H = G/G(p) and pick a set of representatives
{w(h)}h∈H in G for the elements of H. Then every element g ∈ G is uniquely
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expressible as g = w(h)z (h ∈ H, z ∈ G(p). Now choose representatives
ϕ(g) (g ∈ G) for the elements of G by picking ϕ(w(h)) (h ∈ H) arbitrarily
and taking, for g = w(h)z, ϕ(g) = ϕ(w(h))u(z). It is then straightforward to
check that the resulting 2-cocycle f : G × G → Tp satisfies f(x, g) = 0 for
x ∈ G(p), g ∈ G, and hence has the desired property. �

Corollary 4.30 Let T be a torsion nilpotent group, then Dω+1(T ) = 1.

Proof. Observe first that it suffices to prove the result for nilpotent p-groups.
Let T be a nilpotent p-group. By Corollary 4.19, Theorem 4.29 and Corollary
4.5, Dω+1(T ) = [Dω(T ), T ] = 1. �

Notation. For subgroups H, K of the group G and natural number n define
[H, n K] inductively as follows:

[H, 1 K] = [H, K], [H, (n+1) K] = [[H, n K], K].

We need the following:

Lemma 4.31 Let N be a normal subgroup in G, then

G ∩ (1 + gnn + ng) = [N, N ] · [N, nG],

for all integers n ≥ 1.

Proof. It is easy to see that

[N, N ] · [N, nG] ⊆ G ∩ (1 + gnn + ng).

To see the reverse inclusion, we may clearly assume without loss of generality
that

[N, N ] · [N, nG] = 1.

Let H = G/N. Suppose x ∈ G ∩ (1 + gnn + ng) and x 
= 1. Since N is
abelian, there exists a homomorphism α : N → T such that α(x) 
= 0.
Choose a set of representatives w(h) ∈ G for the elements h ∈ H. Then
every element g ∈ G can be uniquely written as g = zw(h) (h ∈ H, z ∈ N);
define ϕ : G → T by setting ϕ(g) = α(z). It is then easy to check that the
extension of ϕ by linearity to Z[G] vanishes on gnn + ng, and so we have
α(x) = ϕ(x) = ϕ(x− 1) = 0, a contradiction. Hence

G ∩ (1 + gnn + ng) = 1,

and the assertion is proved. �

Theorem 4.32 If G is a nilpotent group of class c, T its torsion subgroup
and a = tωZ[G], then Da(c) (G) = 1.



4.5 Schur Multiplicator 207

Proof. We first consider the case when T = Gp, the p-torsion subgroup of G.
Note that a ⊆ ∆(Gp(p))Z[G], where Gp(p) denotes the subgroup consisting

of elements of infinite p-height in Gp (see [Pas79], p.84). Therefore a(c) ⊆
(∆(Gp(p))Z[G])(c) ⊆ gc∆(Gp(p))+∆(Gp(p))g. Consequently, by Lemma 4.31,

Da(c) (G) ⊆ [Gp(p), Gp(p)][Gp(p), cG] = 1,

since G is nilpotent of class c and Gp(p) lies in the centre of Gp(p).
The general result follows from the case considered above by applying it

to the quotients G/Gp′ , where Gp′ denotes the subgroup of G consisting of
elements of order prime to p. �

The following result is an immediate consequence of Theorem 4.32 and
Theorem 4.7.

Corollary 4.33 Let G be a nilpotent group of class c and T its torsion sub-
group. If there is no prime p such that

(i) G/T contains a non-trivial element of infinite p-height and

(ii) T contains an element of order p,

then Dω+c(G) = 1.

We next review some results on the filtration {PnH2(G, T)}0≤n<∞.

Proposition 4.34 (Passi-Vermani [Pas83]). Let G be a group, D a divisible
abelian group regarded as a trivial G-module, ξ ∈ H2(G, D) and

1→ D → E → G→ 1

a central extension classified by ξ. Then ξ ∈ PnH2(G, D) if and only if

D ∩ (1 + en+2 + ed) = 1.

Proposition 4.35 (Passi-Vermani [Pas83]). Let G be a finitely generated
nilpotent group. Then there exists an integer n ≥ 1 such that

Pn(G, T) = H2(G, T).

Proof. Let 1 → R → F → G → 1 be a free presentation of G with F
free of finite rank. Write F = F/[F, R] and R = R/[F, R]. Now observe
that ∆(F ) is a polycentral ideal of Z[F ], and therefore it satisfies the weak
Artin-Rees property (see [Pas77b, Chapter XI, Theorem 2.8]; for a discussion
of applications of Artin-Rees property to the questions of localization, see
Section 4.9). Thus, there exists an integer n such that

∆n+2(F ) ∩∆(R)Z[F ] ⊆ ∆(R)∆(F ).
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For this n, we then have

R ∩ (1 + ∆n+2(F ) + ∆(R)∆(F )) = (1).

Hence, by [Pas74, Cor. 3.2],Pn(G, T) = H2(G, T). �

The same conclusion as in Theorem 4.35 holds in case G is a nilpotent
group which is either torsion-free or divisible. In fact, we have, more precisely,
the following:

Theorem 4.36 (Passi-Sucheta [Pas87a]). (i) If G is a torsion-free nilpotent
group of class c, then P3c+1H

2(G, T) = H2(G, T).
(ii) If G is a divisible nilpotent group of class c, then PcH

2(G, T) =
H2(G, T).

Proposition 4.37 If G is a nilpotent group such that the quotient G/ζ(G)
by its centre ζ(G) is either torsion-free or finitely generated, then G has finite
dimension series.

Proof. Let G/ζ(G) = H. Then, by hypothesis, H is either torsion-free or
finitely generated nilpotent group; in either case, H has finite dimension series
and, by Theorems 4.35 and 4.36, there exists an integer n such that

PnH2(H, T) = H2(H, T). (4.16)

Since Ds(H)(H) = 1 (see p. 148), it follows that for m ≥ s(H), Dm(G) ⊆ ζ(G).
In view of (4.16) every homomorphism α : ζ(G) → T can be extended to a
polynomial map ϕ : G→ T of degree ≤ n+1. Therefore ζ(G)∩Dn+2(G) = 1.
Hence s(G) ≤ max{s(H), n + 2}. �

Corollary 4.38 (Plotkin [Plo73]). If in a periodic nilpotent group G the cen-
tre is of finite index, then the group has finite dimension series.

Theorem 4.39 (Passi-Vermani [Pas83]). The integral dimension series of
every nilpotent group terminates with identity if and only if, for every nilpo-
tent group G, PnH2(G, T) = H2(G, T) for some n.

Theorem 4.40 (Passi-Vermani [Pas94]; Mikhailov-Passi [Mik04]). For any
nilpotent group G of class c ≥ 1, PcH

2(G, Q) = H2(G, Q).

Theorem 4.41 (Passi-Sucheta-Tahara [Pas87b]). If G is a finite 2-group of
class 2, then P2(G, T) = H2(G, T), provided the rank of Gab is at most 3.

Remark. Let Π be a 2-group of class 3 such that D4(Π) 
= 1, and G =
Π/γ3(Π). Then P2H

2(G, T) 
= H2(G, T). There exist such groups with Gab

of rank 4 (see Section 2.1); for example, we can take Π to be the Rip’s
counter-example to the dimension conjecture [Rip72].
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It has been shown in [Pas83] that Sjögren’s theorem implies the existence
of constants d1, d2, . . . such that

dnH2(G, T) ⊆ PnH2(G, T) (4.17)

for every nilpotent group G of class ≤ n. The converse also is true, i.e., if
there exist constants dn, n ≥ 1, satisfying (4.17), then there exist constants
cn, n ≥ 1, satisfying

Dn(G)cn ⊆ γn(G). (4.18)

Sjögren’s theorem 2.17 has a direct impact on the Schur multiplicator.

Theorem 4.42 (Passi-Vermani [Pas94]). Let F be a free group, R a normal
subgroup of F and D a divisible abelian group. Then

d(n, k)H2(F/γn+1(F )R(k), D) ⊆ PnH2(F/γn+1(F )R(k), D)

for all integers n ≥ k ≥ 1, where

d(n, k) =
n−k∏
i=1

b(k + 1)(
n−k

i ).

In particular, for all n ≥ 1,

(i) H2(F/γn+1(F )R(n), D) = PnH2(F/γn+1(F )R(n), D),

(ii) H2(F/γn+1(F )R, D) = PnH2(F/γn+1(F )R, D),

provided D is torsion-free.

Proof. Let integers n ≥ k ≥ 1 be given. Define series of normal subgroups

H1 ⊇ H2 ⊇ . . . and K1 ⊇ K2 ⊇ . . .

of F by setting

Hm = R(m + k), Km = γm+k(F ), m ≥ 1.

For 1 ≤ m ≤ l, let

Dm, l = F ∩ (1 + fl+k + r(m + k)).

By Lemma 2.20, Dm, m+1 = HmKm+1 for all m ≥ 1. It is easy to see that

HmKl ⊆ Dm, l and Dm, l+1 ⊆ Dm, l.

By Lemma 2.19,

(Kl+m ∩Dl, l+m+1)b(k+l) ⊆ Dl+1, l+m+1Hl.
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Therefore, by Lemma 2.21,

D
a(1, n−k+2)
1, n−k+2 ⊆ H1Kn−k+2,

where a(1, n− k + 2) =
∏n−k

i=1 b(k + i)(
n−k

i ) = d(n, k), i.e.,

F ∩ (1 + fn+2 + r(k + 1))d(n, k) ⊆ γn+2(F )R(k + 1).

In particular,

(S ∩ (1 + fn+2 + r(k + 1))d(n, k) ⊆ [S, F ], (4.19)

where S = γn+1(F )R(k).
Let ξ ∈ H2(F/S, D) and 1→ D →M → F/S → 1 be a central extension

corresponding to ξ. There exists then a commutative diagram

1 −−−−→ S/[S, F ] i−−−−→ F/[S, F ] −−−−→ F/S −−−−→ 1

α

⏐⏐� β

⏐⏐� ∥∥∥
1 −−−−→ D −−−−→ M −−−−→ F/S −−−−→ 1

in which the upper row is the central extension of F/S with i the inclusion
map. Let 1 → D → M → F/S → 1 be a central extension corresponding to
d(n, k)ξ. Then we have a commutative diagram

1 −−−−→ S/[S, F ] i−−−−→ F/[S, F ] −−−−→ F/S −−−−→ 1

d(n, k)α

⏐⏐� γ

⏐⏐� ∥∥∥
1 −−−−→ D −−−−→ M −−−−→ F/S −−−−→ 1.

Since D is divisible abelian and (4.19) holds, the homomorphism d(n, k)α
can be extended to a map F/[S, F ]→ D the linear extension of which to the
integral group ring Z[F/[S, F ] vanishes on

∆n+2(F/[S, F ]) + ∆(F/[S, F ])∆(S/[S, F ]).

Hence, by Proposition 4.34, d(n, k)ξ ∈ PnH2(F/S, D) and the proof is
complete.

4.6 Relative Dimension Subgroups

If E is a group and N � E, then

Dn(E,N) := E ∩
(
1 + ne + en

)
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is a normal subgroup of E; this normal subgroup is called the nth dimension
subgroup of E relative to N . Relative dimension subgroups provide a gener-
alization of the usual dimension subgroups, since Dn(E, N) = Dn(E) in case
N = {1} or γn−1(E). We give here a brief account of a homological approach
to the investigate these subgroups; for more details see ([Har96a], [Har98],
[Har08], [Kuz96]).

Let K be a commutative unitary ring and A an augmented K-algebra with
augmentation ideal Ā.

Definition 4.43 Let n ≥ 0. The polynomial bar construction of degree n
over A, (PnB(A) , δ̄), is defined by PnB0(A) = 0 and

PnBi(A) = (A/Ān+1)⊗K (Ā/Ān+1)⊗i−1 ⊗K (Ā/Ān+2)

for i ≥ 1, and the differential δ̄i : PnBi(A)→ PnBi−1(A) is given by

δ̄i(a0 ⊗ · · · ⊗ ai) =
i−1∑
j=0

(−1)ja0 ⊗ · · · ⊗ ajaj+1 ⊗ · · · ⊗ ai

for i ≥ 2. For left (resp. right) (A/Ān+1)-modules M (resp. N), define poly-
nomial (co)homology of degree n of A by

PnHi(A, M) = Hi(HomA/Ān+1(PnB(A) ,M)),

PnHi(A, M) = Hi(N ⊗A/Ān+1 PnB(A)).

There exist natural maps (see [Har08])

ρ∗n : PnHi(A, M)→ Hi(A, M)
ρn∗ : Hi(A, M)→ PnHi(A, M) (4.20)

which, for i = 2, are injective resp. surjective.
The K-modules PnHi(A, M) and PnHi(A, M), for fixed i ≥ 2 and varying

n ≥ 0, are related by chains of natural maps

0=P0H
i(A, M)→ . . .→PnHi(A, M)

σ∗n→Pn+1H
i(A, M)→ . . .

ρ∗→Hi(A, M)

Hi(A, N)
ρ∗→ . . .→Pn+1Hi(A, N)σn∗→ PnHi(A, N)→ . . .→P0Hi(A, N)=0

(4.21)

commuting with the maps ρ∗ and ρ∗ where σn : Pn+1B(A) � PnB(A) is the
tensor product of the canonical projections. For i = 2 the maps σ∗n and σn∗
are injective resp. surjective, so identifying PnH2(A, M) with its isomorphic
image ρ∗nPnH2(A, M) in H2(A, M) provides a natural ascending filtration of
H2(A, M),

0 = P0H
i(A, M) ⊂ . . . ⊂ PnHi(A, M) ⊂ Pn+1H

i(A, M) ⊂ . . . ⊂ Hi(A, M)



212 4 Augmentation Powers

Dually, the maps in (4.21) being surjective for i = 2 they can be interpreted
as a natural cofiltration of H2(A, N) which in turn gives rise to a natural
descending filtration

H2(A, N) = ker ρ0∗ ⊃ . . . ⊃ ker ρn∗ ⊃ ker ρn+1∗ ⊃ . . . ⊃ 0 (4.22)

Given a group G, define polynomial (co)homology of degree n by applying
the above constructions to the group ring Z[G]: for left (resp. right) (n + 1)-
step nilpotent G-modules M (resp. N), let

PnHi(G, M) = PnHi(Z[G], M),

PnHi(G, N) = PnHi(Z[G], N) .

It turns out that ρ∗nPnHi(G, M) is the subgroup of Hi(G, M) consisting
of elements representable by multipolynomial cocycles of degree ≤ n in the
first i− 1 variables and of degree ≤ n + 1 in the last variable. For i = 2, note
that

cokerZ⊗ δ̄3 : Z⊗G PnB3(Z(G))→ Z⊗G PnB2(Z(G))

∼= Pn(G)⊗G Pn+1(G)

∼= Pn(G)⊗G Pn(G). (4.23)

Thus, if M is a trivial G-module, ρ∗nPnH2(G, M) is the subgroup of
H2(G, M) consisting of elements representable by bipolynomial cocycles of
degree ≤ n in both variables, so PnH2(G, M) is isomorphic via ρ∗n with the
polynomial cohomology groups defined in (4.14).

Let us denote
ρG

n∗ := ρn∗ : H2(G)→ PnH2(G)

abbreviating H2(G) = H2(G, Z) and PnH2(G) = PnH2(G, Z).

One of the main results in [Har08] which is helpful in analysing the relative
dimension subgroups is the following

Theorem 4.44 Let e : C
i

↪→ E
q
� G be a central group extension and

suppose that γn(E) = 1. Then

Dn(E, C) ∩ C = κ
(

ker ρG
n−2 ∗ : H2(G) � Pn−2H2(G)

)
where κ : H2(G) → C is adjoint to the cohomology class of e under the
Kronecker pairing H2(G, C)×H2(G)→ C.

As a consequence of the above theorem, one has the following
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Corollary 4.45 Let E be an (n−1)-step nilpotent group and C a central sub-
group of E. Then Dn(E, C)∩Cγn−1(E) is a homomorphic image of ker ρG

n−2 ∗
for the (n− 2)-step nilpotent group G = E/Cγn−1(E).

It may be noted that the following well-known result can be easily deduced
from Theorem 4.44.

Corollary 4.46 For any group Γ and n ≤ 3, Dn(Γ ) = γn(Γ ).

For an abelian group A, let L(A), T (A), S(A) denote the free Lie algebra,
the tensor algebra and the symmetric algebra over A, respectively. (These
functors will be studied in the next Chapter.) The natural maps of graded

abelian groups L(A)
l� T (A)

s� S(A) are the injection into the universal
enveloping algebra and the canonical projection, respectively. Thus ln sends
an n-fold Lie bracket in Ln(A) to the corresponding tensor commutator in
Tn(A) = A⊗n. In particular, L2(A) = A ∧ A, the exterior square of A, and
l2(a ∧ b) = a⊗ b− b⊗ a for a, b ∈ A.

For the rest of this section, let G be a 2-step nilpotent group. The surjective
homomorphism c2 : Gab ∧ Gab � G′ is defined by c2(ā ∧ b̄) = [a, b] for
a, b ∈ G. For x ∈ Gab and k ∈ Z such that kx = 0, choose elements x̃ ∈ G
and fkx ∈ Gab ∧Gab such that x̃G′ = x and c2(fkx) = x̃k.

The main ingredients for calculating ker ρG
2 ∗ are the structure theorems

describing H2(G) and P2(G)⊗GP2(G) for 2-step nilpotent G, due to M. Hartl
([Har96b], [Har95]):

Theorem 4.47 If G is a 2-step nilpotent group, then there are natural exact
sequences

Tor(Gab, Gab)
δ→ L3(Gab)

[Gab, ker c2] + V

νi→ H2(G) σ→ Gab∧Gab
c2→ G′ → 1 (4.24)

Tor(Gab, Gab)
δ′→ (Gab)⊗i−1

l2 ker c2 ⊗Gab + Gab ⊗ l2 ker c2

i′→ P2(G)⊗G P2(G)

σ′→ Gab ⊗Gab → 0
(4.25)

where

δ〈x1, k, x2〉 = q
(
[x1, fkx2] + [x2, fkx1] +

(
k

2

)
[x1 + x2, [x1, x2]]

)
δ′〈x1, k, x2〉 = q′

(
x1⊗(l2fkx2)−(l2fkx1)⊗x2+

(
k

2

)
(x1⊗x1⊗x2−x1⊗x2⊗x2)

)
with q, q′ being the canonical projections, and i[ā, [b̄, c̄]] = [a, [b, c]], σ :

H2(G)

∼=
→

ν−1 R∩F ′

[F, R] ↪→ [F, F ]
[F, R]

ν ′′→ Gab ∧Gab with ν ′′([a, b]) = ā∧ b̄, i′(ā⊗ b̄⊗ c̄) =
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(a− 1)(b− 1)⊗ (c− 1), σ′((a− 1)⊗ (b− 1)) = ā⊗ b̄, for a, b, c ∈ G. Finally,
V denotes the subgroup of L3(Gab) generated by the elements [x, fo(x)x] where
x ranges over the elements of finite even order o(x) of Gab. �

Note that for any torsion element x of Gab, δ〈x, o(x), x〉 = 2[x, fo(x)x], so
if o(x) is odd, [x, fo(x)x] ∈ im δ. Thus V can be replaced by the subgroup V ′

generated by the elements [x, fo(x)x] for any torsion elements x ∈ Gab. Now
if kx = 0 for k ∈ Z then [x, fkx] ∈ V ′; this shows that the map

δ1 : Gab
∧∗ Gab →

L3(Gab)
[Gab, ker c2] + V + im δ

defined by δ1(〈x1, k, x2〉) = [x2, fkx1] is well defined where Gab
∧∗ Gab denotes

the exterior torsion square of Gab. Moreover, define homomorphisms

Gab ⊗G′
δ2← Gab

∧∗ Gab
δ3→ SP 3(Gab)

by δ2(〈x1, k, x2〉) = x1 ⊗ x̃k
2 − x2 ⊗ x̃k

1 and δ3(〈x1, k, x2〉) =
(
k
2

)
s(x1 ⊗ x1 ⊗

x2 − x1 ⊗ x2 ⊗ x2).

Theorem 4.48 (Hartl-Mikhailov-Passi [Har08]). If G is a 2-step nilpotent,
group, then

ker ρG
2 ∗ = νiδ1(ker δ2 ∩ ker δ3).

An immediate consequence of the above Theorem is the following

Corollary 4.49 For G 2-step nilpotent one has 2 ker ρG
2 ∗ = 0 and ker ρG

2 ∗ ⊂
2 im νi ⊂ 2H2(G).

In view of Corollaries 4.45 and 4.46, the above approach reproves the
result stating that for every group E and a central subgroup N of E,
D4(E, C)/γ4(E) is of exponent 1 or 2.

4.7 A Characterization of Para-free Groups

The para-free groups (see Chapter 1, p. 63) can be characterized in terms of
the filtration {PnH2(G, T)}0≤n<∞. Recall that if G is an abelian group, then
P1H

2(G, T) = H2(G, T), and PnH2(F/γn+1(F ), T) = H2(F/γn+1(F ), T) for
a free group F .

Theorem 4.50 (Passi-Stammabch [Pas74]). A residually nilpotent group G
is para-free if and only if

(i) G/γ2(G) is free abelian and
(ii)Pn(G, T) = 0 for all n ≥ 0.
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Proof. Let G be a group satisfying (i) and (ii). Then we have a free group F
and a homomorphism ϕ : F → G which induces the isomorphism F/γ2(F ) 	
G/γ2(G). The five-term sequences arising from the exact sequences

1→ γ2(G)→ G→ G/γ2(G)→ 1,

1→ γ2(F )→ F → F/γ2(F )→ 1

yield the following commutative diagram

0→ Hom(γ2(G)/γ3(G), T) trans−−−−→ H2(G/γ2(G), T)
inf−−−−→ H2(G, T)

u

⏐⏐� v

⏐⏐� w

⏐⏐�
0→ Hom(γ2(F )/γ3(F ), T) trans−−−−→ H2(F/γ2(F ), T)

inf−−−−→ H2(F, T).

Since P1H
2(G/γ2(G), T) = H2(G/γ2(G), T),

im(inf : H2(G/γ2(G), T)→ H2(G, T)) = P1H
2(G, T) = 0.

Hence the left hand vertical homomorphism is an isomorphism and conse-
quently ϕ induces an isomorphism

γ2(F )/γ3(F ) 	 γ2(G)/γ3(G).

It therefore follows that the induced map F/γ3(F )→ G/γ3(G) is an isomor-
phism. Induction and the fact that PnH2(F/γn+1(F ), T)=H2(F/γn+1(F ), T)
for all n ≥ 1 gives the isomorphisms F/γn(F ) 	 G/γn(G) for all n ≥ 1. Hence
G is para-free.

Conversely, let G be a para-free group. Then PnH2(G/γn+1(G), T) =
H2(G/γn+1, T) for all n ≥ 1 and inf:H2(G/γn+1(G), T) → H2(G, T) is zero
for all n ≥ 1. Hence Pn(G, T) = 0 for all n ≥ 0. �

4.8 τ -para-free Groups

Motivated by the results in [Pas74], [Bou77], [Dwy75], and [Sta65], we
are interested in finding, for a given group G and an ordinal number τ ,
(co)homological conditions in terms of Pgτ -filtration of the Schur multiplica-
tor H2(G, T) under which (i) G is τ -para-free; (ii) a group homomorphism
f : G→ H induces an isomorphism

Lτ (f) : L(G)/γτ (L(G))→ L(H)/γτ (L(H)),

where L is the HZ-localization functor on the category of groups (see Chapter
1, p. 77).
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We need the following:

Lemma 4.51 Let α be an ordinal number, G, H HZ-local groups and f :
G→ H a Pα-homomorphism. If

P∆τ (G/γτ (G))(G/γτ (G), T) = H2(G/γτ (G), T) for all τ ≤ α,

then the induced map G/γα+1(G)→ H/γα+1(H) is an isomorphism.

Proof. We proceed by transfinite induction on α; for α = 1 the Lemma holds
trivially.

Suppose that the Lemma holds for an ordinal α and we have the hypothesis
for α + 1. Then, since P∆α+1(G/γα+1(G))(G/γα+1(G), T) = H2(G/γα+1(G), T)
and f induces an isomorphism fα+1 : G/γα+1(G) 	 H/γα+1(H) by induction
hypothesis, we have

P∆α+1(H/γα+1(H))(H/γα+1(H), T) = H2(H/γα+1(H), T),

and hence the following commutative diagram with exact rows:

Hom(γα+1(H)/γα+2(H), T)

u

��

�� trans �� H2(H/γα+1(H), T) inf �� ��

v

��

Phα+1(H, T)

w

��

Hom(γα+1(G)/γα+2(G), T) �� trans �� H2(G/γα+1(G), T) inf �� �� Pgα+1(G, T)

where u, v and w are the homomorphisms induced by f . Clearly then w is
an epimorphism and, since w is a monomorphism by hypothesis, it follows
that it is an isomorphism. Consequently, u is an isomorphism, and so f in-
duces induces an isomorphism γα+1(G)/γα+2(G) 	 γα+1(H)/γα+2(H). Hence
f induces an isomorphism

G/γα+2(G) 	 H/γα+2(H),

and the Lemma holds for α + 1.
In view of limit property of HZ-local groups, the transfinite induction is

complete and the Lemma is proved. �

Theorem 4.52 Let α be an ordinal number and f : G → H a Pα-
homomorphism. If

P∆τ (L(G)/γτ (L(G)))(L(G)/γτ (L(G)), T) = H2(L(G)/γτ (L(G)), T)

for all τ ≤ α, then f induces an isomorphism

L(G)/γα+1(L(G)) 	 L(H)/γα+1(L(H)).
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Proof. Observe that for every group Γ , by definition of the Bousfield local-
ization, the homomorphism H2(Γ )→ H2(L(Γ )) induced by L : Γ → L(Γ ) is
an epimorphism, and therefore the induced homomorphism

H2(L(Γ ), T)→ H2(Γ, T)

is a monomorphism. Consequently, the induced homomorphism

P∆α(L(Γ ))(L(Γ ), T)→ P∆α(Γ )(Γ, T)

is also a monomorphism. Thus, under the given hypothesis, f induces the
following commutative diagram:

P∆α(L(H))(L(H), T) −−−−→ P∆α(L(G))(L(G), T)⏐⏐� ⏐⏐�
Phα(H, T) −−−−→ Pgα(G, T)

in which the vertical maps are monomorphisms, and the lower horizontal
map is a monomorphism, since f is a Pα-homomorphism. Hence the upper
horizontal map is a monomorphism and the assertion follows by Lemma 4.51.

�

It follows from ([Bou77], Lemma 3.7) that if G is a group such that H1(G)
is free abelian and H2(G, T) = 0, then G is τ -para-free for every ordinal
number τ . This result naturally raises the following:

Problem 4.53 Is it true that if G is τ -para-free for all countable ordinals τ ,
then H2(G, T) = 0?

The above problem may be compared with the Para-free Conjecture
(Problem 1.101).

Next we give a characterization of (ω + 1)-para-free groups.

Theorem 4.54 A group G is (ω + 1)-para-free if and only if H1(G) is free
abelian and P∆ω(L(G))(L(G), T) = 0.

Proof. Let G be an (ω + 1)-para-free group. Then there exists a homomor-
phism f : F → G, where F is a free group, which induces an isomorphism
L(F )/γω+1(L(F )) 	 L(G)/γω+1(L(G)). It follows that L(F )/γω(L(F )) 	
L(G)/γω(L(G)), and H1(L(F )) 	 H1(L(G)) showing that H1(G) is free
abelian. Consider the following commutative diagram with exact rows:

Hom(γω(L(G))/γω+1(L(G)), T) �� trans �� H2(L(G)/γωL(G), T)
inf �� H2(L(G), T)

��
Hom(γω(L(F ))/γω+1(L(F )), T) �� trans �� H2(L(F )/γωL(F ), T)

inf �� H2(L(F ), T).
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Observe that P∆ω(L(G))(L(G), T) is contained in the image of the inflation
homomorphism and H2(L(F ), T) = 0. Therefore we have

P∆ω(L(G))(L(G), T) = 0.

Conversely, suppose that G is a group such that H1(G) is free abelian and
P∆ω(L(G))(L(G), T) = 0. We can then clearly construct a homomorphism f :
F → G, with F a free group, which induces an isomorphism H1(F ) 	 H1(G).
Note that L(F )/γω(L(F )) is residually torsion-free nilpotent, and therefore
∆ω(L(F )/γω(L(F ))) = 0. Consequently,

H2(L(F )/γω(L(F )), T) = P∆ω(L(F )/γω(L(F )))(L(F )/γω(L(F )), T).

Since L(F )/γn(L(F )) 	 F/γn(F ) for every natural number n, we have, by
([Pas68a], Theorem 6.10),

H2(L(F )/γn(L(F )), T) = P∆n(L(F )/γn(L(F )))(L(F )/γn(L(F )), T).

Hence it follows from Lemma 4.51 that G is (ω + 1)-para-free. �

As an immediate consequence of the above result, we have

Corollary 4.55 If G is a group such that H1(G) is free abelian and Pgω

(G, T) = 0, then G is (ω + 1)-para-free.

Remark. Note that the argument of the first part of the proof of the preceed-
ing theorem, in fact, works for arbitrary ordinal numbers τ , i.e., the following
holds:

If G is a τ -para-free group, then P∆τ (L(G))(L(G), T) = 0.

There is an obvious difficulty in extending the second part of the proof to
ordinals τ ≥ ω + 2. Our next result addresses the case τ = ω + 2. We need
the following:

Lemma 4.56 Let G be a group and N a central subgroup in G. If the re-
striction map res : H2(G, T)→ H2(N, T) is the zero map, then Png(G, T) =
H2(G, T).

Proof. Let
1→ T→M → G→ 1

be a central extension. Since res is the zero map, we can choose a set of
representatives u(n) ∈M for elements n ∈ N such that u(n1n2) = u(n1)u(n2)
for all n1, n2 ∈ N . Let H = G/N and choose a set of representatives v(h) ∈ G
for elements h ∈ H. Then every element of G can be uniquely written as
g = v(h)n (h ∈ H, n ∈ N). Now choose representatives w(v(h)) ∈ M ,
h ∈ H, arbitrarily and set w(g) = u(n)w(v(h)). Then {w(g)} is a choice
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of representatives of the elements g of G in M for which the corresponding
2-cocycle W (g1, g2) : G×G→ T, when extended to Z[G]×Z[G] by linearity,
is easily seen to vanish on ng× Z[G]. �

Proposition 4.57 Let G be a group with ∆ω(L(G)/γω(L(G))) = 0 and
H2(L(G)/γω+1(L(G)), T) → H2(γω(L(G))/γω+1(L(G)), T) the zero map. If
f : G→ H is an Pω+1-homomorphism, then f induces an isomorphism

L(G)/γω+2(L(G)) 	 L(H)/γω+2(L(H)).

Proof. Since ∆ω(L(G)/γω(L(G))) = 0, we have

∆ω(L(G)/γω+1(L(G))) =
∆(γω(L(G))/γω+1(L(G)))Z[L(G)/γω+1(L(G))].

Therefore, γω(L(G))/γω+1(L(G)) being central in L(G)/γω+1(L(G)), we have

∆ω+1(L(G)/γω+1(L(G))) =
∆(γω(L(G))/γω+1(L(G)))∆(L(G)/γω+1(L(G))).

It then follows from Lemma 2, applied to L(G)/γω+1(L(G)) with the central
subgroup γω(L(G))/γω+1(L(G)) that

P∆ω+1(L(G)/γω+1(L(G)))(L(G)/γω+1(L(G)), T) = H2(L(G)/γω+1(L(G)), T),

and the Proposition follows from Theorem 3. �

The above Proposition suggests the following:

Problem 4.58 Is it true that, for every free group F , the restriction map
H2(L(F )/γω+1(L(F )), T)→ H2(γω(L(F ))/γω+1(L(F )), T) is the zero map?

If the answer is yes, then it is clear from the discussion above that groups
G with Pgω+1(G, T) = 0 and H1(G) free abelian are (ω + 2)-para-free; more
precisely, a group G with free abelianization is (ω + 2)-para-free if and only
if P∆ω+1(L(G))(L(G), T) = 0.

4.9 Homological Localization of Z[G]-modules

Let f : M → N be a map between Z[G]-modules. The map f is called an
HZ-map if it induces

(i) an isomorphism f0 : H0(G, M)→ H0(G, N) and

(ii) an epimorphism f1 : H1(G, M)→ H1(G, N).
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The following commutative diagram

H1(G, M) −−−−→ H1(G, M/gM) −−−−→ gM/g2M −−−−→ 0

f1

⏐⏐� f ∗0

⏐⏐� ⏐⏐�
H1(G, N) −−−−→ H1(G, N/gN) −−−−→ gN/g2N −−−−→ 0

implies that an HZ-map f : M → N induces an isomorphism

M/g2M 	 N/g2N.

A straight-forward induction argument then yields the following

Proposition 4.59 An HZ-map f : M → N of Z[G]-modules implies iso-
morphisms

M/gnM 	 N/gnN, n ≥ 1,

of Z[G]-modules.

We denote by HZ the class of HZ-maps f : M → N of Z[G]-modules.
The construction of HZ-localization in the category of Z[G]-modules is due
to Bousfield (see [Bou77]); it is defined to be an HZ-map E : M → E(M) of
Z[G]-modules such that E(M) is HZ-local. In analogy with the class of HZ-
local groups (see Chapter 1, Section 1.7), the class loc(HZ) can be described
(see [Bou77], Theorem 8.9) as the smallest class of Z[G]-modules such that

(i) the class contains the zero Z[G]-module;

(ii) the class is closed under inverse limits;

(iii) if Y is in the class and 0→W → X → Y → 0 is an extension of Z[G]-modules
with W trivial, then X is in the class.

The homotopical meaning of the class of HZ-local groups and HZ-local
modules can be explained in terms of homological localizations in the category
Ho of pointed spaces. For any X ∈ Ho, and a generalized homology theory
h∗, Bousfield constructed the homological localization X → Xh∗ , which is
terminal h∗-homological equivalence going out of X. The class of H(−, Z)-
local spaces can be characterized algebraically as follows [Bou77]:

X is an H(−, Z)-local space if and only if π1(X) is a HZ-local group and πn(X) is
an HZ-local Z[π1(X)]-module.

This characterization was the main motivation for the study of HZ-localization
theory for groups and modules over group rings.

For any Z[G]-module M , the HZ-localization E(M) can be constructed as
the inverse limit of a transfinite tower of maps. The HZ-tower for a Z[G]-
module M is a transfinite tower of maps ηα of Z[G]-modules:



4.9 Homological Localization of Z[G]-modules 221

M
id←−−−− M

id←−−−− . . .
id←−−−− M

id←−−−− M ←−−−− . . .

η1

⏐⏐� η2

⏐⏐� ηα

⏐⏐� ηα+1

⏐⏐�
T1M

t1←−−−− T2M
t2←−−−− . . . ←−−−− TαM

tα←−−−− Tα+1M ←−−−− . . . ,

such that:

(i) T1M = 0, and for each α ≥ 1, the map tα is surjective with kernel a trivial
Z[G]-module;

(ii) for each limit ordinal number τ , the map TτM → lim←−α<τTαM carries TτM
isomorphically into the HZ-closure in lim←−α<τTαM of the image of the map M →
lim←−α<τTαM ;

(iii) for each α ≥ 1, H0(G, coker(ηα)) = 0, and the map H1(G, ηα+1)→ H1(G, ηα)
is zero.

Then the HZ-localization of M can be defined as the inverse limit of an
HZ-tower:

E(M) = lim←−αTαM.

Artin-Rees property. A group G is said to have the Artin-Rees property if
Z[G] is Noetherian and for every finitely generated (left) G-module M and
every submodule N , the g-adic topology on N coincides with the restriction
to N of the g-adic topology on M (see [Bro75], [Ros79], [Smi82]).

Theorem 4.60 (Nouazé-Gabriel [Nou67]). Any finitely generated nilpotent
group has the Artin-Rees property.

The Artin-Rees property has been investigated from homological point of
view by K. S. Brown and E. Dror [Bro75]. We mention some of their results
in this direction.

Notation. For a G-module M , let ZG
∞(M) denote the completion lim←−M/gnM

of M with respect to the g-adic topology.

Proposition 4.61 (Brown-Dror, [Bro75]). Let G be a finitely generated nilpo-
tent group. Then:

(i) The g-adic completion functor is exact on the category of finitely generated Z[G]-
modules.

(ii) For any finitely generated Z[G]-module M , there is the natural isomorphism
ZG
∞(Z[G])⊗Z[G] M 	 ZG

∞(M).

Theorem 4.62 (Brown-Dror, [Bro75]) Let G be a finitely generated nilpotent
group and M a finitely generated Z[G]-module. Then the g-adic completion
map M → ZG

∞(M) induces isomorphisms H∗(G, M) 	 H∗(G, ZG
∞(M)).

One of the applications of the Artin-Rees property is the description of HZ-
localization for finitely generated modules over pre-nilpotent groups. Recall
that a group G is called pre-nilpotent if γn(G) = γn+1(G) for some n ≥ 1.
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Theorem 4.63 (Brown-Dror [Bro75]). Let G be a pre-nilpotent group and
M a finitely generated Z[G]-module. Then the map E(M) → ZG

∞(M) is an
isomorphism.

Proof. The module ZG
∞(M) is HZ-local, being an inverse limit of nilpo-

tent Z[G]-modules. The uniqueness of HZ-localization implies that E(M) is
naturally isomorphic to ZG

∞(M) if and only if the g-adic completion map
M → ZG

∞(M) is an HZ-map.
Let n be such that γn(G) = γn+1(G). Consider the Z[G/γn(G)]-module

N = H0(γn(G), M). Then, clearly, ZG
∞(M) 	 Z

G/γn(G)
∞ (N). The projections

G→ G/γn(G) and M → N induce the following commutative diagram:

Hi(G, M) αi−−−−→ Hi(G, ZG
∞(M))

βi

⏐⏐� β∗i

⏐⏐�
Hi(G/γn(G), N)

α′i−−−−→ Hi(G/γn(G), Z
G/γn(G)
∞ (N)).

The map α′0 is an isomorphism by Theorem 4.62. Clearly, β0 and β∗0 are
also isomorphisms; hence α0 is an isomorphism. The homological spectral
sequence for the group extension 1 → γn(G) → G → G/γn(G) → 1 implies
that the map β1 is an epimorphism. Applying the same type of spectral
sequence for homology H∗(−, ZG

∞(M)) = H∗(−, Z
G/γn(G)
∞ (N)), we get the

following exact sequence:

H0(G/γn(G), H1(γn(G), ZG/γn(G)
∞ (N)))→

H1(G, ZG
∞(M))

β∗1→ H1(G/γn(G), ZG/γn(G)
∞ (N))→ 0.

By Proposition 4.61,

H1(γn(G))⊗Z[G/γn(G)] Z
G/γn(G)
∞ (Z[G/γn(G)]) = ZG/γn(G)

∞ (H1(γn(G)))) = 0.
(4.26)

Since the g-adic completion functor is right exact for Z[G/γn(G)]-modules,
(4.26) implies

H0(G/γn(G),H1(γn(G), ZG/γn(G)
∞ (N)))	H1(γn(G))⊗Z[G/γn(G)] Z

G/γn(G)
∞ (N)

= 0.

Hence β∗1 is an isomorphism and α1 is an epimorphism. �

In the case of finitely presented groups, the kernel of HZ-localization can
be described explicitly.

Theorem 4.64 (Dwyer [Dwy78]). Let G be a finitely presented group and M
a Z[G]-module. Then there is a natural short exact sequence:



4.9 Homological Localization of Z[G]-modules 223

0→ lim←−
1
n TorZ[G]

1 (Z[G]/gn, gnM)→ E(M)→ ZG
∞(M)→ 0.

Proposition 4.65 (Dwyer [Dwy78]). Let G be a finitely presented group.
Then the map E(M) → L0Z

G
∞(M) is an isomorphism for all Z[G]-modules

M if and only if
lim←−

1
nH2(G, Z[G]/gn) = 0. (4.27)

Proof. The natural map E(M)→ L0Z
G
∞(M) is an isomorphism if and only if

the natural map M → ZG
∞(M) is an HZ-map. Since the zeroth derived functor

of the g-adic completion and HZ-localization functors are right exact, it is
enough to consider free Z[G]-modules.

Let F be a free Z[G]-module. Since g is a finitely generated Z[G]-module,
we have the following short exact sequences:

0→ lim←−
1
nH1(G, F/gnF )→ H0(G, ZG

∞(F ))→ lim←−nH0(G, F/gnF )→ 0,
(4.28)

0→ lim←−
1
nH2(G, F/gnF )→ H1(G, ZG

∞(F ))→ lim←−nH1(G, F/gnF )→ 0.
(4.29)

Clearly, H1(G, F/gnF ) = gnF/gn+1F , therefore,

lim←−nH1(G, F/gnF ) = 0, lim←−
1
nH1(G, F/gnF ) = 0.

In view of (4.28) the g-adic completion map induces the natural isomorphisms

H0(G, F ) = lim←−nH0(G, F/gnF ) = H0(G, ZG
∞(F )). (4.30)

Taking F = Z[G], (4.29) implies the isomorphism

lim←−
1
nH2(G, Z[G]/gn) 	 H1(G, ZG

∞(Z[G])) (4.31)

and therefore, the condition (4.27) is necessary for the g-adic completion to
be the HZ-localization.

Now suppose that the condition (4.27) holds. Proposition A.20 implies that
the spectrum {H2(G, Z[G]/gn)}n≥1 is Mittag-Leffler (see Appendix, p. 330).
Clearly, the direct sum of Mittag-Leffler spectra is Mittag-Leffler; hence

lim←−
1
nH2(G, F/gnF ) = 0.

Therefore, H1(G, ZG
∞(F )) = 0 by (4.31). Thus the isomorphism (4.30) implies

that the g-adic completion of F is an HZ-map and the assertion follows. �

The following result generalizes Theorem 4.63 and presents necessary and
sufficient conditions for the equivalence of the HZ-localization and the g-adic
completion functors.
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Theorem 4.66 (Dwyer [Dwy78]). Let G be a finitely presented group. Then
the map E(M)→ ZG

∞(M) is an isomorphism for all Z[G]-modules M if and
only if

(i) lim←−
1
n φ

(1)
n (G) = 0;

(ii) lim←−
1
n H3(G/γn(G)) = 0.

The condition (i) from Theorem 4.66 can be used for construction of examples
of HZ-localizations, which are not equivalent to the g-adic completion. For
any group G with lim←−

1
n φ

(1)
n (G) 
= 0, the HZ-localization of the group ring

Z[G] is not equivalent to the g-adic completion lim←−n Z[G]/gn.

Example 4.67 (Dwyer [Dwy78]).

Let G be a group

G = 〈x1, x2, x3 | [x1, x2] = 1, x3x1x
−1
3 x1 = 1, x3x2x

−1
3 x2 = 1〉.

Then lim←−n φ
(1)
n (G) 
= 0.

The theory of residual nilpotence of central extensions, described in
Chapter 1, can also be used for construction of groups with lim←−n φ

(1)
n (G) 
= 0.

Example 4.68

Let G be a free abelian extension of the cyclic group of order 3:

G = 〈a, b | [a, b3] = 1, [a, b, a] = 1〉.

As noted in Example 1.85, G ∈ J \ J̃ , hence

lim←−nφ(1)
n (G) 
= 0,

by Proposition 1.86.

Problem 4.69 Construct a group G with a non-trivial lim←−
1
n H3(G/γn(G)).

Proposition 4.70 (Burns-Ellis [Bur97]). Let G be a group given by the free
presentation G = F/R. Then, for all n ≥ 1, there is a natural isomorphism

H2(G, Z[G]/gn) 	 R ∩ γn+1(F )
[R, R] ∩ γn+1(F ).[R, nF ]

.

Proof. Dimension shifting argument shows that there is a natural isomor-
phism of the kernel of Magnus embedding map tensored with Z[G]/gn:

H2(G, Z[G]/gn) 	 ker{r/fr⊗Z[G] Z[G]/gn → f⊗Z[F ] Z[G]/gn}.
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We have the following exact sequences of abelian groups:

r/fr⊗Z[G] f
n/fn ∩ r→ r/fr→ r/fr⊗Z[G] Z[G]/gn → 0,

f⊗Z[F ] (fn + r)→ f→ f⊗Z[F ] Z[G]/gn → 0,

which imply the isomorphisms

r/fr⊗Z[G] Z[G]/gn 	 r/fr + rfn,

f⊗Z[F ] Z[G]/gn 	 f/fr + fn+1.

Consequently,

H2(G, Z[G]/gn) 	 ker{r/fr + rfn → f/fr + fn+1} 	
r ∩ (fr + fn)

rfn + fr ∩ fn+1 	
R ∩ γn+1(F )

[R, R] ∩ γn+1(F ).[R, nF ]

(see Lemma 4.31). �
Proposition 4.70 implies that there is a natural short exact sequence:

0→ [R,F ] ∩ γn+1(F )
[R,R] ∩ γn+1(F ).[R, nF ]

→ H2(G, Z[G]/gn)→ φ(1)
n (G)→ 0,

which induces the short exact sequence of corresponding spectra (see 1.4).
Hence, the condition (4.27) implies the condition (i) of Theorem 4.66 for any
group G.

Clearly, there is a natural exact sequence of abelian groups:

0→ [R, R] ∩ γn+1(F )
[R, R] ∩ [R, nF ]

→M (n)(G)→ R ∩ γn+1(F )
[R, R] ∩ γn+1(F ).[R, nF ]

→ 0

(4.32)
In [Dwy75], the standard composition of functors spectral sequence implies

that for every finitely-presented group G there exists the following exact
sequence:

0→ lim←−nΨn(G)→ lim←−nH0(G, TorZ[G]
2 (Z[G]/gn, Z))→ φω(G)→

lim←−
1
nΨn(G)→ lim←−

1
nH0(G, TorZ[G]

2 (Z[G]/gn, Z))→ lim←−
1
nφ(1)

n (G)→ 0, (4.33)

where Ψn(G) = coker{H3(G)→ H3(G/γn(G))}, n ≥ 2. The sequence (4.33)
is the main argument for the proof of the Theorem 4.66. The existence of the
canonical anti-automorphism of the ring Z[G] implies that

lim←−nH0(G, TorZ[G]
2 (Z[G]/gn, Z)) = lim←−nH0(G, TorZ[G]

2 (Z, Z[G]/gn)) =

lim←−nH0(G, H2(G, Z[G]/gn)),
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lim←−
1
nH0(G, TorZ[G]

2 (Z[G]/gn, Z)) = lim←−
1
nH0(G, TorZ[G]

2 (Z, Z[G]/gn)) =

lim←−
1
nH0(G, H2(G, Z[G]/gn)).

Since lim←−
1
nΨn = lim←−

1
nH3(G/γn(G)), we have the following exact sequence:

0→ lim←−nΨn(G)→ lim←−nH0(G, H2(G, Z[G]/gn))→ φω(G)→
lim←−

1
nH3(G/γn(G))→ lim←−

1
nH0(G, H2(G, Z[G]/gn))→ lim←−

1
nφ(1)

n (G)→ 0.

(4.34)

Proposition 4.70 implies the following exact sequence of abelian groups

0→ [R, F ] ∩ γn+1(F )
([R, R] ∩ γn+1(F ))[R ∩ γn+1(F ), F ][R, nF ]

→

H0(G, H2(G, Z[G]/gn))→ φ(1)
n (G)→ 0. (4.35)

Exact sequences (4.34) and 4.35 imply the following isomorphism

lim←−
1
nH3(G/γn(G)) 	 lim←−

1
n

[R, F ] ∩ γn+1(F )
([R, R] ∩ γn+1(F ))[R ∩ γn+1(F ), F ][R, nF ]

,

which takes place for every finitely-presented group F/R. Clearly, there is an
epimorphism

M (n)(F/[F, R])→ [R, F ] ∩ γn+1(F )
([R, R] ∩ γn+1(F ))[R ∩ γn+1(F ), F ][R, nF ]

,

which implies the epimorphism

lim←−
1
nM (n)(F/[F, R])→ lim←−

1
nH3(G/γn(G)).

Proposition 4.71 Let G be a finitely presented group with finite H2(G).
Then the natural map E(M) → L0Z

G
∞(M) is an isomorphism for any Z[G]-

module M .

Proof. By Theorem 1.74, all Baer invariants M (n)(G) are finite for n≥1.
Hence, lim←−

1
nM (n)(G) = 0 and therefore, lim←−

1
nH2(G, Z[G]/gn) = 0 due to

Proposition 4.70 and sequence (4.32). The statement then follows from The-
orem 4.65. �

Let G be a group and X a Z[G]-module. To summarize the discussion on
HZ-localization, we see that this construction can be viewed as the transfinite
extension of g-adic completion of X; it can be constructed in analogy with
HZ-localization of a group, described in Chapter 1. The HZ-localization of
Z[G]-modules is interesting and important from various points of view:
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• The Artin-Rees property can be applied for the description of HZ-localiza-
tion for modules over finitely generated nilpotent groups.

• The theory of HZ-localization introduces the Dwyer’s condition ((1.53),
case k = 1): lim←−

1
nφ

(1)
n (G) = 0, which plays important role in the theory of

residual nilpotence.
• HZ-localization tower (or HZ-tower) defines natural transfinite extension

of the functor of g-adic completion.
• There are homotopical applications.



Chapter 5

Homotopical Aspects

The purpose of this Chapter is to develop a connection between lower cenral and
dimension series of groups, simplicial homotopy theory, and derived functors of non-
additive functors in the sense of Dold-Puppe. A basic role in this study is played by
two spectral sequences investigated by E. Curtis. Our analysis leads to interesting
homotopical applications.
For various notions about simplicial objects and the tools required from simplicial
homotopy theory, the reader is referred to the Appendix.

5.1 The Associated Graded Ring of a Group Ring

Let R commutative ring with identity, and M an R-module.

Tensor Algebra. Let M⊗i denote the i-fold tensor product M ⊗R . . . ⊗R M︸ ︷︷ ︸
i terms

of M over R. Then the direct sum

TR(M) := R⊕
⊕
i≥1

M⊗i,

with the multiplication induced by setting

m1 ⊗ · · · ⊗mi.n1 ⊗ · · · ⊗ nj = m1 ⊗ · · · ⊗mi ⊗ n1 ⊗ · · · ⊗ nj ,

is called the tensor algebra of M over R. The assignment M �→ TR(M) is
a functor from the category ModR of R-modules to the category AlgR of
R-algebras. This functor has the following universal property:

Given any associateve R-algebra A and an R-homomorphism ϕ : M → A, there
exists a unique R-algebra homomorphism η : TR(M) → A such that η ◦ i = ϕ,
where i is the inclusion map i : M → TR(M).

Universal Enveloping Algebra. Let L be an R-Lie algebra, and TR(L)
its tensor algebra (when L is viewed as an R-module). Then the universal

R. Mikhailov, I.B.S. Passi, Lower Central and Dimension Series of Groups, 229
Lecture Notes in Mathematics 1952,
c© Springer-Verlag Berlin Heidelberg 2009
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enveloping algebra of L over R, denoted UR(L), is the R-associative algebra
defined by

UR(L) = TR(L)/I,

where I is the two-sided ideal of TR(L), generated by the elements

a⊗ b− b⊗ a− [a, b], a, b ∈ L,

where [a, b] is the Lie-product in L. Recall that any R-associative algebra A

can be viewed as an R-Lie algebra under the operation

[a, b] = ab− ba, a, b ∈ A;

we denote this R-Lie algebra by ALie. The universal enveloping algebra con-
struction is a functor

UR : L �→ UR(L),

with the following universal property:

The map i : L → UR(L)Lie, x �→ x + I, x ∈ L, is a homomorphism of R-
Lie algebras, and for any R-associative algebra A and a homomorphism of R-Lie
algebras ψ : L → ALie, there exists a unique homomorphism µ : UR(L) → A of
associative R-algebras such that µ ◦ i = ψ.

Free Lie Ring Generated by a Module. Let LR(M) be the sub-Lie ring
of TR(M)Lie generated by M . The Lie ring LR(M) is called the free R-Lie
ring generated by the R-module M ; it has the following universal property:

Given any R-Lie algebra L and an R-homomorphism α : M → L, there exists a
unique homomorphism θ : LR(M)→ L of R-Lie algberas such that θ ◦ i = α, where
i : M → LR(M) is the inclusion map, provided the ring R has the property that
the map i : L→ UR(L)Lie is always a monomorphism.

The assignment M �→ LR(M) is clearly a functor from the catgory ModR

to the category LieR of R-Lie algebras.
It may be mentioned that Poincaré-Birkhoff-Witt theorem (see [Car56],

p. 271) implies:

Theorem 5.1 The homomorphism i : L→ UR(L) is injective, provided L is
R-free.

Furthermore, the homomorphism i : L→ UR(L) is known to be injective if
R is a principal ideal domain [Laz54]; this map is, however, not always injec-
tive [Coh63] (see Grievel [Gri04] for a detailed account of Poincare-Birkhoff-
Witt theorem).

Recall that the coequalizer coeq(f1, f2) of two R-homomorphisms f1, f2 :
M1 →M2 is the quotient M2/N , where N is the submodule of M2 generated
by the elements f1(x)− f2(x), x ∈M1. Let

q : M2 → coeq(f1, f2)
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be the natural projection. We will later need the following property of the
functors discussed above.

Proposition 5.2 The functors LR, TR and UR preserve coequalizers.

Proof. Let f1 : M1 →M2, f2 : M1 →M2 be two maps between R-modules,
and q : M2 → coeq(f1, f2) their coequalizer map. Then, for i = 1, 2, we have
the following commutative diagram:

M1
fi−−−−→ M2

q−−−−→ coeq(f1, f2)

iR

⏐⏐� iR

⏐⏐� iR

⏐⏐�
LR(M1)

LR(fi)−−−−→ LR(M2)
LR(q)−−−−→ LR(coeq(f1, f2)).

Since q ◦ f1 = q ◦ f2, we have LR(q) ◦ LR(f1) = LR(q) ◦ LR(f2). Therefore,
there exists a map

e : coeq(LR(f1), LR(f2))→ LR(coeq(f1, f2))

such that the following diagram is commutative

LR(M1)
LR(f1)

LR(f2)
�� LR(M2)

LR(q) ��

��������������
LR(coeq(f1, f2))

coeq(LR(f1), LR(f2))

e

���������������

(5.1)

The fact that LR(q) is an epimorphism implies that e is also an epimor-
phism. On the other hand, ker(LR(q)) lies inside the ideal generated by ele-
ments LR(f1)(x)−LR(f2)(x), x ∈ LR(M1). Hence, e is also a monomorphism
and therefore an isomorphism:

coeq(LR(f1), LR(f2)) 	 LR(coeq(f1, f2)).

Analogous statements about the functors TR and UR can be proved in a
similar manner. �

The Associated Graded Lie Ring of a Dimension Series

Let G be a group and {Dn, R(G)}n≥0 its series of dimension subgroups over
the commutative ring R which is a principal ideal domain. We can naturally
associate with this series the following graded R-Lie algebra:
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Ldim
R (G) :=

⊕
i≥1

Di, R(G)/Di+1, R(G)⊗Z R

with the Lie multiplication induced by

aDk+1, R(G) ◦ bDl+1, R(G) = [a, b]Dk+l+1, R(G), a ∈ Dk,R(G), b ∈ Dl, R(G).

Associated with the lower central series {γn(G)}n≥1, we have the Lie ring

LR(G) = ⊕n≥1γn(G)/γn+1(G)⊗Z R,

where, as above, the Lie bracket is induced via commutators in G. The R-
homomorphism

i : Gab ⊗R→ LR(G)

implies the existence of a homomorphism of R-Lie algebras:

θ : LR(Gab ⊗R)→ LR(G) (5.2)

which is clearly surjective. Since γn(G) ⊆ Dn, R(G) for all n ≥ 1, we also
have a homomorphism of R-Lie algebras

ϕ : LR(G)→ Ldim
R (G).

Theorem 5.3 (Magnus [Mag37], Witt [Wit37]). For a free group G,

LZ(Gab) 	 LZ(G) = Ldim
Z (G).

A canonical object associated with a group G and an arbitrary commuta-
tive ring R with identity is the associative graded R-algebra

AR(G) = R⊕
⊕
i≥1

∆i
R(G)/∆i+1

R (G),

where ∆R(G) is the augmentation ideal of the group ring R[G].
The R-homomorphism

i : Gab ⊗Z R→ ∆R(G)/∆2
R(G),

gγ2(G)⊗ r �→ r(g − 1) + ∆2
R(G), g ∈ G, r ∈ R,

implies the existence of an R-algebra homomorphism:

η : TR(Gab ⊗R)→ AR(G), (5.3)

which is clearly surjective.
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Theorem 5.4 (see [Pas79], p. 116). The homomorphism (5.3)

η : TR(Gab ⊗R)→ AR(G)

is an isomorphism in case G is a free group.

For every group G, the map

aDn+1, R(G) �→ a− 1 + ∆n+1
R (G), a ∈ Dn, R(G),

induces an R-Lie homomorphism

Ldim
R (G)→ AR(G)Lie,

which implies the existence of a natural surjective homomorphism of associa-
tive R-algebras:

µ : UR(Ldim
R (G))→ AR(G).

Theorem 5.5 (Quillen [Qui68]). The homomorphism µ : UR(Ldim
R (G)) →

AR(G) is an isomorphism, provided R is a field of characteristic zero.

An appropriate analogous version of the above theorem, due to Quillen
(loc. cit.) holds for fields of positive characteristic (see Passi [Pas79]).

5.2 Spectral Sequences

Throughout this section, let R be a subring of Q, containing Z.

Curtis Spectral Sequences

Let X be a simplicial group. The lower central series filtration in X gives rise
to the long exact sequence

· · · → πi+1(X/γn(X))→ πi(γn(X)/γn+1(X))→
πi(X/γn+1(X))→ πi(X/γn(X))→ . . .

of simplicial homotopy groups. This exact sequence defines a graded exact
couple which gives rise to the natural spectral sequence E(X) with the initial
terms

E1
n, m(X) = πm(γn(X)/γn+1(X)).
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and the differentials

di : Ei
n, m(X)→ Ei

n+i, m−1(X), i ≥ 1.

This spectral sequence naturally comes into play in homotopy theory. One
of the major results about this sequence is the following:

Theorem 5.6 (Cutis [Cur71]). Let K be a connected and simply connected
simplicial set, G = GK its Kan’s construction. Then the spectral sequence
E(G) converges to E∞(G) and ⊕rE

∞
r, q is the graded group associated with the

filtration on πq(GK) = πq+1(|K|). The groups E1(K) are homology invariants
of K.

As in the case of the filtration arising from the lower central series, the
filtration of Z[X] provided by the augmentation powers leads to the long
exact sequence

· · · → πi+1(Z[X]/∆n(X))→ πi(∆n(X)/∆n+1(X))→
πi(Z[X]/∆n+1(X))→ πi(Z[X]/∆n(X))→ · · · .

This exact sequence, in turn, defines a graded exact couple which gives rise
to the spectral sequences E(X) with the initial terms

E
1
n, m(X) = πm(∆n(X)/∆n+1(X))

and the differentials

d̄i : E
i
n, m(X)→ E

i
n+i, m−1(X).

The natural map k : X → ∆(X), x �→ 1 − x, x ∈ Xn, n ≥ 0, induces a
map from the spectral E(X) to the spectral sequence E(X):

κ∗ : E(X)→ E(X).

A convergence result analogous to Theorem 5.6, which is more convenient
for applications, holds over the prime field Fp of p elements. Consider the
p-analog of the above spectral sequences:

E1
n, m(X, Fp) = πm(γn, p(X)/γn+1, p(X)),

E
1
n, m(X, Fp) = πm(∆n

p (X)/∆n+1
p (X)),

where ∆p(G) is the augmentation ideal in group algebra Fp[G]. The following
theorem is due to Rector and Curtis ([Rec66], [Cur71]):

Theorem 5.7 Let K be a connected and simply connected simplicial set,
G = GK. Then Ei(G, Fp) converges to E∞(G, Fp), which is the graded fil-
tration on π∗(K) modulo the subgroup of elements of finite order prime to p.
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E
i
(G, Fp) converges to E

∞
(G, Fp), which is the graded group associated with

a filtration on H∗(GK, Fp).

The natural map κp : G → Fp[G] induces maps of spectral sequences
κi

p : Ei(G, Fp)→ E
i
(G, Fp), such that

κ∞p : E∞(G, Fp)→ E
∞

(G, Fp)

is induced by the Hurewicz homomorphism π∗(GK)→ H∗(GK).
Proposition 5.2 implies that for the coequalizer

L1
f1, f2−→−→ L2 −→ coeq(f1, f2)

of two maps f1, f2 : L1 → L2 between Lie algebras, there exists the following
diagram of universal enveloping algebras:

UR(L1)
UR(f1), UR(f2)−→−→ UR(L2) −→ UR(coeq(f1, f2)). (5.4)

Theorem 5.8 (Gruenenfelder, [Gru80]). Let X be a free simplicial group.
Then

(i) E1
n, m(X, R) = πm(LR, n(Xab ⊗R)),

E
1
n, m(X, R) = πm(TR, n(Xab ⊗R)),

(ii) κ1
n, 0 : E1

n, 0(X, R)→ E
1
n, 0(X, R) is injective.

(iii) E∞n, 0(X, R) = En
n, 0(X, R) = γn(π0(X))/γn+1(π0(X))⊗R,

E
∞
n, 0(X, R) = E

n

n, 0(X, R) = ∆n
R(π0(X))/∆n+1

R (π0(X)).

[Recall the assumption on R ar the beginning of § 5.2

Proof. (Sketch) Since X is free, we have

γn(X)/γn+1(X)⊗R = Ln
R(Xab ⊗R)

∆n(X)/∆n+1(X)⊗R = Tn
R(Xab ⊗R).

and (i) follows immediately. Proposition 5.2 implies that

π0(Ln
R(Xab ⊗R)) = Ln

R(π0(Xab)⊗R),
π0(Tn

R(Xab ⊗R)) = Tn
R(π0(Xab)⊗R).

Since universal enveloping functor UR preserve coequalizers (5.4), we have
the map

LR(π0(Xab)⊗R)→ TR(π0(Xab)⊗R) = UR(LR(π0(Xab)⊗R)),
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which is injective by Poincare-Birhoff-Witt Theorem and where the gradation
gives the maps κ1

n, 0, n ≥ 1. Hence, κ1
n, 0 is injective for all n ≥ 1 and (ii)

follows.
The statement (iii) follows from standard spectral sequence arguments and

the fact that

γn(π0(X))/γn+1(π0(X)))⊗R=ker{π0(X/γn+1(X)⊗R)→π0(X/γn(X)⊗R)},

∆k(π0(X))/∆k+1(π0(X))⊗R =

ker{π0(∆(X)/∆n+1(X)⊗R)→ π0(∆(X)/∆n(X)⊗R)}. �

For a free simplicial group X, the first differentials d1 and d
1

can be
described as follows. For n ≥ 2, consider the free abelian simplicial group
γn(X)/γn+1(X) with face maps

∂n
i : γn(Xj)/γn+1(Xj)→ γn(Xj−1)/γn+1(Xj−1), 0 ≤ i ≤ j,

induced by the face maps ∂i : Xj → Xj−1, 0 ≤ i ≤ j. Then E1
n, m(X, Z) is

the mth homology of the chain complex

. . . γn(Xm+1)/γn+1(Xm+1)
∂̄n

m+1−→ γn(Xm)/γn+1(Xm)
∂̄n

m−→ γn(Xm−1)/γn+1(Xm−1)→ . . . ,

where ∂̄n
m =

∑m
i=0(−1)i∂n

i . Let a ∈ ker(∂̄n
m). Write a as a coset a =

bγn+1(Xm), b ∈ γn(Xm). Define

c :=

(
m∑

i=0

(−1)i∂n
i

)
(b) ∈ γn+1(Xm−1).

Looking at the simplicial group γn(X)/γn+2(X), we conclude that(
m−1∑
i=0

(−1)i∂n+1
i

)
(c) ∈ γn+2(Xm−1).

Therefore the map

a.im(∂̄n
m+1) �→

(
m∑

i=0

(−1)i∂n
i

)
(b)γn+2(Xm−1), a ∈ ker(∂̄n

m)

defines the map
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πm(γn(X)/γn+1(X))→ πm−1(γn+1(X)/γn+2(X)),

which is exactly the first differential d1. The differential d̄1 can be defined in
the same way.

Let G be a group, and F → G a free simplicial resolution:

π0(F ) = G, πi(F ) = 0, i > 0.

Denote by E(G, R) the spectral sequence E(F, R). Since F∗ is dimension-
wise free, all the preceding results from this section hold. In particular, the
following theorem follows from Theorem 5.8 (ii).

Theorem 5.9 The map κ1
n, 0 : E1

n, 0(G, Z) → E
1
n, 0(G, Z) is a monomor-

phism.

Let 1 → N → F → G → 1 be a free presentation of the group G. Define
n(1) = Z[F ](N − 1), and

n(k) =
∑

i+j=k

fin(1)fj , k ≥ 1, i, j ≥ 0.

It is easy to show that we have

Proposition 5.10

E1
n, 0(G, Z) =

γn(F )
[N, n−1F ]γn+1(F )

,

E
1
n, 0(G, Z) =

fn

n(n− 1) + fn+1 .

Proof. To see this, it is enough to look at the long exact sequences

π1(F∗/γn(F∗))(G)→ π0(γn(F∗)/γn+1(F∗))(G)→
π0(F∗/γn+1(F∗))(G)→ π0(F∗/γn(F∗))(G)→ 0, (5.5)

π1(f∗/fn+1
∗ )(G)→ π1(f∗/fn∗ )(G)→ π0(fn∗ /fn+1

∗ )(G)→
π0(f∗/fn+1

∗ )(G)→ π0(f∗/fn∗ )(G)→ 0 (5.6)

and observe that the first derived functor of the lower central quotient func-
tors is the corresponding Baer invariant. �
Corollary 5.11 (Sjögren [Sjo79]). For any free group F , its normal subgroup
N and n ≥ 1, we have

F ∩ (1 + n(n− 1) + fn) = [N, n−1F ]γn(F ).
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Remark. Since fn/fn+1 = Tn(Fab) for any free group F , we can apply the
Künneth formulae to get the precise expressions of the derived functors of
the augmentation quotients. First of all, we have

π0(fn∗ /fn+1
∗ )(G) =

fn

n(n− 1) + fn+1 = (Gab)⊗n, n ≥ 1.

In general, the initial terms of E(G) can be described by standard simplicial
arguments using the Künneth formula and the Eilenberg-Zilber equivalence.
In particular, there exists the following exact sequence

0→ (H1(G)⊗H2(G))⊕2 → E
1
2, 1(G)→ Tor(H1(G), H1(G))→ 0 (5.7)

and, in general,

0→ Tn(G)→ E
1
n, 1(G)→ Tor1(H1(G), . . . , H1(G)︸ ︷︷ ︸

n terms

)→ 0. (5.8)

where T1(G) = H2(G) and Tk+1(G) = H1(G)⊗Tk(G)⊕Tk(G)⊗H1(G), k ≥ 1
and for abelian groups B1, . . . , Bn, the group Tori(B1, . . . , Bn) denotes the
ith homology group of the complex P1⊗· · ·⊗Pn, where Pj is a Z-flat resolution
of Bj for j = 1, . . . , n. We clearly have

Tor0(B1, . . . , Bn) = B0 ⊗ · · · ⊗Bn, Tori(B1, . . . , Bn) = 0, i ≥ n.

For a description of the initial terms of the spectral sequence E(G), one
needs more complicated theory of derived functors of polynomial functors.
In the quadratic case such a theory was developed by Baues and Pirashvili
[Bau00]; their theory implies that the terms E1

2, m (m ≥ 0) can be described
explicitly. Let X be a simplicial group which is free abelian in each degree.
Then there exists [[Bau00], (4.1)] a natural short exact sequence of graded
abelian groups

0→ Sq⊗(π∗(X))→ π∗(∧2X)→ Sq�(π∗(X))[−1]→ 0 (5.9)

where π∗(X) and π∗(∧2X) are the graded homotopy groups of X and ∧2X
respectively (see Section A.14 for definitions). The sequence (A.31) gives the
following functorial description of the term E1

2, 1: There exists a natural short
exact sequence:

0→ H1(G)⊗H2(G)→ E1
2, 1(G)→ Ω(H1(G))→ 0. (5.10)

[For the definition of the functor Ω, see Section A.14.]

Proposition 5.12 There exist the following natural isomorphisms:
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E2
n, 0(G, Z) 	 γn(F )

([N, n−2F ] ∩ γn(F ))γn+1(F )
,

E
2
n, 0(G, Z) 	 fn

n(n− 2) ∩ fn + fn+1 .

Proof. Let X be a free simplicial resolution of G with X0 a free group F on
generators {xi}i∈I , X1 a free group F ∗F (yj | j ∈ J) and ∂0 : xi �→ xi, yj �→
1, ∂1 : xi �→ xi, yj �→ rj , where rj ∈ F is a set of generators of N , as a normal
subgroup of F , and F/N = G. We use the above description of differentials
d1 and d̄1.

Let b ∈ γn(F1) be such that ∂0(b)∂1(b)−1 ∈ γn+1(F0). Write b as a product
of the form

b = b1b2b3, b1 ∈ F, b2 ∈ ker(∂0), b3 ∈ γn+1(F1).

Then ∂0(b1)∂1(b1)−1 = 1. Clearly,

∂0∂
−1
1 (γn+1(F1)) ⊆ [N, nF ]γn+2(F ).

Therefore,
∂0(b)∂1(b)−1 ≡ ∂1(b2) mod [N, nF ]γn+2(F ),

∂1(b2) ∈ [N, n−1F ] ∩ γn+1(F ).

It is also clear that any element x ∈ [N, n−1F ] ∩ γn+1(F ) can be obtained in
this a way, i.e. there exists an element b(x) ∈ F1 with ∂0(b(x))∂1(b(x))−1 ≡ x
mod [N, nF ]γn+2(G). The above description of the differential d1 shows that

im(d1
n, 1) =

([N, n−1F ] ∩ γn+1(F ))γn+2(F )
([N, nF ] ∩ γn+1(F ))γn+2(F )

and the asserted description of E2
n, 0(G, Z) follows.

The description of E
2
n, 0(G, Z) can be obtained by a similar argument

applied to the augmentation quotients. �

Remark. A similar analysis provides the structure of the terms Ek
n, 0(G, Z)

and E
k
n, 0(G, Z), k ≥ 2:

Ek
n, 0(G, Z) =

γn(F )
([N, n−kF ] ∩ γn(F ))γn+1(F )

, (5.11)

E
k
n, 0(G, Z) =

fn

n(n− k) ∩ fn + fn+1 . (5.12)

In particular, the stable terms are the lower central and the augmentation
quotients.



240 5 Homotopical Aspects

We now discuss some of the applications of the preceding simplicial tech-
niques.

Theorem 5.13 (Grünenfelder [Gru80]). Let G be a group with H1(G, R)
torsion-free and H2(G, R) torsion. Then we have the following isomorphisms
of associative and Lie R-algebras respectively:

TR(Gab ⊗R) 	 ⊕n≥0g
n/gn+1 ⊗R, (5.13)

LR(Gab ⊗R) 	 ⊕n≥0γn(G)/γn+1(G)⊗R. (5.14)

Proof. Let X be a free simplicial resolution of G. Then

E
1
n, m(G, R) = πm(Tn

R(R⊗Xab)).

Künneth formula then gives unnatural decompositions

E
1
n, m(G, R) =

⊕
i+j=m

E
1
n−1, i(G, R)⊗R E

1
1, i(G, R)⊕

⊕
i+j=m−1

TorR(E
1
n−1, i(G, R), E

1
i, j(G, R)). (5.15)

In particular,

E
1
n, 1(G, R) = E

1
n−1, 1(G, R)⊗R E1

1, 0(G, R)⊕

E
1
n−1, 0 ⊗R E

1
1, 1(G, R)⊕ TorR(E

1
n−1, 0(G, R), E

1
1, 0(G, R)) =

E
1
n−1, 1(G, R)⊗Gab⊕(Gab)⊗n−1⊗H2(G, R)⊕TorR((Gab)⊗n−1⊗R, Gab⊗R)

Since Gab is torsion-free, the Tor-part vanishes. The induction on n then
shows that all terms E

1
n, 1(G, R) and hence all terms E

r
n, 1(G, R), r ≥ 1 are

R-torsion. By induction on r, we conclude that E
r
n, 0(G, R) are R-torsion-free

and the maps
d

r
: E

r
n, 1(G, R)→ En+r, 0(G, R)

are zero maps. It follows that

gn/gn+1 ⊗R = E
∞
n, 0(G, R) = E

1
n, 0(G, R) = (Gab)⊗n ⊗R = Tn

R(Gab ⊗R)

and the statement (5.13) follows.
Now the commutativity of the diagram

Er
n, 1(G, R) dr

−−−−→ Er
n+r, 0(G, R)⏐⏐�κr

n, 1

⏐⏐�κr
n+r, 0

E
r
n, 1(G, R) d

r

−−−−→ E
r
n+r, 0(G, R)
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and injectivity of the map κ1
n, 0 : E1

n, 0(G, R) → E
1
n, 0(G, R) (Theorem 5.8

(ii)) implies that the maps

dr : Er
n, 1(G, R)→ Er

n+r, 0(G, R)

are zero maps. Therefore,

γn(G)/γn+1(G)⊗R = E∞n, 0(G, R) = E1
n, 0(G, R) = Ln

R(Gab ⊗R)

and the statement (5.14) follows. �
Theorem 5.14 (see also Ellis [Ell02]).
(i) Let G be a group with H1(G) torsion-free and H2(G) = 0, then the Baer
invariant M (k)(G) = 0, for all k ≥ 1.
(ii) Let G be a group with H2(G) a torsion group, then M (k)(G) is a torsion
group for all k ≥ 1.

Proof. Let X be a free simplicial resolution of G. Choose a set X0 of elements
xi, i ∈ I, such that their images {giγ2(G)}i∈I form a basis of Gab. Let F be
the constant free simplicial group with Fn = F (yi | i ∈ I). Then π0(F ) = F0,
πi(F ) = 0, i ≥ 1. Consider the homomorphism

f : F0 → G, yi �→ gi.

Then f can be extended to the simplicial map

γ : F → X,

such that π0(γ) = f by Theorem A.11. Consider the abelianization of γ:

γab : Fab → Xab.

It follows that γab induces isomorphisms

π0(γab) : π0(Fab)→ π0(Xab), π1(γab) : π1(Fab)→ π1(Xab),

since π1(Xab) = H2(G) = 0. Therefore, γab induces epimorphism

π1(Ln(γab)) : π1(Ln(Fab))→ π1(Ln(Xab))

by Theorem A.12 (the case R = S = Z). Since Fab is constant, π1(Ln(Fab)) =
0, hence

π1(Ln(Xab)) = 0, n ≥ 1.

Now the statement (i) follows by induction on n from the exact sequence:
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π1(Ln(Xab)) −−−−→ π1(X/γn+1(X)) −−−−→ π1(X/γn(X))∥∥∥ ∥∥∥ ∥∥∥
π1(Ln(Xab)) −−−−→ M (n)(G) −−−−→ M (n−1)(G).

The statement (ii) can be proved similalry by tensoring with Q. �

For one more application of Theorem A.12, consider higher universal
quadratic functors in the sense of Ellis ([Ell89], [Ell91]). It is shown in [Ell89]
that, for any group G, there is the following exact sequence of abelian groups:

· · · → Hn+1(G)→ Γn(G)→ Jn(G)→ Hn(G)→
· · · → H3(G)→ Γ 2(Gab)→ J2(G)→ H2(G)→ 0, (5.16)

where Γ 2(G) = Γ2(Gab) is Whitehead’s universal quadratic functor (see
A.14), J2(G) = ker{G ⊗ G → G}, where G ⊗ G is the nonabelian tensor
square [Bro87], Γn(G) is the (n − 2)th derived functor of Γ2(Gab), Jn(G) is
the (n− 2)th derived functor of the non-abelian tensor square.

Due to Theorem A.12 it is easy to show that the sequence (5.16) is a
homological invariant of the group G. More precisely, we have the following

Theorem 5.15 (Ellis [Ell91]). Let f : G → H be a group homomorphism,
which induces an isomorphisms Hi(G) → Hi(H), i = 1, . . . , k. Then f
induces isomorphism of sequences:

Hs(G) −−−−→ Γ s−1(G) −−−−→ Js−1(G) −−−−→ Hs−1(G)∥∥∥ ∥∥∥ ∥∥∥ ∥∥∥
Hs(H) −−−−→ Γ s−1(H) −−−−→ Js−1(H) −−−−→ Hs−1(H)

for all s = 3, . . . , k.

Proof. Let

F 1 → G, π0(F 1) = G, πi(F 1) = 0, i > 0,

F 2 → H, π0(F 2) = H, πi(F 2) = 0, i > 0

be simplicial resolutions of groups G and H, and θ : F 1 → F 2 a homomor-
phism of simplicial groups, such that π0(θ) = f , which exists by Theorem
A.11. Since the homologies are derived functors of the functor of abelianiza-
tion, θ induces isomorphisms

Fi : πi(F 1
ab)→ πi(F 2

ab), i = 0, . . . , k − 1.

By Theorem A.12 (the case R = S = Z), after applying the functor Γ for the
abelianization of resolutions F 1 and F 2, we get an isomorphism
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Γ k−1 : πk−1(Γ (F 1
ab))→ πk−1(Γ (F 2

ab)).

Functors Γ s(G) are, by definition, πs−2(Γ (F 1
ab)), thus, it follows that f in-

duces isomorphisms Γ s(G) → Γ s(H), s ≤ k − 1, and therefore, due to the
exactness of (5.16), we have the isomorphism of whole sequence (5.16) up to
terms with numbers s. �

5.3 Applications to Dimension Subgroups

We next consider application of spectral sequences discussed in this section
to the theory of dimension subgroups. Clearly, these spectral sequences must
contain a lot of information about dimension subgroups, since for any group
G, one has

γn(G) ∩Dn+1(G)
γn+1(G)

= ker{E∞n, 0(G, Z)→ E
∞
n, 0(G, Z)}

by Theorem 5.8 (iii).
For every n ≥ 3 and 1 ≤ k ≤ n − 1, one has the following commutative

diagram

Ek
n−k, 1(G, Z)

dk
n−k,1−−−−→ Ek

n, 0(G, Z) −−−−→ Ek+1
n, 0 (G, Z) −−−−→ 0

κk
n−k, 1

⏐⏐� κk
n, 0

⏐⏐� κk+1
n, 0

⏐⏐�
E

k
n−k, 1(G, Z)

d
k

n−k, 1−−−−→ E
k
n, 0(G, Z) −−−−→ E

k+1
n, 0 (G, Z) −−−−→ 0.

which has the form

E1
n−1, 1(G, Z)

d1
n−1, 1−−−−→ E1

n, 0(G, Z) −−−−→ E2
n, 0(G, Z) −−−−→ 0

κ1
n−1, 1

⏐⏐� κ1
n, 0

⏐⏐� κ2
n, 0

⏐⏐�
E

1
n−1, 1(G, Z)

d
1
n−1, 1−−−−→ E

1
n, 0(G, Z) −−−−→ E2

n, 0(G, Z) −−−−→ 0

(5.17)

for k = 1, and

En−1
1, 1 (G, Z)

dn−1
1, 1−−−−→ En−1

n, 0 (G, Z) −−−−→ γn(G)/γn+1(G) −−−−→ 0

κn−1
1, 1

⏐⏐� κn−1
n, 0

⏐⏐� κn
n, 0

⏐⏐�
E

n−1
1, 1 (G, Z)

d
n−1
1, 1−−−−→ E

n−1
n, 0 (G, Z) −−−−→ gn/gn+1 −−−−→ 0

(5.18)
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for k = n − 1. Diagrams (5.17) and (5.18) together with the snake lemma
imply the following exact sequences of abelian groups:

0→ ker(κ2
n, 0)→ coker{im(d1

n−1, 1)→ im(d
1
n−1, 1)} →

coker(κ1
n, 0)→ coker(κ2

n, 0)→ 0 (5.19)

and

0→ ker{im(dn−1
1, 1 )→ im(d

n−1
1, 1 )} → ker(κn−1

n, 0 )→

(γn(G) ∩Dn+1(G))/γn+1(G)→ coker{im(dn−1
1, 1 )→ im(d

n−1
1, 1 )} →

coker(κn−1
n, 0 )→ coker(κn

n, 0)→ 0 (5.20)

As a result we obtain the following diagram which we will use later:

ker(κ2
n, 0) ker(κ3

n, 0) ��
��

��

�� . . . �� ker(κn−1
n, 0 )

��

coker(im(d1
n−1, 1)→ im(d

1
n−1, 1))

γn(G)∩Dn+1(G)
γn+1(G)

(5.21)

For n = 2, the diagram (5.18) has the following form:

H2(G) d1

−−−−→ E1
2, 0 −−−−→ γ2(G)/γ3(G) −−−−→ 0∥∥∥ κ1

2, 0

⏐⏐� κ2
2, 0

⏐⏐�
H2(G) d

1

−−−−→ E
1
2, 0 −−−−→ g2/g3 −−−−→ 0.

The map κ1
2, 0 is injective by Proposition 5.9, hence the map κ2

2, 0 is injective.
Therefore,

γ2(G) ∩D3(G) = γ3(G).

Since D2(G) = γ2(G), we have the well-known equality

D3(G) = γ3(G) (5.22)

for every group G.

Lemma 5.16 Let n ≥ 4, w−1 ∈ n(2)+ fn, then there exists r ∈ [N, F ] such
that w2r − 1 ∈ n(3) + fn.
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Proof. Let θ : Z[F ] → Z[F ] be the linear extension of the bijective map
g → g−1 mapping F onto F. Then

θ(xy − x− y + 1) = y−1x−1 − x−1 − y−1 + 1

implies
θ((x− 1)(y − 1)) = (y−1 − 1)(x−1 − 1)

One can easily verify that for all t ≥ 2,

θ((f1 − 1)(f2 − 1) . . . (ft − 1)) = (f−1
t − 1) . . . (f−1

2 − 1)(f−1
1 − 1), fi ∈ F.

Therefore, the ideals n(3) and fn are invariant under θ. We may thus assume
that w satisfies the following congruence :

w − 1 ≡ v mod n(3) + fn, (5.23)

where

v =
∑
i<j

aij(ri − 1)(zj − 1) + bij(zi − 1)(rj − 1), rt ∈ N, zt ∈ F, aij , bij ∈ Z

Since

θ(v) =
∑
ij

aij(z−1
j − 1)(r−1

i − 1) + bij(r−1
j − 1)(z−1

i − 1)

≡
∑
i<j

aij(zj − 1)(ri − 1) + bij(rj − 1)(zi − 1) mod n(3) + fn,

we have the congruence

v − θ(v) ≡
∏
i<j

[ri, zj ]aij [zi, rj ]bij − 1 mod n(3) + fn. (5.24)

Now applying θ to both sides of (12) and subtracting (12) yields

(w − 1)− (w−1 − 1) ≡ v − θ(v) mod n(3) + fn,

which, in turn, yields upon using (13) the desired congruence

w2 − 1 ≡ r − 1 mod n(3) + fn,

where
r =

∏
i<j

[ri, zj ]aij [zj , rj ]bij ∈ [N, F ].

The assertion then follows. �
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We next give an alternate proof of another well known result.

Theorem 5.17 For every group G, D4(G)/γ4(G) has exponent 1 or 2.

Proof. We have the following commutative diagram (the diagram 5.18 for
n = 3):

E2
1, 1(G, Z)

d2
1, 1−−−−→ E2

3, 0(G, Z) −−−−→ γ3(G)/γ4(G) −−−−→ 0∥∥∥ κ2
3, 0

⏐⏐� κ3
3, 0

⏐⏐�
E

2
1, 1(G, Z)

d
2
1, 1−−−−→ E

2
3, 0(G, Z) −−−−→ g3/g4 −−−−→ 0.

(5.25)

with exact rows. The fact that the map κ1
1, 1 : E2

1, 1(G, Z)→ E
2
1, 1(G, Z) is an

isomorphism follows from the fact that the map κ1
2, 0 is a monomorphism. Let

x ∈ ker(κ3
3, 0) and y ∈ E2

3, 0 be any its pre-image, i.e. y.im(d2
1, 1) = x. Clearly,

y ∈ ker(κ2
3, 0). (5.26)

It is enough to show that 2y = 0. By Proposition 5.12, y can be presented as
a coset

y = z([N, F ] ∩ γ3(F ))γ4(F ), z ∈ N ∩ γ3(F ).

Proposition (5.12) and condition (5.26) imply that

z − 1 ∈ n(2) ∩ f3 + f4.

Lemma 5.16 (the case n = 4) implies that there exists r ∈ [F, R], such that
z2r − 1 ∈ n(3) + f4. Therefore,

z2r ∈ [N, F, F ]γ4(F ),

by Corollary 5.11. Hence z2 ∈ [N, F ]γ4(F ) and therefore 2y = 0. In view of
(5.22) the result follows. �

The general Sjögren’s Theorem follows from the description of terms Ek
n, 0,

E
k
n, 0 (see 5.11 and 5.12) and the following

Lemma 5.18 Let w ∈ γn(F ), n ≥ 2, be such that w − 1 ∈ fn+1 + n(k) for
some k, 1 ≤ k ≤ n. Then wb(k) − 1 ≡ fk − 1 mod fn+1 + n(k + 1) for some
fi ∈ N(k).

The diagram (5.25) can be analyzed more precisely. We need an identifi-
cation theorem, which we present next.

Theorem 5.19 (Hartl-Mikhailov-Passi [Har08]). If F is a free group and R a
normal subgroup of F , then
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F ∩ (1 + f(R ∩ F ′ − 1) + (R ∩ F ′ − 1)f + r(2) + f4) = [R ∩ F ′, F ]γ4(F ),

where F ′ is the derived subgroup of F .

We need the following

Lemma 5.20 Let F be a free group with a basis {x1, . . . , xm}, u an element
of
(F ′ − 1)f, such that

w − 1 ≡ u + c.v mod f4,

for some c > 0 and w ∈ γ3(F ), v ∈ f3. Then

u ≡ c.v1 mod f4,

where v1 ∈ (F ′ − 1)f.

Proof. We can view f3/f4 as a free abelian group isomorphic to F⊗3
ab with a

basis {xi ⊗ xj ⊗ xk | i, j, k = 1, . . . , m}. Modulo f4, the group (F ′ − 1)f is
generated by elements

([xi, xj ]− 1)(xk − 1), i, j, k = 1, . . . , m.

Let
u ≡

∑
i, j, k

di, j, k([xi, xj ]− 1)(xk − 1) mod f4.

For a given triple (i, j, k), the sum of all coefficients in u, which contribute to
xi ⊗ xj ⊗ xk (and S3-permutations) must be divided by c. We have in f3/f4 :

([xi, xj ]− 1)(xk − 1) �→ xi ⊗ xj ⊗ xk − xj ⊗ xi ⊗ xk,

([xk, xi]− 1)(xj − 1) �→ xk ⊗ xi ⊗ xj − xi ⊗ xk ⊗ xj ,

([xj , xk]− 1)(xi − 1) �→ xj ⊗ xk ⊗ xi − xk ⊗ xj ⊗ xi

and no more terms can contribute to xi⊗xj⊗xk (and permutations). Clearly
only the product of commutators of the form [xi, xj , xk] and [xk, xi, xj ] with
different powers can contribute from the element w. We have:

1− [xi, xj , xk]fi, j,k �→

fi, j, k(xi ⊗ xj ⊗ xk − xj ⊗ xi ⊗ xk + xk ⊗ xj ⊗ xi − xk ⊗ xi ⊗ xj)

1− [xk, xi, xj ]fk,i, j �→

fk, i, j(xk ⊗ xi ⊗ xj − xi ⊗ xk ⊗ xj + xj ⊗ xi ⊗ xk − xj ⊗ xk ⊗ xi)
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Now we have

di, j, k(xi ⊗ xj ⊗ xk − xj ⊗ xi ⊗ xk) + dk, i, j(xk ⊗ xi ⊗ xj − xi ⊗ xk ⊗ xj)+

dj, k, i(xj ⊗ xk ⊗ xi − xk ⊗ xj ⊗ xi)+

fi, j, k(xi ⊗ xj ⊗ xk − xj ⊗ xi ⊗ xk + xk ⊗ xj ⊗ xi − xk ⊗ xi ⊗ xj)+

fk, i, j(xk ⊗ xi ⊗ xj − xi ⊗ xk ⊗ xj + xj ⊗ xi ⊗ xk − xj ⊗ xk ⊗ xi)

= xi ⊗ xj ⊗ xk(di, j, k + fi, j, k) + xj ⊗ xi ⊗ xk(−di, j, k − fi, j, k + fk, i, j)+

xk ⊗ xi ⊗ xj(dk, i, j − fi, j, k + fk, i, j) + xi ⊗ xk ⊗ xj(−dk, i, j − fk, i, j)+

xj ⊗ xk ⊗ xi(dj, k, i − fk, i, j) + xk ⊗ xj ⊗ xi(−dj, k, i + fi, j, k) =

c.v(xi, xj , xk), (5.27)

for some element v(xi, xj , xk) from f3/f4. Suppose first that all i, j, k are
different. Then (5.27) implies that

di, j, k + fi, j, k, −di, j, k − fi, j, k + fk, i, j , dk, i, j − fi, j, k + fk, i, j ,

−dk, i, j − fk, i, j , dj, k, i − fk, i, j , −dj, k, i + fi, j, k

must be divided by c. Therefore, all di, j, k, dk, i, j , dj, k, i, fi, j, k, fk, i, j must be
divisible by c.

Suppose i = j. Then we reduce all the expression to the element

di, k, i([xi, xk]− 1)(xi − 1)

and a bracket 1− [xi, xk, xi]fi,k, i . We then have

− fi, k, ixi ⊗ xi ⊗ xk + (2fi, k, i + di, k, i)xi ⊗ xk ⊗ xi+

(−fi, k, i − di, k, i)xk ⊗ xi ⊗ xi = c.v(xi, xk)

and we again conclude that di, k, i and fi, k, i must be divisible by c. �

Next, let w ∈ γ3(F ) and

w − 1 ≡ u mod f4,

where
u ∈ (R ∩ F ′ − 1)f + f(R ∩ F ′ − 1) + r(2).

We claim that
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w = w1w2 mod [R ∩ F ′, F ][R, F, F ]γ4(F ),

such that

w1 − 1 ∈ (R ∩ F ′ − 1)f + f(R ∩ F ′ − 1) + f4,

w2 − 1 ∈ r(2) + f4,

that is, we can divide the problem of identification of the subgroup

F ∩ (1 + (R ∩ F ′ − 1)f + f(R ∩ F ′ − 1) + r(2) + f4)

into two parts:
(i) identification of

F ∩ (1 + (R ∩ F ′ − 1)f + f(R ∩ F ′ − 1) + f4)

and
(ii) identification of

F ∩ (1 + r(2) + f4)

Let u = u1 + u2, where

u1 ∈ (R ∩ F ′ − 1)f + f(R ∩ F ′ − 1), u2 ∈ r(2).

Since we can work modulo [R ∩ F ′, F ], we can assume that

u1 ∈ (R ∩ F ′ − 1)f.

Now, using the argument of Gupta from Lemma 1.5(B) [Gup87c], we can
easily conclude that

u2 ≡ em.v2 mod f4,

where v2 has an entrance of elements xm. Hence, by Lemma 5.20, we conclude
that u1 = em.v3, where v3 contains some nontrivial entries of the element xm.
Therefore, we have

u = em.v mod f4,

where v is an element from (R ∩ F ′ − 1)f + f(R ∩ F ′ − 1) + r(2). Since u is a
Lie element, v is again a Lie element and we conclude that

w ≡ w′em mod [R ∩ F ′, F ][R, F, F ]γ4(F ).

Now we can delete all the brackets from w′ with entries of xm and make an
induction. The induction argument shows the following: let w ∈ γ3(F ), such
that

w − 1 ∈ (R ∩ F ′ − 1)f + f(R ∩ F ′ − 1) + r(2) + f4
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then
w = w1w2 mod [R ∩ F ′, F ][R, F, F ]γ4(F ),

such that

w1 − 1 ∈ (R ∩ F ′ − 1)f + f(R ∩ F ′ − 1) + f4,

w2 − 1 ∈ r(2) + f4

and Theorem 5.19 follows.
Now we return to the fourth dimension subgroup.
Since D4(G) ⊆ γ3(G), the dimension quotient D4(G)/γ4(G) is exactly the

kernel of the map

κ3
3, 0 : E3

3, 0(G)→ E
3
3, 0(G). (5.28)

For n = 3 the sequence (5.20) reduces to the following

0→ ker(im(d2
1, 1)→ im(d

2
1, 1))→ ker(κ2

3, 0)→ D4(G)/γ4(G)→ 1

for every group G. The sequence (5.19) has the following form:

0→ ker(κ2
3, 0)→ coker(η)→ coker(κ1

3, 0)→ coker(κ2
3, 0)→ 0,

where η : im(d1
1,1)→ im(d

1
1,1). From the exact sequences (5.7) and (5.10), we

have a commutative diagram

H1(G)⊗H2(G) �� ��

��

E1
2, 1(G) �� ��

κ1
2, 1

��

Ω(H1(G))
��

T

��

[6pt](H1(G)⊗H2(G))⊕2 �� �� E
1
2, 1(G) �� �� Tor(H1(G), H1(G))

(5.29)

where T is as in (A.26).
Every element x ∈ H2(G) = H2(F/R) can be presented in the form

x ≡
∏k

i=1[f
(i)
1 , f

(i)
2 ] mod γ3(F ), with

∏k
i=1[f

(i)
1 , f

(i)
2 ] ∈ R. Then the map

d1
1, 1 restricted to the component H2(G)⊗H1(G) is given by

x⊗ ḡ �→
k∏

i=1

[f (i)
1 , f

(i)
2 , g].[R, F, F ]γ4(F ), x ∈ H2(G), ḡ ∈ Gab,



5.3 Applications to Dimension Subgroups 251

where f̄ is the image of f ∈ F in Gab. On the other hand, it is easy to see
that the map d

1
1, 1 restricted to (H2(G)⊗H1(G))⊕2 is induced by

(x⊗ḡ1, x⊗ḡ2) �→
k∑

i=1

f̄
(i)
1 ⊗f̄

(i)
2 ⊗ḡ1+

k∑
i=1

ḡ2⊗f̄
(i)
1 ⊗f̄

(i)
2 , x∈H2(G), ḡ1, ḡ2 ∈ Gab.

Hence we have the following diagrams:

H1(G)⊗H2(G) �� ��

��

E1
1, 1

�� ��

d1
1, 1

��

Ω(H1(G))

��
[F, R∩γ2(F )]γ4(F )

[R, F, F ]γ4(F )
�� �� γ3(F )

[R, F, F ]γ4(F )

��

�� �� γ3(F )
[F, R∩γ2(F )]γ4(F )

��

E2
3, 0 E2

3, 0

(H1(G)⊗H2(G))⊕2 �� ��

��

E
1
1, 1

�� ��

d
1
1, 1

��

Tor(H1(G), H1(G))

��
(R∩γ2(F )−1)(1)+r(2)+f4

r(2)+f4
�� �� f3

r(2)+f4
�� ��

��

f3

(R∩γ2(F )−1)(1)+r(2)+f4

��

E
2
3, 0 E

2
3, 0

and

Ω(Gab)
1d1

1, 1−−−−→ γ3(F )
[R∩γ2(F ), F ]γ4(F ) −−−−→ E2

3, 0(F ) −−−−→ 0

T

⏐⏐� 1κ1
3, 0

⏐⏐� κ2
3, 0

⏐⏐�
Tor(Gab, Gab)

1d
1
1, 1−−−−→ f3

(R∩F ′−1)(1)+r(2)+f4 −−−−→ E
2
3, 0(F ) −−−−→ 0

(5.30)

where 1d1
1, 1 and 1d

1
1, 1 are induced by d1

1, 1 and d
1
1, 1 respectively.
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Now Theorem 5.19 implies the following commutative diagram

im(1d1
1, 1) �� ��

��

η′

��

γ3(F )
[R∩γ2(F ), F ]γ4(F )

�� ��

��
1κ1

3, 0

��

E2
3, 0(F )

κ2
3, 0

��

im(1d
1
1, 1) �� ��

����

f3

(R∩F ′−1)(1)+r(2)+f4
�� ��

����

E
2
3, 0(F )

ker(κ2
3, 0) �� �� coker(η′) �� coker(1κ1

3, 0)

Gab
∧∗ Gab

���� 		�����������

V2(G)

����







���������

(5.31)
where η′ is the map induced by T and

V2(G) = ker{Gab
∧∗ Gab → coker(1κ1

3, 0)}.

Hence for n = 3 the diagram (5.21) has a simple form and we have the
following:

Theorem 5.21 (Hartl-Mikhailov-Passi [Har08]). There exists the following
natural system of monomorphisms and epimorphsism

ker(κ2
3, 0) �� �� D4(G)/γ4(G)

V2(G)

���� �� �������������
�� ��

Gab
∧∗ Gab

As an immediate consequence of the above result, we have various condi-
tions for the fourth dimension quotient of a group G to be trivial.

Corollary 5.22 If either ker(κ2
3, 0), or V2(G), or Gab

∧∗ Gab is trivial, then
D4(G) = γ4(G).

We now proceed to generalize the above construction to higher dimen-
sions. For any endo-functor F : Ab→ Ab, let LiF = Li(F, 0) be the ith
derived functor of F at level 0 in the sense of Dold and Puppe [Dol61] (see
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Appendix A.15). Clearly, the map κ1
n−1, 1 can be presented in a natural

diagram

0 −−−−→ Kn−1(G) −−−−→ E1
n−1, 1 −−−−→ L1L

n(Gab) −−−−→ 0⏐⏐� κ1
n−1, 1

⏐⏐� ⏐⏐�
0 −−−−→ Tn−1(G) −−−−→ E

1
n−1, 1 −−−−→ L1 ⊗n (Gab) −−−−→ 0

for some functor Kn−1 : Gr→ Gr. Denote

1E1
n, 0 = coker(Kn−1

d1
n−1, 1→ E1

n, 0),
1E

1
n, 0 = coker(Tn−1

d
1
n−1, 1→ E

1
n, 0)

In this notation we obtain the following natural diagram:

L1L
n−1(Gab)

1d1
n−1, 1−−−−→ 1E1

n, 0 −−−−→ E2
n, 0 −−−−→ 0⏐⏐� 1κ1

n, 0

⏐⏐� κ2
n, 0

⏐⏐�
L1 ⊗n−1 (Gab)

1d
1
n−1, 1−−−−→ 1E

1
n, 0 −−−−→ E

2
n, 0 −−−−→ 0

where the maps 1d1
n−1, 1 and 1d

1
n−1, 1 are induced by the maps d1

n−1, 1 and

d
1
n−1, 1 respectively.

Define the functor Sn : Ab→ Ab by setting

Sn(A) = coker(Ln(A)→ ⊗n(A)), A ∈ Ab.

Clearly, L1Sn(A) = coker{L1L
n(A) → L1 ⊗n (A)}. In this notation, snake

lemma implies the following analog of the diagram (5.21):

ker(1κ1
n, 0)

��
ker(κ2

n, 0) ��

��

ker(κ3
n, 0) �� . . . �� ker(κn−1

n, 0 )

��

Vn−1(G)
��

���������������

��



� � � � � � � � � � � � � �
γn(G)∩Dn+1(G)

γn+1(G)

���������������

coker(ξn−1)

��

L1Sn−1(Gab)����

�������������

γn(G)∩Dn+1(G)

γn+1(G). im(ker(1κ1
n, 0))

coker(1κ1
n, 0)

(5.32)
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where ξn−1 : im(1d1
n−1, 1)→ im(1d

1
n−1, 1) and Vn−1(G) is the kernel of the com-

position of the natural maps L1Sn−1(Gab)→ coker(ξ)→ coker(1κ1
n, 0). Hence,

for every group G and n ≥ 3, there is a natural subgroup of L1Sn−1(Gab),
namely Vn−1(G), which maps canonically to the quotient γn(G)∩Dn+1(G)

γn+1(G). im(ker(1κn, 0))
.

Denote this map by

vn : Vn−1(G)→ γn(G) ∩Dn+1(G)
γn+1(G). im(ker(1κ1

n, 0))

For n = 3, L1S2(Gab) = Gab
∧∗ Gab and the map vn is an epimorphism (see

Theorem 5.21).

Remark 5.23

It may be noted that, heuristically speaking, the contribution of the functor
L1Sn(Gab) to the structure of the (n + 1)-st dimension quotient becomes
smaller and smaller as n increases.

Remark 5.24

The map d
1
n−1, 1 : Tn−1(G) → E

1
n, 0 can be described explicitly (see, for

example, the above description of d
1
1, 1) and the exact sequence (5.8) implies

that

im(ker(1κ1
n, 0)) = Rγn(F ) ∩ (1 + (R ∩ F ′ − 1)(n− 2) + fn+1)/Rγn+1(F )

In particular, im(ker(1κ1
n, 0)) = 0 provided H2(G) = 0 by Corollary 5.11.

5.4 Homotopical Applications

For n ≥ 1, consider the simplicial n-sphere:

Sn
0 = {∗}, . . . , Sn

n−1 = {∗}, Sn
n = {∗, σ}, Sn

n+1 = {∗, s0σ, . . . , snσ}, . . .

and the corresponding Milnor’s F [Sn]-construction (see A.10). Clearly, F [Sn]k
is a free group with

(
n+k

k

)
generators, for k ≥ n, and F [Sn]k = 1 for k < n.

Then there is a weak homotopy equivalence

|F [Sn]| 	 ΩSn+1 (loop space)

and, hence, the isomorphisms of homotopy groups:

πi(F [Sn]) 	 πi+1(Sn+1), i ≥ 1.
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Moreover, it has been shown by Wu [Wu,01] that for every simplicial group
X, for which Xk is a free group of rank

(
n
k

)
for k ≥ n and Xk = 1 for k < n,

there is a weak homotopy equivalence F [Sn]→ X.
Theorem 5.6 implies that the Curtis spectral sequence with initial terms

E1
p, q = πq(γp(F [Sn])/γp+1(F [Sn])) (5.33)

converges to a filtration of the homotopy group of the (n+1)-sphere. On the
other hand, it may be observed that the abelianization F [Sn]ab is exactly
the simplicial group N−1(Z[n]) (see A.6), here by Z[n] we mean the chain
complex · · · → 0→ Z→ 0→ · · · , where Z occurs in degree n. In particular,
the free abelian simplicial group F [Sn]ab has the following homotopy groups:

πi(F [Sn]ab) =

{
Z, i = n,

0, i 
= n
(5.34)

Hence, the initial terms of the Curtis spectral sequence can also be written
as

E1
p, q = LqL

p(Z, n),

where LqL
p(−, n) denotes the qth derived functor of the pth Lie functor at

level n, in the sense of Dold and Puppe (see A.15). It follows that the structure
of homotopy groups of spheres is based on the theory of Lie functors. In this
section we study the homotopical aspect of the theory of Lie functors.

The derived functors of Lie functors have highly non-trivial structure.
Recall the result of Schlesinger [Sch66]: if p is an odd prime then

Ln+kLp(Z, n) =

{
Zp, k = 2i(p− 1)− 1, i = 1, 2, . . . , [n/2]
0, otherwise

(5.35)

However, for a non-prime m, the computation of derived functors LiL
m(Z, n)

is much more complicated.
The description of homotopy groups (5.34) is a motivation to introduce

the notation K(Z, n) = F [Sn]ab, which we will use in this section.

Graded Functors

For A ∈ Ab, define the commutative graded ring ∧(A) as a quotient of the
tensor ring T(A) by the ideal generated by the elements x ⊗ x, x ∈ A. It
defines the series of exterior power functors

∧k : Ab→ Ab, k = 0, 1, . . .

as kth degree component of ∧.
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For A ∈ Ab, the commutative graded ring SP(A) is the quotient of the
tensor ring T(A) by the ideal generated by elements x⊗ y− y⊗ x, x, y ∈ A.
The kth degree component of SP (k = 0, 1, . . . ) defines a functor

SPk : Ab→ Ab.

By definition, we have the natural epimorphisms

lk : ⊗k(A)→ ∧k(A),

sk : ⊗k(A)→ SPk(A)

which we denote by

lk : a1 ⊗ · · · ⊗ ak �→ a1 ∧ · · · ∧ ak, a1, . . . , ak ∈ A

sk : a1 ⊗ · · · ⊗ ak �→ a1 . . . ak, a1, . . . , ak ∈ A.

For A ∈ Ab, define the commutative graded ring Γ (A), called the divided
power ring over A, generated by the elements γt(x) for each x ∈ A and each
non-negative integer t, of degree t, subject to the relations

γ0(x) = 1, (5.36)

γt(rx) = rtγt(x), (5.37)

γt(x + y) =
∑

i+j=t

γi(x)γj(y), (5.38)

γs(x)γt(x) =
(

s + t

s

)
γs+t(x). (5.39)

The kth degree component of Γ defines a functor

Γk : Ab→ Ab

for k = 1, 2, . . . . For k = 2, the functor Γ2 coincides with the universal
quadratic functor due to Whitehead (see (A.14)).

For an abelian group A with basis {x1, . . . , xs}, the group Γk(A) is also
a free abelian group generated by elements

{γi1 (x1) . . . γis
(xs) |

s∑
j=1

ij = k, ij ≥ 0}

There is a natural map
gk : Γk(A)→ ⊗k(A)

defined by setting

gk : γr1 (x1) . . . γrs
(xs) �→

∑
(i1, ... , ik)

xi1 ⊗ · · · ⊗ xik
,



5.4 Homotopical Applications 257

where (i1, . . . , ik) in the definition of gk ranges over the set of integral n-
tuples in which j appears rj times for all 1 ≤ j ≤ s.

Let f : P → Q be a homomorphism of abelian groups. For n ≥ 1 and any
k = 0, . . . , n− 1, consider the Koszul map

dk+1 : ∧k+1(P )⊗ SPn−k−1(Q)→ ∧k(P )⊗ SPn−k(Q)

defined by setting

dk+1 : p1 ∧ · · · ∧ pk+1 ⊗ qk+2 . . . qn �→
k+1∑
i=1

(−1)k+1−ip1 ∧ · · · ∧ p̂i ∧ · · · ∧ pk+1 ⊗ f(pi)qk+2 . . . qn,

p1, . . . , pk+1 ∈ P, qk+2, . . . , qn ∈ Q.

The complex

Kosn(f) : 0→ ∧n(P ) dn→ ∧n−1(P )⊗Q
dn−1→ . . .

→ P ⊗ SPn−1(Q) d1→ SPn(Q)→ 0 (5.40)

is called the Koszul complex. Analogously one can define a map

d̄k+1 : Γk+1(P )⊗ ∧n−k−1(Q)→ Γk(P )⊗ ∧n−k(Q), k = 0, . . . , n− 1

and obtain the following complex of abelian groups:

Kos
n
(f) : 0→ Γn(P ) d̄n→ Γn−1(P )⊗Q

d̄n−1→ . . .

→ P ⊗ ∧n−1(Q) d̄1→ ∧n(Q)→ 0 (5.41)

The complexes Kosn(f) and Kos
n
(f) are the total degree n-component com-

plexes of the Koszul complexes ∧(P )⊗ SP(Q) and Γ (P )⊗∧(Q) attached to
the map f : P → Q. It turns out that for a free abelian group P and the
identity homomorphism f : P → P , the complexes Kosn(f) and Kos

n
(f) are

acyclic. The above Koszul complexes are considered in, for example, [Qui68],
[Ill71, Chapter 1, Section 4.3]. The above constructions imply the canonical
isomorphisms:

Li SPk(A, n) 	 Li−k ∧k (A, n− 1), (5.42)

Li ∧k (A, n) 	 Li−kΓk(A, n− 1), n ≥ 1, k ≥ 1, i ≥ k, (5.43)

called the Bousfield-Quillen décalage formulae (see [Bre99]).
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The 2-sphere

Consider the simplest homotopical application of the above spectral sequence
applied to the case of the 2-sphere S2. It is one of the deep problems of
algebraic topology to compute homotopy groups πn(S2). In low dimensions
one has (see [Tod62]):

n 2 3 4 5 6 7 8 9 10 11 12
πn(S2) Z Z Z2 Z2 Z4 ⊕ Z3 Z2 Z2 Z3 Z15 Z2 Z2 ⊕ Z2

n 13 14 15 16 17 18 19
πn(S2) Z4 ⊕ Z6 Z⊕2

2 ⊕ Z84 Z⊕2
2 Z6 Z30 Z30 Z⊕2

2 ⊕ Z3

The simplicial group K(Z, 1) has K(Z, 1)n a free abelian group of rank n

with generators x
(n)
0 , . . . , x

(n)
n−1, written as

x
(n)
i = sn−1 . . . si+1ŝisi−1 . . . s0σ (5.44)

with degeneracy maps si : K(Z, 1)n−1 → K(Z, 1)n, i = 0, . . . , n− 1 defined
via standard simplicial laws. Then the Theorem 5.6 implies that that the
lower central series spectral sequence with initial terms

E1
p, q = LqL

p(Z, 1) (5.45)

converges to the graded group associated with a filtration of π∗(S2).
Consider first the simplicial group ⊗rK(Z, 1) constructed by applying the

rth tensor power functor to each dimension of K(Z, 1). The Eilenberg-Zilber
equivalence together with Kunneth formula (A.15) for tensor products of
chain complexes imply that

Lr ⊗r (Z, 1) 	 Z, Li ⊗r (Z, 1) = 0, i 
= r.

That is, the rth tensor power ⊗rK(Z, 1) gives a model of K(Z, r). The
definition of the ‘shuffle’ map (see (307)) shows that the generator of the
cyclic group Lr ⊗r (Z, 1) is the coset of the element

θr :=
∑

(i1, ... , ir)∈Σr

(−1)sign(i1, ... , ir)x
(r)
i1
⊗ · · · ⊗ x

(r)
ir
∈ ⊗rK(Z, 1)r.

The following well known fact now follows:

Proposition 5.25 The homotopy groups πn(S2) of the 2-sphere are finite
for n ≥ 4.

Proof. The natural map sr : ⊗rK(Z, 1)r → LrK(Z, 1)r sends θr to the
element
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sr(θr) =
∑

(i1, ... , ir)∈Σr

(−1)sign(i1, ... , ir)[x(r)
i1

, . . . , x
(r)
ir

],

which is trivial for r > 2 due to Jacobi identity. Since the r-multliplication
in LrK(Z, 1) can be defined as the composition map

LrK(Z, 1)→ ⊗rK(Z, 1)→ LrK(Z, 1),

coming to the level of homotopy groups, we conclude that every element of
L∗L

r(Z, 1) is annihilated by multiplication by r, for r > 2.
Hence, the initial terms of the spectral sequence (5.45) are finite for p > 2.

Clearly, E1
1, q = πq(K(Z, 1)) = 0, q > 1. The terms E1

2, q = LqL
2(Z, 1) are

also finite for q > 2 (moreover, they are all zero); one can see this by arguing
as above and using the fact that ⊗2K(Z, 1) is a model of K(Z, 2). The needed
statement then follows from the convergence of (5.45) to the graded group
associated with π∗(S2) by Theorem 5.6. �

Remark 5.26
Using group-theoretical properties of the simplicial groups LrK(Z, n) for the
Eilenberg-MacLane spaces K(Z, n), Schlesinger gave algebraic proof of the
well-known Serre’s Theorem (see [Sch66]): for q > 0,

πn+q(Sn) =

{
Z⊕ finite group, q = 2n− 1, n is even,

finite group, otherwise.

The main ingredient of the proof of Theorem 5.6 is the following group-
theoretical result due to Curtis [Cur63]:

Theorem 5.27 Let X be a free simplicial group, which is m-connected (m ≥
0). Then γr(X)/γr+1(X) is {m + log2 r}-connected, where {a} is the least
integer ≥ a.

The proof is based on the following decomposition of the Lie functors.

Curtis Decomposition

Let {∗} be the set with the single element ∗. Define T (1) = {∗}. Suppose we
defined T (k), 1 ≤ k ≤ n− 1. Then define

T (n) =
⋃

1≤k≤n−1

{T (k)× T (n− k)},

where × is a formal operation. Set T = ∪n≥1T (n). Then T is the free (non-
associative) monoid generated by ∗. The first terms T (n) can be written as
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T (1) = {∗},
T (2) = {∗∗},
T (3) = {(∗∗)∗, ∗(∗∗)},
T (4) = {(∗∗)(∗∗), (((∗∗)∗)∗), (∗((∗∗)∗)), (∗(∗(∗∗))), ((∗(∗∗))∗)},
. . .

The set T is called the set of types. The type t ∈ T (n) is of weight n. We will
write wt(t) = n in this case.

Define a pre-order in the set T . Let t, s ∈ T . We set t < s if wt(t) < wt(s).
Suppose now that the pre-order is defined for elements of weight less than
n and wt(t) = wt(s) = n. The types t and s can be written uniquely
as products t = t1t2, s = s1s2. We set t ≤ s if either max{s1, s2} >
max{t1, t2}, or min{t1, t2} ≤ min{s1, s2} and max{t1, t2} ≤ max{s1, s2},
and max{s1, s2} ≤ max{t1, t2}. In the case t ≤ s, but not s ≤ t, we set t < s.
For example, we have

(∗∗)∗ ≤ ∗(∗∗), ∗(∗∗) ≤ (∗∗)∗,
(∗∗)(∗∗) < (((∗∗)∗)∗), . . .

Define the set of basic types B = ∪n≥1B(n), a subset in T , inductively. Let
B(1) = T (1) = {∗}. Suppose we defined B(k), k < n. Then B(n) consists of
the types t1t2, where t1, t2 are basic types and t2 ≤ t1, and if t1 = uv then
v ≤ t2.

It can be checked that the pre-order in T induces an order in the set of
basic types B. In low dimensions the terms of B are:

B(1) = {∗},
B(2) = {∗∗},
B(3) = {∗ ∗ ∗},
B(4) = {(∗∗)(∗∗) < ∗ ∗ ∗∗},
B(5) = {(∗ ∗ ∗)(∗∗) < ∗ ∗ ∗ ∗ ∗},
B(6) = {(∗∗)(∗∗)(∗∗) < (∗ ∗ ∗)(∗ ∗ ∗) < (∗ ∗ ∗∗)(∗∗) < ∗ ∗ ∗ ∗ ∗∗},
B(7) = {(∗∗)(∗∗)(∗ ∗ ∗) < (∗ ∗ ∗∗)(∗ ∗ ∗) < (∗ ∗ ∗)(∗∗)(∗∗) <

(∗ ∗ ∗ ∗ ∗)(∗∗) < ∗ ∗ ∗ ∗ ∗ ∗ ∗},
B(8) = {((∗∗)(∗∗))((∗∗)(∗∗)) < (∗ ∗ ∗∗)(∗ ∗ ∗∗) < (∗ ∗ ∗)(∗∗)(∗ ∗ ∗)

< (∗ ∗ ∗ ∗ ∗)(∗ ∗ ∗) < (∗∗)(∗∗)(∗∗)(∗∗) < (∗ ∗ ∗∗)(∗∗)(∗∗)
< (∗ ∗ ∗ ∗ ∗∗)(∗∗) < ∗ ∗ ∗ ∗ ∗ ∗ ∗∗}
. . .

For any R-module M , the set of basic types gives a filtration of the Lie
functor L(M). For a basic type t ∈ B(n), define the R-submodule F t(M) in
L(M) as the submodule generated by Lie brackets with the configuration s,
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where s ∈ T (n), s ≤ t. For example,

F ∗∗∗∗(M) = L4(M), F (∗∗)(∗∗)(M) = L2L2(M).

For every t ∈ B(n) denote by GtLn(M) the quotient F t(M)/F s(M), where
s is the immediate predecessor of t in B(n).

Notation. If t is the greatest element in B(n), i.e., the element ∗ · · · ∗
(n terms), denote GtLn(M) by Jn(M).

It is easy to see that Jn(M) is the metabelianization of Ln, i.e.,

Jn(M) = Ln(M)/(Ln(M) ∩ L2L2(M)).

Clearly, the nth Lie functor can be presented as a direct sum

Ln(M) =
⊕

t∈B(n)

GtLn(M).

This is a functorial decomposition, since for every t ∈ B(n), Gt can be viewed
as a functor in the category of R-modules.

For a given R-module, let SPn(M) denote the symmetric n-fold tensor
power of M .

Proposition 5.28 (Schlesinger [Sch66]). Let M be a free Z-module and n ≥
2. There exists the following natural exact sequence:

0→ Jn(M) i−→M ⊗ SPn−1(M) rn−→ SPn(M)→ 0,

where rn is the natural multiplication map, and the inclusion i is given by
setting

i : [m1, . . . , mn] �→ m1⊗ (m2, . . . , mn)−m2⊗ (m1, m3, . . . , mn), mj ∈M.

Every basic type t ∈ B(n) can be written uniquely as a sequence of prod-
ucts

t = t1 . . . tk, (5.46)

where all tj are certain basic types. Suppose there exists 0 < a < k, such
that

tk = tk−1 = · · · = tk−a+1 > tk−a,

and t0t1 . . . tk−a > tk−a+1. Then we will write t ∈ B1(n; a). If there exists
0 < a < k, such that tk = · · · = tk−a+1 = t0 . . . t1 . . . tk−a, we will write
t ∈ B2(n; a). We will denote by tgr the greatest type in B(n).
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It is easy to see that

B(n) = tgr ∪
⋃
a>0

(B1(n; a) ∪B2(n; a)).

The following Theorem shows that one can get complete description of the
values of the Lie functor from the description of the functor Jn together with
symmetric tensor products.

Theorem 5.29 (Curtis [Cur63]). Let M be a free Z-module.

1. Let t ∈ B1(n; a) and let (5.46) be its presentation as a product. Then

GtLn(M) 	 Gt0...tk−aLwt(t0...tk−a)(M)⊗ SPa(GtkLwt(tk)(M)).

2. Let t ∈ B2(n; a) and let (5.46) be its presentation as a product. Then

GtLn(M) 	 Ja+1(GtkLwt(tk)(M)).

For example, in low degrees, we have the following decompositions (we
assume M is a free Z-module):

L2(M) =J2(M),

L3(M) =J3(M),

L4(M) =J2J2(M)⊕ J4(M),

L5(M) =(J3(M)⊗ J2(M))⊕ J5(M),

L6(M) =J3J2(M)⊕ J2J3(M)⊕ (J4(M)⊗ J2(M))⊕ J6(M)

L7(M) =(J3(M)⊗ SP2 J2(M))⊕ (J5(M)⊗ J2(M))⊕ (J2J2(M)⊗ J3(M))

⊕ (J4(M)⊗ J3(M))⊕ J7(M)

L8(M) =J2J2J2(M)⊕ J2J4(M)⊕ (J3(M)⊗ J2(M)⊗ J3(M))

⊕ J5(M)⊗ J3(M)⊕ J4J2(M)⊕ (J4(M)⊗ SP2 J2(M))

⊕ (J6(M)⊗ J2(M))⊕ J8(M)
. . .

We will refer to such decompositions as the Curtis decompositions of the
Lie functors.

Remark 5.30
In the above decomposition the direct sum of functors does not mean that it
is preserved by homotopy. For example, the exact sequence

L6L
2L2(Z, 2)→ L6L

4(Z, 2)→ L6J
4(Z, 2)

is not split:
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L6L
2L2(Z, 2) = Z4, L6L

4(Z, 2) = 0, L6J
4(Z, 2) = 0

and the boundary map

L7J
4(Z, 2)→ L6L

2L2(Z, 2)

is an isomorphism.

The Sandling-Tahara Decomposition

An alternative way to reduce the homotopy theory of the Lie functors to the
homotopy theory of the symmetric powers and metabelian Lie functors is as
follows.

Let G be a group with torsion-free lower central quotients, for example a
free group, then there is the following decomposition [San79]:

gn/gn+1 =
∑

(a1, ... , an)

n⊗
i=1

SPai(γi(G)/γi+1(G)),

where the sum runs over all non-negative integers a1, . . . , an such that∑n
i=1 iai = n (here SP0(M) = Z for an abelian group M). For a free Z-

module M , therefore, one has the following decomposition:

⊗n(M) =
∑

(a1, ... , an)

n⊗
i=1

SPai Li(M).

For example, in the case n = 6, we have the following decomposition:

⊗6 (M) = L6(M)⊕ (M ⊗ L5(M))⊕ (L2(M)⊗ L4(M))⊕ SP3 L2(M)

⊕ (M ⊗ L2(M)⊗ L3(M))⊕ (SP2(M)⊗ SP2 L2(M))

⊕ (SP3(M)⊗ L3(M))⊕ SP6(M).

We will, however prefer to use the Curtis decomposition as it is more conve-
nient for our purpose.

The Simplicial Groups JnK(Z, 1)

Let G be a simplicial abelian group. Define CG, the cone over G, as the
simplicial abelian group with
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CGn = Gn ⊕Gn−1 ⊕ · · · ⊕G0,

∂i : (an, . . . , a0) �→
(∂ian, ∂i−1an−1, . . . , ∂1an−i+1, ∂0an−i+an−i−1, an−i−2, . . . , a0), i<n,

∂n : (an, . . . , a0) �→ (∂nan, . . . , ∂1a1),
si : (an, . . . , a0) �→ (sian, . . . , s0an−i, 0, an−i−1, . . . , a0).

For every simplicial abelian group G, there is a natural injection i : G→ CG.
The cokernel of the injection i is called the suspension of G. The suspension
defines a functor, so -called suspension functor

Σ : SAb→ SAb,

which has the property

Hn+1(NΣG) = πn+1(ΣG) = πn(G) = Hn(NG),

for a given simplicial abelian group G.
For a given endofunctor T on the category Ab of abelian groups, consider

its cross-effects
Tn : Abn → Ab,

which can be determined by the property

T (M1 ⊕ · · · ⊕Mn) =
⊕

(σ1, ... , σs)

Ts(M1, . . . , Ms),

where the direct sum is taken over all non-empty ordered subsets (σ1, . . . , σs)
⊆ {1, . . . , n}.

Given free modules K1, . . . , Kn, consider the module K = K1⊕· · ·⊕Kn.
Suppose we have an ordered basis of each of the modules Ki. Define the
natural order on the resulting basis of K by setting all the basis elements
of Ki+1 to be greater than the basis elements of Ki. Clearly, the Z-basis of
Jr(K1, . . . , Kn) consists of the elements

[x1, . . . , xr], (5.47)

such that x1 > x2 ≤ x3 ≤ · · · ≤ xr, with the property that for each i =
1, . . . , n, we have at least one element xj from Kj in (5.47).

Proposition 5.31 (Curtis [Cur63]) For any free modules K1, . . . , Kn, there
is a direct sum decomposition

Jr
n(K1, . . . , Kn) 	

⊕
R

Jr1 (K1)⊗ SPr2 (K2)⊗ · · · ⊗ SPrn(Kn)+⊕
R′

Km ⊗ SPr1 (K1)⊗ · · · ⊗ SPrn(Kn),
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where the first direct sum is taken over

R := {{r1, . . . , rn} | ri ∈ Z, r1 ≥ 2, ri ≥ 1,
∑

ri = r},

the second sum is taken over

R′={{m; r1, . . . , rn} | 2 ≤ m ≤ n, rm ≥ 0, ri ≥ 1, for i 
= m,
∑

ri =r−1}.

In particular, in the simplest case n = 2, one has

J2(K1, K2) = K1 ⊗K2.

The main tool in the theory of suspended simplicial abelian groups is the
following spectral sequence.

Theorem 5.32 (Dold - Puppe [Dol61]). For a given functor T and a sim-
plicial abelian group G, there is a spectral sequence {Ei

p, q}, which converges
to the graded group associated with a filtration of π∗(TΣG). Its first term is
given by

E1
p, q = πq(Tp(G, . . . , G)),

with the natural differential

d1 : πq(Tp(G, . . . , G))→ πq(Tp−1(G, . . . , G)).

In the case T is a quadratic functor, i.e. T (K1, K2, K3) = 0 for any abelian
groups K1, K2, K3, then the above spectral sequence degenerates to the fol-
lowing long exact sequence:

· · · → πn(T (G, G))→ πn(T (G))→ πn+1(TΣG)→

πn−1(T (G, G))→ πn−1(T (G))→ . . . (5.48)

The free simplicial abelian group X modelling K(Z, 1) is the suspension
over the group K(Z, 0), the constant simplicial group with the identity sim-
plicial homomorphisms. The decompositions of the Lie functors given by
Theorem 5.29 reduces the general question about the structure of the spec-
tral sequence (5.45) to the homotopical properties of the functors Jn and
SPn. For n = 2, J2 = L2 is a quadratic functor, hence J2(M, M, M) =
J2(M, M, . . . , M) = 0. Therefore, for a given simplicial module M , the
spectral sequence in Theorem 5.32 degenerates to the exact sequence (5.48).

The following result follows from the sequence (A.31). However, we will
provide a proof using the sequence (5.48).

Proposition 5.33 (Schlezinger, Curtis [[Sch66], [Cur63]]). For any n ≥ 1,
q ≥ 0, one has
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Ln+qL
2(Z, n) = Ln+qJ

2(Z, n) =

⎧⎪⎨⎪⎩
Z, if n is odd and q = n

Z2, if q = 1, 3, . . . , 2[n/2]− 1,

0 otherwise

Proof. The proof is by induction on n ≥ 1. Observe that J2(A, B) = A⊗B
and therefore, J2K(Z, n) 	 K(Z, 2n). The sequence (5.48) has the following
form in our case:

· · · → πn(K(Z, 2n))→ LnJ2(Z, n)→ Ln+1J
2(Z, n + 1)→

πn−1(K(Z, 2n))→ Ln−1J
2(Z, n)→ . . . (5.49)

For n = 1, clearly, the simplicial groups J2K(Z, 1) and K(Z, 2) have the
same homotopy groups. Suppose by induction that the statement is proved
for n ≥ 1. Consider the following cases.
Case I: n=2k. In this case Ln+qJ

2(Z, n) = 0 for q ≥ n and

Ln+qJ
2(Z, n) = Ln+q+1J

2(Z, n + 1) = Z2, q = 1, 3, . . . , 2k − 1.

Also we have one more nontrivial term, coming from π2n(K(Z, 2n)):

L2n+2J
2(Z, n + 1) = π2n(K(Z, 2n)) = Z.

All other homotopy groups are zero.
Case II: n=2k+1. In this case we have Ln+qJ

2(Z, n) = 0, q ≥ n + 1 and
again

Ln+qJ
2(Z, n) = Ln+q+1J

2(Z, n + 1) = Z2, q = 1, 3, . . . , 2k − 1.

The difference with the Case I is that there is an exact sequence

0→ L2n+2J
2(Z, n + 1)→ π2n(K(Z, 2n)) α−→

L2nJ2(Z, n)→ L2n+1J
2(Z, n + 1)→ 0,

where the map α is induced by the natural projection

⊗2K(Z, n)→ J2K(Z, n).

Observe that for Ki = Z, i = 1, . . . , n, one has

Jr
n(K1, . . . , Kn) =

∑
R′

Km ⊗ SPr1 K1 ⊗ · · · ⊗ SPrn Kn, (5.50)

since J l(Ki) = 0, l ≥ 2, R′ is the same set as in the Proposition 5.31 and the
result follows. �
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Remark 5.34 It may be noted that the case n = 1 of Proposition 5.33 im-
plies that πi(L2(X)) = 0, i = 0, 1 for every free simplicial abelian group X
with π0(X) = 0.

Proposition 5.35 (Curtis [Cur63]). For r ≥ 3, LiJ
r(Z, 1) = 0, i ≥ 0.

Proof. Set K = K(Z, 0). Using the decomposition (5.50), we get

πi(Jr
n(K, . . . , K)) = 0, i ≥ 1

and

π0(Jr
n(K, . . . , K)) = Z, n ≥ 2.

Therefore, the groups πi(JrK(Z, 1)) are equal to the homology of the com-
plex

· · · d4−→ π0(Jr
3 (K, K, K)) d3−→ π0(Jr

2 (K, K))→ 0,

which consists of free abelian groups. Observe that Jr
r+1(K, . . . , K) = 0. The

homomorphism

dn : π0(Jr
n(K, . . . , K))→ π0(Jr

n−1(K, . . . , K))

is induced by the map

n−1∑
i=1

(−1)iαi : Jr
n(K, . . . , K)→ Jr

n−1(K, . . . , K),

where αi is induced by the map

K⊕n → K⊕n−1, (a1, . . . , an) �→ (a1, . . . , ai−1, ai + ai+1, ai+2, . . . , an).

The group Jr
n(K, . . . , K) is a free abelian group, with a basis consisting of

the elements

k ⊗ kr1 ⊗ · · · ⊗ krn ∈ Km ⊗ SPr1 K1 ⊗ · · · ⊗ SPrn Kn, {m; r1, . . . , rn} ∈ R′,

where all Ki are infinite cyclic and we write kri for the element k ⊗ · · · ⊗
k (ri times) in SPri(K). Since all Ki are infinite cyclic, we can say that
Jr

n(K, . . . , K) is a free abelian group with basis R′. We can identify the
group π0(Jr

n(K, . . . , K)) with Jr
n(K1, . . . , Kn), since the simplicial group

we consider is constant. The maps dn are defined for the basis elements as
follows:
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dn : (m; r1, . . . , rn) �→
m−1∑
i=1

(−1)i(m− 1; r1, . . . , ri + ri+1, . . . , rn)+

n−1∑
i=m

(−1)i(m; r1, . . . , ri + ri+1, . . . , rn), m ≥ 3,

(2; r1, . . . , rn) �→
n−1∑
i=2

(−1)i(2; r1, . . . , ri + ri+1, . . . , rn).

For example, for n = 3, we have the following map:

d3 :(2; r1, r2, r3) �→ −(2; r1, r2 + r3),
(3; r1, r2, r3) �→ (2; r1 + r2, r3)− (2; r1, r2 + r3).

Now consider the map

Φn : Jr
n(K1, . . . , Kn)→ Jr

n+1(K1, . . . , Kn+1), n ≥ 2

defined as follows.
Case I. Let n ≥ 2, rn = 0, then

Φn :{n; r1, . . . , rn−1, 0} �→

⎧⎪⎨⎪⎩
{n; r1, . . . , rn−1−1, 0, 1}−
{n + 1; r1, . . . , rn−1 − 1, 1, 0}, rn−1 ≥ 2,

0, rn−1 = 1
.

Case II. Let n ≥ 2, rn 
= 0:

Φ{m; r1, . . . , rn} �→
{
{m; r1, . . . , rn−1, rn − 1, 1}, rn ≥ 2− δ(m, n),
0, m 
= n, rn = 1,

.

where δ(m, n) is the Kronecher symbol: δ(m, n) = 1, m = n, δ(m, n) =
0, m 
= n.

We have the composite map

Φn−1 ◦ dn : Jr
n(K1, . . . , Kn)→ Jr

n(K1, . . . , Kn),

defined as follows:

Φn−1◦dn :{m; r1, . . . , rn} �→
m−1∑
i=1

(−1)i(m−1; r1, . . . , ri+ri+1, . . . , rn−1, 1)+

n−1∑
i=m

(−1)i(m; r1, . . . , ri + ri+1, . . . , rn − 1, 1),

for rn ≥ 0, rn ≥ 2− δ(m, n), and
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Φn−1 ◦ dn : {n; r1, . . . , rn−1, 0} �→
n−1∑
i=1

(−1)i(n− 1; r1, . . . , ri + ri+1, . . . , rn−1 − 1, 0, 1)+

n−1∑
i=1

(−1)i+1{n; r1, . . . , rn−1 − 1, 1, 0},

if rn−1 
= 1, with

Φn−1 ◦ dn({n; r1, . . . , rn−2, 1, 0}) = (−1)n−1{m; r1, . . . , rn−2, 1, 0}.

On the other hand, we have the composite map

dn+1 ◦ Φn : Jr
n(K1, . . . , Kn)→ Jr

n(K1, . . . , Kn),

defined as follows:

dn+1 ◦ Φn : {m; r1, . . . , rn} �→
m−1∑
i=1

(−1)i(m− 1; r1, . . . , ri + ri+1, . . . , rn − 1, 1)+

n∑
i=m

(−1)i(m; r1, . . . , ri + ri+1, . . . , rn − 1, 1),

for rn ≥ 0, rn ≥ 2− δ(m, n), and

dn+1 ◦ Φn : {n; r1, . . . , rn−1, 0} �→
(−1)n{n; r1, . . . , rn}+
n−1∑
i=1

{n− 1; r1, . . . , ri + ri+1, . . . , rn−1, 0, 1}+

n∑
i=1

(−1)i+1{n; r1, . . . , ri + ri+1, . . . , rn−1 − 1, 1, 0}

for rn−1 
= 1, with dn+1 ◦ Φn({n; r1, . . . , rn−2, 1, 0}) = 0. Now it is easy to
observe that the map

(−1)n−1Φn−1 ◦ dn−1 + (−1)ndn+1 ◦Φn : Jr
n(K1, . . . , Kn)→ Jr

n(K1, . . . , Kn)

is the identity map. Therefore, the maps Φn present the contracting homotopy
of the complex J = (Jr

n(K1, . . . , Kn), dn), hence the homology of J are
trivial and LiJ

r(Z, 1) = 0, r ≥ 3. �

Corollary 5.36 (Dold - Puppe [Dol61]). Let n ≥ 2. Then the simplicial group
SPn K(Z, 1) is contractible, i.e. Li SPn(Z, 1) = 0, i ≥ 0.
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Proof. The result easily follows from Propositions 5.28 and 5.35. �
Theorem 5.29 and Proposition 5.35 imply the following:

Corollary 5.37 Let k ≥ 1, then the simplicial group L2k+1K(Z, 1) is con-
tractible, i.e. LiL

2k+1(Z, 1) = 0, i ≥ 0.

Remark 5.38
The topological reason for the validity of Corollary 5.37 is the existence of
the Hopf fibration S3 → S2, which induces the isomorphism of homotopy
groups in dimensions ≥ 3.

The following result is proved in [Dol58b]: for r ≥ 2,

Li SPr(Z, 2) =

{
Z, i = 2n,

0, i 
= 2n

This description follows also from Bousfield-Quillen décalage formulae (5.42)
and (5.43). As shown in [Dol61], for n even, the homomorphism

πrn(SPr−1 K(Z, n)⊗K(Z, n))→ Lrn SPr(Z, n)

is the r-multiplication Z
r→ Z. This information is enough to compute the

homotopy groups of the simplicial abelian groups JrK(Z, 2) for r ≥ 2. How-
ever, we give another way of computation, using the spectral sequence from
Theorem 5.32.

Proposition 5.39 Let r ≥ 2. Then

LiJ
r(Z, 2) =

{
Zr, i = 2r − 1
0, i 
= 2r − 1

Proof. Consider the functor Jr(K1, . . . , Kn) applied to the simplicial group
K(Z, 1). Since all symmetric powers SPk K(Z, 1) (k ≥ 2) are contractible,
we have

π∗(Jr(K1, . . . , Kn)) = 0, n 
= r, r − 1,

where Ki = K(Z, 1). For the nontrivial components we have

πrJ
r(K1, . . . , Kr−1) = πr(J2(K1)⊗K2 ⊗ . . . ⊗Kr−1+

K2 ⊗K1 ⊗K2 ⊗ · · · ⊗Kr−1 + · · ·+ Kr−1 ⊗K1 ⊗ · · · ⊗Kr−1) 	 Z⊕r−1;

πrJ
r(K1, . . . , Kr) =

πr(K2 ⊗K1 ⊗K3 ⊗ · · · ⊗Kr + · · ·+ Kr ⊗K1 ⊗K2 ⊗ · · · ⊗Kr−1) 	 Z⊕r−1,

πjJ
r(K1, . . . , Kr) = πjJ

r(K1, . . . , Kr−1) = 0, j 
= r.



5.4 Homotopical Applications 271

The spectral sequence degenerates to the following form:

0→ L2rJ
r(Z, 2)→ πr(Jr(K1, . . . , Kr))

ρ→
πr(Jr(K1, . . . , Kr−1))→ L2r−1J

r(Z, 2)→ 0. (5.51)

Denote

ξ(i1, . . . , ir) =
∑

σ=(σ1, ... , σr)∈Σr

(−1)sign(σ)[x(i1)
σ1

, . . . , x(ir)
σr

].

For every r ≥ 3, the elements

ξ(2, 1, 3, . . . , r), ξ(3, 1, 2, . . . , r), . . . , ξ(r, 1, 2, . . . , r − 1)

represent the basis elements of the group πrJ
r(K1, . . . , Kr) 	 Z⊕r−1. The

homotopy group πrJ
r(K1, . . . , Kr−1) has the basis represented by the fol-

lowing elements:

ci = ξ(i, 1, 2, . . . , r − 1), i = 2, . . . , r − 1

together with the following element

c1 =
∑

σ=(σ1, ... , σr)∈Ar

[x(1)
σ1

, x(1)
σ2

, x(2)
σ3

, . . . , x(r−1)
σr

],

where Ar is the alternating subgroup of Σr. We have the following values for
the map ρ defined on the basis of πrJ

r(K1, . . . , Kr):

ρ : ξ(2, 1, 3, . . . , r) �→ 2c1 − c2;
− ξ(3, 1, 2, . . . , r) �→ c1 + c2 − c3;
ξ(4, 1, 2, . . . , r) �→ c1 + c3 − c4;
. . .

ξ(2k, 1, 2, . . . , r) �→ c1 + c2k−1 − c2k;
− ξ(2k + 1, 1, 2, . . . , r) �→ c1 + c2k − c2k+1;
. . .

(−1)rξ(r, 1, 2, . . . , r − 1) �→ c1 + cr−1.

Clearly, the map ρ is a monomorphism, hence L2rJ
r(Z, 2) = 0 by (5.51). Tak-

ing the quotient of πrJ
r(K1, . . . , Kr−1) by the image of the homomorphism

ρ, we conclude that

L2r−1J
r(Z, 2) = coker(ρ) = Zr

with a generator represented by the image of the element c1. �
Corollary 5.40 Let p be a prime. Then L2p−1L

2p(Z, 1) = Zp.
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Proof. Using the Curtis decomposition and Proposition 5.35, we conclude
that only the terms of the form JpJ2K(Z, 1) give a homotopical contribution
in the dimension 2p. Since J2K(Z, 1) has the same homotopy groups as
K(Z, 2), we have

L2p−1J
pJ2(Z, 1) = L2p−1L

2p(Z, 1) = Zp

by Proposition 5.39. �

5.5 Computations and Connectivity Results

Homotopy Groups of L8K(Z, 1)

Proposition 5.33 implies that

LiJ
2J2J2(Z, 1) =

⎧⎪⎨⎪⎩
Z2, if i = 4, 5, 7,

Z4, if i = 6,
0 otherwise

(5.52)

Proposition 5.35 together with the Curtis decomposition of the functor L8

implies that only the functor J2J2J2 = ∧2∧2∧2 gives the contribution to the
groups LiL

8(Z, 1) for i = 4, 5.
The description (5.52) can be obtained using the suspension spectral se-

quence from Theorem 5.32. The cross-effects of the functor ∧2∧2 can be easily
computed as follows:

∧2 ∧2(A|B) = ∧2(A)⊗A⊗B ⊕ ∧2(B)⊗A⊗B⊕
∧2 (A)⊗ ∧2(B)⊕ ∧2(A⊗B)

∧2 ∧2(A|B|C) = ∧2(A)⊗B ⊗ C ⊕ ∧2(B)⊗ C ⊗A⊕ ∧2(C)⊗A⊗B⊕
A⊗B ⊗B ⊗ C ⊕A⊗B ⊗A⊗ C ⊕A⊗ C ⊗B ⊗ C

∧2 ∧2(A|B|C|D) = A⊗B ⊗ C ⊗D ⊕A⊗ C ⊗B ⊗D ⊕A⊗D ⊗B ⊗ C.

Set K1 = K2 = K3 = K4 = K(Z, 1). The initial terms of the suspension
spectral sequence for ∧2 ∧2 K(Z, 2) are of the form:

E1
1, 3 = π3(∧2 ∧2 (K, 1)) = Z2

E1
2, 3 = π3(∧2 ∧2 (K1|K2)) = Z2

E1
2, 4 = π4(∧2 ∧2 (K1|K2)) = Z⊕3

E1
3, 4 = π4(∧2 ∧2 (K1|K2|K3)) = Z⊕6

E1
4, 4 = π4(∧2 ∧2 (K1|K2|K3|K4)) = Z⊕3
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with all other terms equal to zero. The differential E1
1, 3 ← E1

2, 3 turns out to
be trivial. According to the above decompositions of cross-effects of the func-
tor ∧2∧2, denote the generators of E1

4, 4 by α1, α2, α3, generators of E2
3, 4 by

β1, . . . , β6, generators of E1
2, 4 by γ1, γ2, γ3. The differentials in the complex

E1
2, 4

d3, 4
1← E1

3, 4
d4, 4

1← E1
4, 4 (5.53)

are defined on the generators as follows:

d4, 4
1 : α1 �→ 2β1 − 2β2 + 2β3

α2 �→ β5 − β4 + β6

α3 �→ β5 − 2β2 + β6

d3, 4
1 : β1 �→ γ1 − 2γ3

β2 �→ γ1 − γ2

β3 �→ 2γ3 − γ2

β4 �→ 2γ1 − 2γ2

β5 �→ 2γ1

β6 �→ 2γ2.

Simple computations show that the homology groups of the complex (5.53)
are Z4 and Z2 and the description (5.52) follows from a natural weak equiv-
alence ∧2K(Z, 1) 	 K(Z, 2).

Recall the following simplicial construction from (Remark 3.5 [Bau00]).
Let X be a free abelian simplicial group. There is a natural maps

γ : πi(X)→ π2i(∧2X),

given by

[x] �→
∑

(a1, ... , ai;b1, ... , bi), a1=0

(−1)sign(a1, ... , bi)[sbi
. . . sb1x, sai

. . . sa1x], x ∈ Xi,

where the sum is taken over all (i, i)-shuffles (a1 < · · · < ai, b1 < · · · < bi)
which are permutations of {0, . . . , 2i− 1} with a1 = 0. The homomorphism
γ is a part of the left homomorphism in (A.31), considered in the appro-
priate dimension. In particular, the homotopy group π6(J2J2J2K(Z, 1)) =
Γ (Z2) = Z4 is generated by the image of the map γ, applied to the gener-
ator of π3(J2J2K(Z, 1)). Using the generators (5.44) for K(Z, 1), we con-
clude that the generator of L6J

2J2J2(Z, 1) is the homotopy class of the
element
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χ =[[[x(6)
0 , x

(6)
2 ], [x(6)

1 , x
(6)
2 ]], [[x(6)

3 , x
(6)
5 ], [x(6)

4 , x
(6)
5 ]]]−

[[[x(6)
0 , x

(6)
3 ], [x(6)

1 , x
(6)
3 ]], [[x(6)

2 , x
(6)
5 ], [x(6)

4 , x
(6)
5 ]]]+

[[[x(6)
0 , x

(6)
4 ], [x(6)

1 , x
(6)
4 ]], [[x(6)

2 , x
(6)
5 ], [x(6)

3 , x
(6)
5 ]]]−

[[[x(6)
0 , x

(6)
5 ], [x(6)

1 , x
(6)
5 ]], [[x(6)

2 , x
(6)
4 ], [x(6)

3 , x
(6)
4 ]]]+

[[[x(6)
0 , x

(6)
3 ], [x(6)

2 , x
(6)
3 ]], [[x(6)

1 , x
(6)
5 ], [x(6)

4 , x
(6)
5 ]]]−

[[[x(6)
0 , x

(6)
4 ], [x(6)

2 , x
(6)
4 ]], [[x(6)

1 , x
(6)
5 ], [x(6)

3 , x
(6)
5 ]]]+

[[[x(6)
0 , x

(6)
5 ], [x(6)

2 , x
(6)
5 ]], [[x(6)

1 , x
(6)
4 ], [x(6)

3 , x
(6)
4 ]]]+

[[[x(6)
0 , x

(6)
4 ], [x(6)

3 , x
(6)
4 ]], [[x(6)

1 , x
(6)
5 ], [x(6)

2 , x
(6)
5 ]]]+

[[[x(6)
0 , x

(6)
5 ], [x(6)

4 , x
(6)
5 ]], [[x(6)

1 , x
(6)
3 ], [x(6)

2 , x
(6)
3 ]]]−

[[[x(6)
0 , x

(6)
5 ], [x(6)

3 , x
(6)
5 ]], [[x(6)

1 , x
(6)
4 ], [x(6)

2 , x
(6)
4 ]]].

The Curtis decomposition of the fourth Lie functor is the following:

0→ J2J2(M)→ L4(M)→ J4(M)→ 0

(we assume that the abelian group M is free). Therefore, for every free sim-
plicial group X, we have a boundary homomorphism

ϑi : πi+1J
4(X)→ πiJ

2J2(X). (5.54)

Consider the element

µ = ∑
(i1, ... , i6)∈A5, i1<i2, i3<i4, i3<i5, i5<i6

[[x(7)
0 , x

(7)
i1

], [x(7)
0 , x

(7)
i2

], [x(7)
i3

, x
(7)
i4

], [x(7)
i5

, x
(7)
i6

]]

∈ J4J2K(Z, 1)7 (5.55)

The element µ is presented as the sum of 30 brackets. It is straightforward
to check check that µ ∈ J4J2K(Z, 1)7. The element ϑ6µ also can be viewed
as a sum of 30 brackets, however, 10 brackets from ϑ6µ can be pair-wisely
deleted. Other 20 brackets with the help of Jacobi identity can be trans-
formed to a sum of 10 brackets, which defines exactly the element χ. Since
L7J

4J2(Z, 1) = Z4 by Proposition 5.39, we can conclude that the element µ
defines the generator of L7J

4J2(Z, 1) and the map ϑ6 is an isomorphism.
Now the Curtis decomposition of the functor L8 implies the following

description of derived functors:

LiL
8(Z, 1) =

{
Z2, if i = 4, 5, 7,

0 otherwise.
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The Curtis decomposition of the functor L2n
implies that only the func-

tors J2 . . . J2 (n times) give a contribution to the groups Ln+1L
2n

(Z, 1) and
therefore the simple induction on n gives the following

Proposition 5.41 (Curtis [Cur63]). For n ≥ 2, Ln+1L
2n

(Z, 1) = Z2.

Homotopy Groups of L10K(Z, 1)

The only nontrivial component of the Curtis decomposition of the 10th Lie
functor for the simplicial group K(Z, 1) is J5J2K(Z, 1) = K(Z5, 9). That is,

LiL
10(Z, 1) =

{
Z5, i = 9
0, i 
= 9

by Proposition 5.39.

Homotopy Groups of L12K(Z, 1)

The nontrivial components of the Curtis decomposition of the 12th Lie func-
tor for the simplicial group K(Z, 1) are the following:

J2J3J2, J3J2J2, J4J2 ⊗ J2J2, J6J2

Proposition 5.39 implies that

LiJ
6J2(Z, 1) =

{
Z6, i = 11
0, i 
= 11

The homotopy groups of J2J3J2K(Z, 1) = J2K(Z3, 5) can be described due
to the universal coefficient sequence for quadratic functors (A.31). We get that
J2J3J2K(Z, 1) is K(Z3, 10). The simplicial abelian group J4J2K(Z, 1) ⊗
J2J2K(Z, 1) = K(Z4, 7)⊗K(Z2, 3) has the following homotopy groups:

πi(J4J2K(Z, 1)⊗ J2J2K(Z, 1)) =

{
Z2, i = 10, 11
0, i 
= 10, 11

Since for a free abelian group A, the composition map

L3(A)→ ⊗3(A)→ L3(A)
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is the multiplication with 3, and ⊗3J2J2K(Z, 1) 	 ⊗3K(Z2, 3) has trivial
homotopy groups in dimensions ≤ 8, we conclude that

LiJ
3J2J2(Z, 1) = 0, i ≤ 8.

Homotopy Groups of L14K(Z, 1)

Using Proposition 5.39, we obtain the contractibility of the functors

J3J2 ⊗ SP2 J2J2, J5J2 ⊗ J2J2, J2J2J2 ⊗ J3J2, J4J2 ⊗ J3J2

applied to the simplicial group K(Z, 1). Thus, we have

LiL
14(Z, 1) = LiJ

7J2(Z, 1) =

{
Z7, i = 13
0, i 
= 13

Homotopy Groups of L16K(Z, 1)

Nontrivial components of the Curtis decompositions of the 16th Lie functor
for K(Z, 1) are:

J2J2J2J2, J2J4J2, J4J2J2, J4J2 ⊗ SP2 J2J2, J6J2 ⊗ J2J2, J8J2.

The exact sequence A.31 implies

LiJ
2J2J2J2(Z, 1) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Z2, i = 15
Z4 ⊕ Z2, i = 14
Z4 ⊕ Z2 ⊕ Z2 ⊕ Z2, i = 13
Z2 ⊕ Z2 ⊕ Z2 ⊕ Z2 ⊕ Z2, i = 12
Z2 ⊕ Z2 ⊕ Z2 ⊕ Z2 ⊕ Z2 ⊕ Z2, i = 11
Z4 ⊕ Z2 ⊕ Z2 ⊕ Z2 ⊕ Z2, i = 10
Z2 ⊕ Z2 ⊕ Z2 ⊕ Z2 ⊕ Z2, i = 9
Z2 ⊕ Z2 ⊕ Z2 ⊕ Z2, i = 8
Z2 ⊕ Z2 ⊕ Z2, i = 7
Z2 ⊕ Z2, i = 6
Z2, i = 5
0, otherwise

together with other homotopy groups in dimensions ≥ 9. Also the se-
quence (A.31) implies the complete description of the homotopy groups of
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J2J4J2K(Z, 1):

LiJ
2J4J2(Z, 1) =

⎧⎪⎪⎨⎪⎪⎩
Z2, i = 8, 9, 10, 11, 12, 13, 15,

Z8, i = 14,

0 otherwise.

Proposition 5.39 and sequence (A.31) imply that

πi(J4J2K(Z, 1)⊗ SP2 J2J2K(Z, 1)) =

⎧⎪⎪⎨⎪⎪⎩
Z2, i = 12, 15

Z2 ⊕ Z2, i = 13, 14

0, otherwise

πi(J6J2K(Z, 1)⊗ J2J2(K(Z, 1))) =

{
Z2, i = 14, 15

0, otherwise

Theorem 5.44 implies that there is an isomorphism

L10 SP4(Z2, 3) 	 L9J
4J2J2(Z, 1) 	 Z2,

moreover,
LiJ

4J2J2(Z, 1) = 0, i ≤ 8.

The arguments, used in the proof that ϑ6 is an isomorphism now imply that
the map

L8J
4J2J2(Z, 1)→ L7J

2J2J2J2(Z, 1)

is nontrivial and its image is cyclic. We obtain the following description of
homotopy groups

LiL
16(Z, 1) =

{
Z2, i = 5
Z2 ⊕ Z2, i = 6, 7

with certain other non-trivial homotopy groups in dimensions ≥ 8.

Homotopy Groups of L18K(Z, 1)

It is easy to see that the only contribution to the homotopy groups of
L18K(Z, 1) at dimensions ≤ 8 comes from the functor J3J3J2 in the Cur-
tis decomposition. To detect certain elements of the homotopy groups of
L18K(Z, 1), we need an information about the structure of the simplicial
abelian group JpJpJ2K(Z, 1) (for p = 3).
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Simplicial Group JpJpJ2K(Z, 1)

Let Ki = K(A, m) for some m ≥ 2. Then

πi(Jr1 (K1)⊗ SPr2 (K2)⊗ · · · ⊗ SPrn(Kn)) = 0,

i < 2r1 + m− 3 +
n∑

i=2

(2ri + m− 2) = 2r + n(m− 2)− 1

πi(Ki ⊗ SPr1 (K1)⊗ · · · ⊗ SPrn(Kn)) = 0,

i < m +
n∑

i=1

(2ri − 2 + m) = 2(r − 1) + (m− 2)n + m.

Thus, for m > 3, we have

πi(Jr(K1, . . . , Kn)) = 0, i < 2r + n(m− 2)− 1.

Therefore, for i ≤ 2r + 2(m− 2)− 1, we have

Li+1J
r(A, m + 1) = LiJ

r(A, m).

Therefore,

LiJ
r(A, m) = Li−1J

r(A, m− 1), i ≤ 2r + 2(m− 3),

provided m > 3. For the particular case p an odd prime and K(A, m) =
K(Zp, 2p− 1), we have

L4p−4J
p(Zp, 2p− 1) = L2pJ

p(Zp, 3),
L4p−3J

p(Zp, 2p− 1) = L2p+1J
p(Zp, 3),

L4p−2J
p(Zp, 2p− 1) = L2p+2J

p(Zp, 3),
L4p−1J

p(Zp, 2p− 1) = L2p+3J
p(Zp, 3), p > 3

The following result is an immediate consequence of the exact sequence
for the functorSP2 analogous to (A.31) given by [Bau00]:

Proposition 5.42 Let X be a free abelian simplicial group with πi(X) =
0, i < k and πj(X)⊗Z2 = Tor(πj(X), Z2) = 0 for all j. Then πi(SP2(X)) =
0, i < 2k + 1.

Let X be a free abelian simplicial group with πi(X) = 0, i < k. Then,
clearly, πi(⊗n(X)) = 0, i < nk. Since the composition

Lt(M)→ ⊗t(M)→ Lt(M)
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is just the multiplication with t, we have that

tπiL
t(X) = 0, t < nk.

Using the induction, we conclude:

Proposition 5.43 Let X be a free abelian simplicial group with πi(X) =
0, i < k and πj(X) are finite p-torsion free for all j. Then πi(SPp(X)) =
0, i < pk.

Let p be an odd prime. We have πi(SPp−1 K(Zp, 3)⊗K(Zp, 3)) = 0, i <
3p. Hence

L4p−4J
p(Zp, 2p− 1) = L2pJ

p(Zp, 3) = L2p+1 SPp(Zp, 3),
L4p−3J

p(Zp, 2p− 1) = L2p+1J
p(Zp, 3) = L2p+2 SPp(Zp, 3),

L4p−2J
p(Zp, 2p− 1) = L2p+2J

p(Zp, 3) = L2p+3 SPp(Zp, 3),
L4p−1J

p(Zp, 2p− 1) = L2p+3J
p(Zp, 3) = L2p+4 SPp(Zp, 3), p > 3

The following statements are due to Dold and Puppe:

Theorem 5.44 (Dold - Puppe [Dol61, Satz 12.10]). Let X be a free simplicial
abelian group with πi(X) = 0, i < k (k > 1). Then
(1) the suspension homomorphism

πi(SPn(X))→ πi+1(SPn(ΣX))

is an isomorphism for i < 2k + 2n− 4 and epimorphism for i = 2k + 2n− 4,
(2) if p a prime, n = pr, r > 0

πk+2n−2(SPn(X)) 	 πk(X)⊗ Zp.

(3) if p a prime, n = pr, r > 0,

pπi(SPn(X)) = 0, i < 2k + 2n− 4.

Taking n = p, X = K(Zp, 3), Theorem 5.44 2) implies that

L2p+1 SPp(Zp, 3) = Zp.

Hence,
L4p−4J

p(Zp, 2p− 1) = Zp. (5.56)

In particular, L8J
3J3J2(Z, 1) = Z3.

We can complete the results of the above analysis in the following table of
the lower terms of the Curtis spectral sequence:
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n 1 2 4 6 8 10 12 14 16 18
L8L

n(Z, 1) 0 0 0 0 0 0 0 0 ? Z3
L7L

n(Z, 1) 0 0 0 0 Z2 0 0 0 Z2 ⊕ Z2 0
L6L

n(Z, 1) 0 0 0 0 0 0 0 0 Z2 ⊕ Z2 0
L5L

n(Z, 1) 0 0 0 Z3 Z2 0 0 0 Z2 0
L4L

n(Z, 1) 0 0 0 0 Z2 0 0 0 0 0
L3L

n(Z, 1) 0 0 Z2 0 0 0 0 0 0 0
L2L

n(Z, 1) 0 Z 0 0 0 0 0 0 0 0
L1L

n(Z, 1) Z 0 0 0 0 0 0 0 0 0

As a corollary we get the low dimensional homotopy groups of the 2-sphere:

π2(S2) = Z,

π3(S2) = Z,

π4(S2) = Z2,

π5(S2) = Z2.

Also we have that the group π6(S2) has 12 elements. Another well-known
result, which easily follows by the described methods is that the groups π7(S2)
and π8(S2) are 2-groups. The simplest non-trivial differential in the Curtis
spectral sequence is given by

d8 : L7L
8(Z, 1)→ L6L

16(Z, 1).

p-torsion in π∗(S2)

The following well-known result, due to Serre, gives some information about
p-torsion in homotopy groups of S2:

Theorem 5.45 (Serre [Ser51]). The p-torsion of groups πi(S2) is Zp for i =
2p, 4p− 3 and trivial for i < 2p and 2p < i < 4p− 3.

Here we deduce this result as a consequence of a simple analysis of the
Curtis spectral sequence.

Lemma 5.46 Let p be an odd prime. Then LiL
j(Z, 1) does not contain p-

torsion for i < 2p− 1.

Proof. Suppose LiL
j(Z, 1) contains a subgroup Zp for some i < 2p−1. Then

the Curtis decomposition implies that there is a sequence (i1, . . . , im), such
that

LiJ
imJ im−1 . . . J i1 (Z, 1) ⊇ Zp. (5.57)

Proposition 5.35 implies that i1 = 2. Then J i2J i1K(Z, 1) is K(Zi2 , 2i2 − 1).
Suppose (i2, p) = 1. In this case one has the triviality of the p-torsion
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part Tor(LiJ
imJ im−1 . . . J i1 (Z, 1), Zp) = 0 and we have a contradiction with

(5.57). Hence i2 = p · c, c ≥ 1. In this case J i2J i1K(Z, 1) is (2p · c − 2)-
connected. Therefore, the simplicial group J imJ im−1 . . . J i1K(Z, 1) is also
(2p · c − 2)-connected, which contradicts (5.57). Hence the assumption is
not possible and the statement is proved. �

Analogous analysis of the triple composition functors J i3J i2J i1K(Z, 1)
implies the following:

Lemma 5.47 Let p be an odd prime. Then LiL
j(Z, 1) does not contain p-

torsion for 2p− 1 < i < 4p− 4.

One can easily check that Tor(L4p−4L
n(Z, 1), Zp) = 0 for n 
= 2p2 and

Tor(L4p−3L
n(Z, 1), Zp) = 0 for n < 2p2. Now Theorem 5.45 follows from

Corollary 5.40, isomorphism (5.56), Lemmas 5.46, 5.47 and the spectral se-
quence argument.

Derived Series Filtration

One can easily see the analogy between Curtis decomposition of Lie func-
tors and derived series methods used for the proof of Theorem 3.2 (com-
pare definition of γ(n)(F (k)) with definition of the metabelian Lie functors
Jn : Ab → Ab). This analogy gives a natural motivation to define a derived
series filtration for homotopy groups of simplicial groups.

For a given simplicial group G, consider the following filtration of the
graded abelian groups:

π∗(G) ⊇ π
(1)
∗ (G) ⊇ π

(2)
∗ (G) ⊇ . . . ,

where

π
(i)
∗ (G) = ker{π∗(G)→ π∗(G/δi(G))}, i = 1, 2, . . .

and the dual filtration:

π̄
(1)
∗ (G) ⊆ π̄

(2)
∗ (G) ⊆ · · · ⊆ π∗(G),

defined as π̄
(i)
∗ (G) = π∗(G) \ π

(i)
∗ (G), i = 1, 2, . . . .

For the free simplicial group F [S1], the above analysis shows that

π̄
(1)
1 (F [S1]) = π1(F [S1]), π

(1)
i (F [S1]) = 0, i > 1,

π̄
(2)
2 (F [S1]) = π2(F [S1]), π̄

(2)
i (F [S1]) = 0, i > 2,

π̄
(3)
2p−1(F [S1]) % Serre’s p-element, which defines the p-torsion of π2p(S2),
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π̄
(4)
4p−4(F [S1]) % Serre’s p-element, which defines the p-torsion of π4p−3(S2),

π̄
(5)
5 (F [S1]) % 2-torsion element of π6(S2),

π̄
(5)
6 (F [S1]) % generator of π7(S2).

Roughly speaking, the ith term of this derived series filtration consists
of the homotopy elements which come from derived functors of components
of the Lie functor which can be decomposed as a composition of (i − 1)
metabelian Lie functors, i.e., the J-functors.

Connectivity Results

Consider the Koszul complexes (5.40) and (5.41). Define the functors

Vi, n, V i, n : Ab→ Ab, i = 1, . . . , n

by setting

Vi, n(P ) = ker(di) = ker{∧i(P )⊗ SPn−i(P )→ ∧i−1(P )⊗ SPn−i+1(P )}
V i, n(P ) = ker(d̄i) = ker{Γi(P )⊗ ∧n−i(P )→ Γi−1(P )⊗ ∧n−i+1(P )}

The functors Vi, n, V i, n are particular cases of the so-called Schur functors.
By definition, V1, n(P ) = Jn(P ).

For a free group P and the identity homomorphism f : P → P , the Koszul
complexes Kosn(f), Kos

n
(f) are acyclic. Hence, for every free abelian group

P , we have the following sequence of short exact sequences:

0→ V1, n(P )→ SPn−1(P )⊗ P → SPn(P )→ 0,

0→ V2, n(P )→ SPn−2(P )⊗ ∧2(P )→ V1, n(P )→ 0,

· · ·
0→ Vn, n(P )→ ∧n(P )→ Vn−1, n(P )→ 0,

0→ V 1, n(P )→ ∧n−1(P )⊗ P → ∧n(P )→ 0,

0→ V 2, n(P )→ ∧n−2(P )⊗ Γ2(P )→ V 1, n(P )→ 0,

· · · ,
0→ V n, n(P )→ Γn(P )→ V n−1, n(P )→ 0.

Hence, for every free simplicial abelian group X, we obtain the following
exact sequences of homotopy groups:

· · · → πk+1(SPn(X))→ πk(V1, n(X))

→ πk(SPn−1(X)⊗X)→ πk(SPn(X))→ . . . ,
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· · · → πk+1(V1, n(X))→ πk(V2, n(X))

→ πk(SPn−2(X)⊗ ∧2(X))→ πk(V1, n(X))→ . . . ,

· · ·

· · · → πk+1(Vn−1, n(X))→ πk(Vn, n(X))
→ πk(∧n(X))→ πk(Vn−1, n(X))→ . . . ,

· · · → πk+1(∧n(X))→ πk(V 1, n(X))

→ πk(∧n−1(X)⊗X)→ πk(∧n(X))→ . . . ,

· · · → πk+1(V 1, n(X))→ πk(V 2, n(X))

→ πk(∧n−2(X)⊗ Γ2(X))→ πk(V 1, n(X))→ . . . ,

· · ·

· · · → πk+1V n−1, n(X)→ πk(V n, n(X))

→ πk(Γn(X))→ πk(V n−1, n(X))→ . . . .

Hence, the inductive argument and (A.15) imply the following:

Theorem 5.48 (Dold - Puppe [Dol61, Satz 12.1]). Let X be a free abelian
simplicial group and k ≥ 1, n ≥ 2 be integers. If πi(X) = 0, i < k, then

πi(SPn(X)) = 0,

{
for i < n, provided k = 1,
for i < k + 2n− 2, provided k > 1.

The above result yields the following

Corollary 5.49 Let X be a free abelian simplicial group and r ≥ 2, k ≥ 1
be integers. If πi(X) = 0, i < m, then

πi(Jr(X)) = 0,

{
for i < r − 1, provided m = 1,
for i < m + 2r − 3, provided m > 1.

Proof. Proposition 5.28 implies that there exists an exact sequence of ho-
motopy groups

· · · → πi+1(SPr(X))→ πi(Jr(X))→ πi(X ⊗ SPr−1(X))→ . . .
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In view of Theorem 5.48 and Künneth Theorem (see (A.15)), if k > 1, we
have

πi(Jr(X)) = 0, i < min{m + 2r − 3, 2m + 2r − 4} = m + 2r − 3;

furthermore, if m = 1 then πi(Jr(X)) = 0, i < r − 1. �

Proof of Theorem 5.27 In view of Kan’s version of Hurewicz Theorem
for free simplicial groups (see A.10), it suffices to prove the following:

Let X be a free abelian simplicial group with πi(X) = 0, i ≤m, then πi(Lr(X)) =
0, i ≤ {m + log2 r}, where for an integer a, {a} is the least integer greater or equal
than a.

In view of the Curtis decomposition of the functor Lr(X) (see Theorem 5.29),
it is enough to prove the above statement for the components GtLr(X), t ∈
B(r). For a given t ∈ B(r) there is a unique decomposition t = t1 . . . th(t),
where all ti-s are basic types. Observe that h(t) ≥ log2 r. Therefore, it suffices
to prove the following

Let X be a free abelian simplicial group with πi(X) = 0, i ≤m, then πi(GtLr(X)) =
0, i ≤m + h(t).

We proceed by induction on r ≥ 2. For r = 2 the statement follows from
Remark 5.34 and Corollary 5.49. Suppose r > 2 and the statement holds for
all 2 ≤ r′ < r.
Case I: Let t ∈ B1(r; a). Then

GtLr(X) 	 Gt0...tk−aLwt(t0...tk−a)(X)⊗ SPa(GtkLwt(tk)(X))

for some integers k, a and wt(tk) ≥ 2. By induction hypothesis,

πi(Gt0...tk−aLwt(t0...tk−a)(X)) = 0, i ≤ m + k − a.

The case a = 1 clearly follows from the Künneth formula (A.15). Suppose
a > 1. Applying Corollary 5.49 and induction hypothesis, we conclude that

πi(SPa(GtkLwt(tk)(X))) = 0, i ≤ {m + log2 wt(tk)}+ 2a− 2.

The Künneth formula (A.15) then shows that

πi(GtLr(X)) = 0, i ≤ m + k + a− 1 + {m + log2 wt(tk)}(≥ m + h(t))

and the needed statement follows.
Case II: Let t ∈ B2(r; a). Then

GtLr(X) 	 Ja+1(GtkLwt(tk)(X))

for some integers k, a. By induction hypothesis,
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πi(GtkLwt(tk)(X)) = 0, i ≤ m + h(t)− a.

Since h(t)− a ≥ 1, the needed statement follows from Corollary 5.49.
Case III: Let t = tgr. The statement follows from Corollary 5.49 and
Remark 5.34. �

p-Local Version

Proposition 5.50 Let X be a free abelian simplicial group with πi(X) =
0, i < m, p a prime, r < p, then Tor(πi(SPr(X)), Zp) = 0, i < rm.

Proof. For r = 2 the statement follows from (A.31) and the exact sequence

0→ ∧2(X)→ ⊗2(X)→ SP2(X)→ 0.

Suppose the statement is true for all s < p. If s + 1 < p, then consider the
following composition map

SPs+1(X)→ SPs(X)⊗X → SPs+1(X),

which is induced by multiplication with
(
s+1
1

)
= s + 1 (see [Dol61], Korollar

10.9) Since Tor(πi(SPs(X)), Zp) = 0, i < sm, we get

Tor(πi(SPs(X)⊗X), Zp) = 0, i < (s + 1)m.

Therefore, (s + 1)πi(SPs+1(X)) = 0, i < (s + 1)m and the needed statement
follows. �

Theorem 5.51 Let p be a prime, X a free simplicial group, such that
πi(X) = 0 for i ≤ m (m ≥ p). Then πi(γr(X)/γr+1(X)) is p-torsion free
for i ≤ {m + (2p− 3) logp r}.

Proof. The case p = 2 follows from Theorem 5.27. We assume p > 2. Again,
in view of the Curtis decomposition of the functor Lr(X) (see Theorem 5.29),
it is enough to prove the above statement for the components GtLr(X), t ∈
B(r). For a given t ∈ B(r) consider its decomposition t = t1 . . . tk, where all
ti-s are basic types.
Case I. First let t = tgr and GtLr(X) = Jr(X). For r ≥ p the statement
follows from Corollary 5.49, since

2r − 3 ≥ (2p− 3) logp r (r ≥ p).

Suppose that r < p. We have the following exact sequence

· · · → πi+1(SPr(X))→ πi(Jr(X))→ πi(SPr−1(X)⊗X)→ . . .
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and we conclude that Tor(πi(Jr(X)), Zp) = 0, i ≤ rm−1 due to Proposition
5.50. We have

m + (2p− 3) logp r ≤ rm− 1 (m ≥ p)

and the needed statement follows.
Case II. Let t ∈ B1(r; a). Then

GtLr(X) 	 Gt0...tk−aLwt(t0...tk−a)(X)⊗ SPa(GtkLwt(tk)(X))

for some integers k, a and wt(tk) ≥ 2. By induction hypothesis,

Tor(πi(Gt0...tk−aLwt(t0...tk−a)(X)), Zp) = 0,
i ≤ {m + (2p− 3) logp wt(t0 . . . tk−a)},

Tor(πi(GtkLwt(tk)), Zp) = 0, i ≤ {m + (2p− 3) logp wt(tk)}.

The case a = 1 follows from the Künneth formula. Suppose a > 1. Apply-
ing Theorem 5.48 induction hypothesis and Künneth formula, we conclude
that

Tor(πi(GtLr(X)), Zp) = 0,
i ≤ {m + (2p− 3) logp wt(t0 . . . tk−a)}+ 2a− 2 + {m + (2p− 3) logp wt(tk)}

(≥ m + (2p− 3) logp r)

and the needed statement follows.
Case III. Now suppose that t ∈ B2(r; a) and

GtLr(X) 	 Ja+1(GtkLwt(tk)(X))

for some integers k, a. By induction hypothesis,

Tor(πi(GtkLwt(tk)(X)), Zp) = 0, i ≤ m + (2p− 3) logp wt(tk).

The needed statement follows from Case I. �

Remark 5.52

The statement of Theorem 5.51 can not be generalized for all m ≥ 0 with
the same valuation. For example, one has

π4J
3K(Z3, 1) ⊇ Z3.

Remark 5.53

Take A = K(Z, 2). Then for a prime p > 2, one has

πi(Jp . . . Jp︸ ︷︷ ︸
n terms

A) = 0, i < (2p− 3)n



5.5 Computations and Connectivity Results 287

by Corollary 5.49. The exact sequence

πi+1(SPp Jp . . . Jp︸ ︷︷ ︸
n−1 terms

A)→ πi(Jp . . . Jp︸ ︷︷ ︸
n−1 terms

A)→

πi(SPp−1 Jp . . . Jp︸ ︷︷ ︸
n−1 terms

A⊗ Jp . . . Jp︸ ︷︷ ︸
n−1 terms

A)

and Proposition 5.50 imply the isomorphism

π2p−2(SPp Jp . . . Jp︸ ︷︷ ︸
n−1 terms

A) 	 π2p−3(Jp . . . Jp︸ ︷︷ ︸
n terms

A).

The induction argument together with Theorem 5.44 2) imply that

π(2p−3)n(Jp . . . Jp︸ ︷︷ ︸
n terms

A) = Zp.

Analyzing the connectivity of components in the Curtis decomposition of
Lpn

, one can see that only the component Jp . . . Jp︸ ︷︷ ︸
n terms

gives a contribution at

dimension (2p− 3)n and there is an isomorphism

π(2p−3)n(Lpn

A) = Zp, n ≥ 1.

Suspensions

Here we recall from [Ell08] a simple group-theoretical interpretation of nilpo-
tence of stable homotopy elements.

Consider n ≥ 1 and Milnor’s construction F [Sn]. We have the Curtis
spectral sequence (5.33), which converges to homotopy groups of the (n+1)-
sphere Sn+1. Theorem 5.27 and the sequence (A.31) imply the following:

πn+1(LiK(Z, n)) =

⎧⎪⎨⎪⎩
Z, i = 2, n = 1
Z2, i = 2, n ≥ 1
0, i > 2

Therefore,
πS

1 = πn+2(Sn+1) = Z2, n > 1.

Recall the argumets from [Wu,01, Example 2.21], where the fact that πS
1 = Z2

was proved using commutator calculus in F [Sn]. Consider the lower terms of
the simplicial group F [Sn]:
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F [Sn]n = F (σ),
F [Sn]n+1 = F (s0σ, . . . , snσ),
F [Sn]n+2 = F (sjsiσ | i < j),
. . .

In the simplicial group F [Sn] the following relations take place for i + 1 <
j ≤ n:

∂k([sj−1siσ, sj+1siσ]) =

{
[siσ, sjσ], k = j

1, k 
= j
(5.58)

∂k([si+2si+1σ, si+3siσ]) =

⎧⎪⎨⎪⎩
[si+1σ, si+2σ], k = i + 1
[si+1σ, siσ], k = i + 3
1 otherwise

(5.59)

∂k([si+2siσ, si+3si+1σ]) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
[si+1σ, si+2σ], k = i + 1
[siσ, si+2σ], k = i + 2
[siσ, si+1σ], k = i + 3
1 otherwise

(5.60)

Recall now the Homotopy Addition Lemma (see [Cur71], Theorem 2.4):

Theorem 5.54 Let G be a simplicial group, yi ∈ Gn, 0 ≤ i ≤ n + 1, djyi =
1, 0 ≤ j ≤ n. Then the following relation holds in πn(G)

[y0]− [y1] + [y2]− · · ·+ (−1)n+1[yn+1] = 0

(the operation is written additively) if and only if there exists an element
y ∈ Gn+1 such that diy = yi, 0 ≤ i ≤ n + 1.

Theorem 5.54 together with (5.58) imply that

[siσ, sjσ] ∈ B(F [Sn]), i + 1 < j. (5.61)

Theorem 5.54 together with (5.59) imply that

[si+1σ, si+2σ][si+1σ, siσ] ∈ B(F [Sn]). (5.62)

Analogously, (5.60) imply

[si+1σ, si+2σ][siσ, si+2σ]−1[siσ, si+1σ] ∈ B(F [Sn]).

Hence,
[si+1σ, si+2σ][siσ, si+1σ] ∈ B(F [Sn]) (5.63)

in view of (5.61). Now (5.62) and (5.63) imply that

[siσ, si+1σ]2 ∈ B(F [Sn]).
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Since the natural map F [Sn]→ F [Sn]/γ3(F [Sn]) of simplicial groups induces
isomorphism

πn+1(F [Sn])→ πn+1(F [Sn]/γ3(F [Sn])),

we can choose the generators of F [Sn]n+1 which define the non-trivial class
in πn+1(F [Sn]) as [siσ, si+1σ] for every 0 ≤ i ≤ n− 1.

It is easy to see that we can take also the element [s0σ, s1σ] in F [S1]2 as
a generator of π2(F [S1]) = π3(S2) = Z. Let us denote

F [S1]k = Fk = F (x0, . . . , xk−1)

with xi = sk−1 . . . ŝi . . . s0σ. Following [Wu,01], define another set of genera-
tors of Fk by setting:

yj = xjx
−1
j+1, j = 0, . . . , k − 2, yk−1 = xk−1.

It directly follows from the definition of homotopy groups of F [S1], that
πk(F [S1]) can be identified with a certain quotient of the intersection sub-
group 〈y0〉Fk ∩ . . . ∩ 〈yk−2〉Fk ∩ 〈y−1〉Fk , where y−1 = (y0 . . . yk−1)−1. As it
was shown in [Wu,01], this quotient is exactly the one, given in (A.21), i.e. the
boundaries in F [S1]k can be identified with normal subgroup [[y−1, . . . , yk−1]].

Now the generators of F [Sn]n+1 which define nontrivial homotopy class in
the first stable homotopy group πS

1 define the elements from F [S1]k, which
correspond the homotopy classes of composition maps

Sk+1 → Sk → · · · → S3 → S2,

where every map is viewed as a suspension over the Hopf fibration. Consider
these elements.
1. First, let F2 = F (y0, y1), then the element

[y0, y1] /∈ [[y−1, y0, y1]]

corresponds to the homotopy class of the Hopf fibration S3 → S2.

2. Let F3 = F (y0, y1, y2), then the element

[[y0, y1], [y0, y1y2]] /∈ [[y−1, y0, y1, y2]]

corresponds to the homotopy class of the composition map S4 → S3 → S2.

3. Let F4 = F (y0, y1, y2, y3), then the element

[[[y0, y1], [y0, y1y2]], [[y0, y1], [y0, y1y2y3]]] /∈ [[y−1, y0, y1, y2, y3]]

corresponds to the homotopy class of the composition map S5 → S4 → S3 →
S2.



290 5 Homotopical Aspects

4. Let F5 = F (y0, y1, y2, y3, y4), then the element

[[[[y0, y1], [y0, y1y2]], [[y0, y1], [y0, y1y2y3]]],
[[[y0, y1], [y0, y1y2]], [[y0, y1], [y0, y1y2y3y4]]]]

/∈ [[y−1, y0, y1, y2, y3, y4]]

corresponds to the homotopy class of the composition map S6 → S5 → S4 →
S3 → S2.

5. Let F6 = F (y0, y1, y2, y3, y4, y5), then the element

[[[[[y0, y1], [y0, y1y2]], [[y0, y1], [y0, y1y2y3]]],
[[[y0, y1], [y0, y1y2]], [[y0, y1], [y0, y1y2y3y4]]]],
[[[[y0, y1], [y0, y1y2]], [[y0, y1], [y0, y1y2y3]]],

[[[y0, y1], [y0, y1y2]], [[y0, y1], [y0, y1y2y3y4y5]]]]]
∈ [[y−1, y0, y1, y2, y3, y4, y5]]

corresponds to the (trivial !) homotopy class of the composition map

S7 → S6 → S5 → S4 → S3 → S2.

The triviality of this map can be proved using standard methods in homotopy
theory [Tod62]. This is the simplest case of the Nilpotence Theorem, due
to Nishida [Nis73], which states that every element in the ring of stable
homotopy groups of spheres is nilpotent.



Chapter 6

Miscellanea

In this Chapter we present assorted examples involving the group ring construction.

6.1 Power-closed Groups

Modular dimension subgroup play a fundamental role in understanding the
power structure of p-groups (see e.g., [Sco91], [Wil03]).

Let G be a p-group. Then G is said to be k-power closed, k ≥ 1, if every
product xpk

1 . . . xpk

n xi ∈ G, n ≥ 1, can be written as yp for some y ∈ G.

Theorem 6.1 (Wilson [Wil03]). If G is a p-group of nilpotency class less
than pk, then G is k-power closed.

This result is proved by carrying out an extensive study of the modular
dimension subgroups Dn, Fp

(G). Note that, for every x ∈ G and k ≥ 1,
xpk ∈ Dpk, Fp

(G); therefore, Theorem 6.1 follows from the following:

Theorem 6.2 (Wilson [Wil03]). Let G be a finite p-group such that γpk(G) ⊆
Dpk+1, Fp

(G) for some k. Then Dpk+�−1, Fp
(G) ⊆ {xp� |x ∈ G} for positive

integers �.

An immediate consequence of Theorem 6.2 is the following:

Corollary 6.3 (Wilson [Wil03]). Let G be a finite p-group of nilpotency
class c. Let k be the minimal integer such that c < pk+1. Then Dpk+�, Fp

(G) ⊆
{xp� |x ∈ G} for positive integers l.

6.2 Braid Groups

The lower central series of pure braid groups (see §1.2, p. 15) plays an im-
portant role in the theory of braid invariants. A singular pure braid is a

R. Mikhailov, I.B.S. Passi, Lower Central and Dimension Series of Groups, 291
Lecture Notes in Mathematics 1952,
c© Springer-Verlag Berlin Heidelberg 2009
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pure braid with a finite number of transversal intersections. Any invariant
of braids which takes values in some ring R can be viewed as a collection
of maps Pn → R, n ≥ 2. Let v : Pn → R be an invariant of pure braids.
Then we can extend v to be defined on singular braids, by the following rule
(so-called Vassiliev skein relation):

v( ) = v( )− v( ),

where the above diagrams represent braids which differ by one intersection
inside a ball and completely identical outside the ball. Clearly, this rule makes
it possible to extend the invariant v to be defined on singular pure braids. An
invariant v of pure braids is said to be an invariant of type k if its extension
vanishes on all singular braids with more than k double points. We say that
two braids B1 and B2 are k-equivalent if v(B1) = v(B2) for any invariant v of
type less than k.

One can formally view a singular pure braid with n strands as an element
of the integral group ring Z[Pn] by setting

= − ∈ Z[Pn]. (6.1)

Then the extension of the invariant v defines a Z-linear map

v̄ : Z[Pn]→ R.

Clearly, any singular braid with exactly one double point defines an element
of the augmentation ideal ∆(Pn) of Z[Pn], since it is a “difference” of two
pure braids. It is easy to see that any singular braid with exactly two double
points can be drawn as a composition of two singular braids with exactly one
double point each. In general, any singular braid with k double points can
be written as a composition of k singular braids with one double point each.
With composition of braids corresponding to the multiplication in the group
ring Z[Pn], any singular braid with n strands and more than k double points
represents an element from the kth power of the augmentation ideal of Z[Pn].
On the other hand, any pure braid can be deformed to the trivial one by the
sequence of crossed moves:

→ , →

This implies that the augmentation ideal of Z[Pn] is the Z-linear closure of
elements of the form (6.1), i.e., of singular braids with n strands. Similarly,
we conclude that the kth power of the augmentation ideal of Z[Pn] is the
Z-linear closure of singular braids with n strands and not less than k double
points.

Let p1 and p2 be pure braids with n strands. For k ≥ 1, the above argument
shows that there is an invariant v of type k which differs on p1 and p2 if and
only if p1−p2 determines a nontrivial element in the quotient Z[Pn]/∆k(Pn);
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this is equivalent to saying that 1 − p1p
−1
2 /∈ ∆k(Pn), i.e., p1p

−1
2 /∈ Dk(Pn),

the kth dimension subgroup of Pn. It is easy to see, in view of (Chapter 1,
1.6), that the lower central series and the dimension series are identical for
the pure braid groups. Hence, we have the following

Proposition 6.4 Two pure braids p1, p2 with n strands are k-equivalent if
and only if p1p

−1
2 ∈ γk(Pn).

A similar equivalence occurs in the case of classical knots. Every knot is
the closure of some braid. However, different braids can determine isotopical
knots. In analogy with singular braids, one can define the singular knots and
type k invariants as knot isotopy invariants which vanish for singular knots
with more than k double points. As for braids, we say that two knots K1 and
K2 are k-equivalent if v(K1) = v(K2) for any invariant v of type less than k.

Theorem 6.5 (Stanford [Sta98]). Let K1 and K2 be knots. Then K1 and K2
are k-equivalent if and only if there exists a braid b ∈ Bn and a pure braid
p ∈ Pn for some n, such that K1 is the closure of b, but K2 is the closure
of bp.

Remark. It may be noted that the residual nilpotence of the pure braid
groups implies that non-equal (non-isotopical) braids always differ by some
invariant of finite type. However, the same result for knots does not follow
immediately and the conjecture about completeness of invariants of finite
type for knots is still open.

6.3 3-dimensional Surgery

The applications of the dimension subgroup theory to the 3-dimensional
surgery was discovered by G. Massuyeau [Mas07]. Here we recall the con-
struction from [Mas07].

Let S be a surface. The mapping class group M(S) of S is the group of
all isotopy classes of orientation-preserving homeomorphisms of S to itself.
There is a natural action of M(S) on the first homology group of S, hence
there is a natural homomorphism

Ψ :M(S)→ Aut(H1(S)).

The kernel of Ψ is called Torelli group of S and denoted by I(S). The home-
omorphisms of S to itself acting trivially on homology are called Torelli au-
tomorphisms.

Let M be a compact oriented 3-dimensional manifold and H ⊂M a han-
dlebody. Consider a Torelli automorphism h : ∂(M)→ ∂(M). Then one can
construct a new 3-dimensional manifold Mh in the following way:
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Mh = (M \ int(H)) ∪h H.

The transformation
M � Mh

is called a Torelli surgery. One can naturally generalize this definition for the
case

M � MI

where I is a set of pairwise disjoint handlebodies in M with selected Torelli
automorphisms.

Following M. Goussarov and K. Habiro, given k ≥ 1, call two compact
oriented 3-manifolds M and N, Yk-equivalent if there exists a Torelli auto-
morphism h, which belongs to the k-th term of lower central series of the
Torelli group ∂(H), such that

M � Mh = N.

Let A be an abelian group and f a topological invariant of compact oriented
3-manifolds with values in A. We call f an invariant of degree at most d if, for
any manifold M and every set Γ of pairwise disjoint handlebodies Hi, i ∈ Γ
with selected Torelli automorphisms hi : ∂(Hi)→ ∂(Hi), i ∈ Γ, the following
identity holds: ∑

Γ ′⊂Γ

(−1)|Γ
′ | · f(MΓ ′) = 0 ∈ A.

Two Yk+1-equivalent manifolds are not distinguished by invariants of degree
at most k [Mas07]. The converse statement is proved for integral homology
3-spheres by M. Goussarov and K. Habiro [Hab00], [Gou99]; however, in
general, the converse statement is not true [Mas07]. The special interest of
the equivalence of the above equivalence relations is in the case of homology
cylinders. Given an oriented surface Σ, the homology cylinder over Σ is a
cobordism M between Σ and −Σ, which can be obtained from Σ× [1,−1] by
a Torelli surgery. Homology cylinders form a natural monoid Cyl(Σ), where
the product is the composition of cobordisms. It is shown in [Hab00] and
[Gou99] that the quotient of the monoid Cyl(Σ) by the Yk+1-equivalence
relation is a group.

In [Hab00] and [Gou99] the following filtration of the monoid Cyl(Σ) is
introduced:

Cyl(Σ) = Cyl1(Σ) ⊇ Cyl2(Σ) ⊇ Cyl3(Σ) ⊇ . . . ,

where

Cylk(Σ) = {M ∈ Cyl(Σ) | M is Yk − equivalent to Σ× [1,−1]}.

For 1 ≤ k ≤ l, the quotients Cylk(Σ)/Yl are finitely generated subgroups of
Cyl(Σ)/Yl and for 1 ≤ k1 + k2 ≤ l, one has
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[Cylk1
(Σ)/Yl,Cylk2

(Σ)/Yl] ⊆ Cylk1+k2
(Σ)/Yl

(see [Hab00], [Gou99]). The following result provides a connection between
the above equivalence relations and the dimension subgroup theory.

Theorem 6.6 (Massuyeau [Mas07]). Let 1 ≤ d ≤ k. The following state-
ments are equivalent:

(1) The homology cylinders over a surface Σ are Yd+1-equivalent if and
only if the Z-valued invariants of degree ≤ d do not separate them.

(2) Dd+1(Cyl(Σ)/Yk+1) = Cyld+1(Σ)/Yk+1.

Note that the problem of description of dimension subgroups Dd+1(Cyl(Σ)/
Yk+1) seems to be highly non-trivial. It is shown in [Mas03] that the group
Cyl(Σ)/Y2 contains elements of order 2.

6.4 Vanishing Sums of Roots of Unity

We mention next an interesting application, due to T. Y. Lam and K. H.
Leung [Lam00], to a problem in number theory.

Given a natural number m, the problem asks for the computation of the set
W (m) of all the possible integers n for which there exist mth roots of unity
α1, . . . , αn in the field C of complex numbers such that α1 + · · ·+ αn = 0.

Let G = 〈z〉 be a cyclic group of order m. Let m = pa1
1 . . . par

r be the
prime factorization of m with p1 < . . . < pr and ζ = ζm a primitive mth root
of unity. Let N[G] be the subgroup of Z[G] consisting of elements α ∈ Z[G]
with coefficients in N, the set of non-negative integers. Consider the ring
homomorphisms

ϕ : Z[G]→ Z[ζ], ε : Z[G]→ Z (6.2)

defined by z �→ ζ and z �→ 1 respectively.

Since, for every prime p and a primitive pth root ζ of unity,

1 + ζ + · · ·+ ζp−1 = 0,

it is easy to see that
Np1 + · · ·+ Npr ⊆W (m). (6.3)

That equality holds in (6.3) follows from the following

Theorem 6.7 (Lam - Leung [Lam00]). For every α ∈ N[G] ∩ ker ϕ, ε(α) ∈∑r
i=1 Npi.

Call a nonzero element x ∈ N[G] ∩ ker ϕ to be minimal if it cannot be
decomposed as a sum of two nonzero elements in N[G]∩ker ϕ. For any group
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H, let
σ(H) :=

∑
h∈H

h ∈ N[H].

Let Pi be the unique subgroup of G of order pi. The elements g.σ(Pi) with
g ∈ G and i − 1, . . . , r, are clearly all minimal elements in N[G] ∩ ker(ϕ);
call these elements symmetric minimal elements. The crux of the argument
in the proof of Theorem 6.7 is the following

Theorem 6.8 (Lam - Leung [Lam00]). For any minimal x ∈ N[G] ∩ ker(ϕ),
either

(A) x is symmetric, or

(B) r ≥ 3 and ε(x) ≥ ε0(x) ≥ p1(p2 − 1) + p3 − p2 > p3, where ε0(x) denotes the
cardinality of the support of x.

To deduce Theorem 6.7 from Theorem 6.8, note that it clearly suffices to
consider minimal elements in N[G]∩ker(ϕ). By Theorem 6.8, such an element
is either symmetric or r ≥ 3 and ε(x) ≥ p1(p2 − 1) + p3 − p2. Thus either
ε(x) = pi for some i, or

ε(x) > p1(p2 − 1) > (p1 − 1)(p2 − 1),

and consequently ε(x) ∈ Np1 + Np2. �

We thus have

Theorem 6.9 (Lam - Leung [Lam00]). For any natural number m,

W (m) = Np1 + · · ·+ Npr,

where p1, . . . , pr are all the distinct prime divisors of m.

The above result in turn has an application to representation theory of
finite groups.

Theorem 6.10 (Lam - Leung [Lam00]). Let χ be the character of a represen-
tation of a finite group G over a field F of characteristic 0. Let g ∈ G be an
element of order m = pa1

1 . . . par
r (where p1 < p2 < . . . pr) such that χ(g) ∈ Z,

and let t := χ(1) + |χ(g)|. If χ(g) ≤ 0, then t ∈
∑

Npi. If χ(g) > 0 and t is
odd, then t ≥ �, where � (= p1 or p2) is the smallest odd prime dividing m.

6.5 Fundamental Groups of Projective Curves

Let k be an algebraically closed field of characteristic p > 0. For a projective
curve D over k, let πA(D) denote the set of isomorphism classes of finite
groups occurring as Galois groups of un-ramified Galois covers of D. A group
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G occurs as a quotient of the fundamental group π1(D) if and only if it lies
in πA(D). For an integer g ≥ 0, let πA(g) denote the set of finite groups G
for which there exists a curve D of genus g such that G lies in πA(D). Let
d(G) denote the minimal number of generators of the group G, and let t(G)
denote the number of generators of the augmentation ideal gk, of the group
algebra k[G], as a k[G] module.

Theorem 6.11 (Stevenson [Ste98]). Let g ≥ 2 be a positive integer and let
G be a finite group with normal Sylow p-subgroup P , such that d(G/P ) ≤ g.
Then G lies in πA(g) if and only if t(G) ≤ g.



Appendix A

Simplicial Methods

A.1 Chain Complexes

For any commutative ring R, a chain complex K of R-modules is a family
{Kn, dn} of R-modules Kn and R-homomorphisms dn : Kn → Kn−1, defined
for all integers n such that dndn+1 = 0. An n-cycle of K is an element of the
submodule Cn(K) = ker dn, and an n-boundary is an element of dn+1(Kn+1).
The homology of K, denoted H(K), is the family of modules

Hn(K) = ker dn/im dn+1.

If K and K ′ are complexes, a chain transformation f : K → K ′ is a family
of module homomorphisms fn : Kn → K ′n, such that for all n

d′nfn = fn−1dn.

Denote by Ch(R) the category of chain complexes of R-modules, i.e., the
category whose class Ob(Ch(R)) of objects consists of the chain complexes K,
and the set HomCh(R)(K, K ′) of morphisms between two objects K, K ′ is
the set of all chain transformations f : K → K ′. Every chain transformation
f ∈ HomCh(R)(K, K ′) induces a family of homomorphisms

Hn(f) : Hn(K)→ Hn(K ′)

defined by

Hn(f)(c + dKn+1) = f(c) + dK ′n+1, c ∈ ker dn.

A chain homotopy s between two chain transformations f, g ∈ HomCh(R)
(K, K ′), denoted s : f 	 g, is a family of module homomorphisms

sn : Kn → K ′n+1

299
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such that

d′n+1sn + sn−1dn = fn − gn.

Theorem A.1 If s : f 	 g : K → K ′, then

Hn(f) = Hn(g) : Hn(K)→ Hn(K ′), −∞ < n <∞.

A chain transformation f ∈ HomCh(R)(K, K ′) is said to be a chain equiv-
alence if there exists a chain transformation h ∈ HomCh(R)(K ′, K) and ho-
motopies hf 	 1K , fh 	 1K ′ .

Corollary A.2 If f ∈ HomCh(R)(K, K ′) is a chain equivalence, then the
induced map Hn(f) : Hn(K)→ Hn(K ′) is an isomorphism for each n.

A.2 Simplicial Objects

Let C be a category. A simplicial object X∗ in C is a family {Xi}i≥0, Xi ∈
Ob(C) together with two families of morphisms

di ∈ HomC(Xq, Xq−1), si ∈ HomC(Xq, Xq+1), 0 ≤ i ≤ q,

called the face and the degeneracy maps respectively, which satisfy the fol-
lowing identities:

didj = dj−1di, i < j,

sisj = sj+1si, i ≤ j,

disj = sj−1di, i < j,

djsj = dj+1sj = id,

disj = sjdi−1, i > j + 1.

(A.1)

A simplicial morphism f : X∗ → Y∗ is a family fi ∈ HomC(Xi, Yi), i ≥ 0, of
morphisms compatible with the face and the degeneracy maps. The category
of simplicial objects in C will be denoted by SC.

The simplicial category (also called ordinal number category) ∆ consists of
the objects

Ob(∆) = {[n] := {0, 1, . . . , n}}

and order preserving maps {f : [n]→ [m]} as elements of Hom∆([n], [m]). In
particular, there are the following morphisms, called the face and degeneracy
maps, in this category:
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δi : [n− 1]→ [n], 0 ≤ i ≤ n,

σi : [n + 1]→ [n], 0 ≤ i ≤ n,

δi : {0 , 1 , . . . , n− 1} → {0 , 1 , . . . , i− 1 , i + 1 , . . . , n},
σi : {0 , 1 , . . . , n + 1} → {0 , 1 , . . . , i , i , . . . , n}.

It is easy to check that the maps δi, σi satisfy the following cosimplicial
relations:

δjδi = δiδj−1, i < j,

σjσi = σiσj+1, i ≤ j,

σjδi = δiσj−1, i < j,

σjδj = σjδj+1 = id,

σjδi = δi−1σj , i > j + 1.

(A.2)

Furthermore, all elements of Hom∆(− ,−) can be written as compositions of
these face and degeneracy maps. It thus turns out that a simplicial object in
a category C is simply a contravariant functor from the simplicial category
∆ to C, i.e.

SC = {∆op → C},

where ∆op denotes the opposite category of the category ∆. By a simplicial
group (resp. ring, abelian group, topological space, etc.) we shall mean a
simplicial object in the category of groups (resp. the corresponding category).

Example A.3

For a given topological space X, the total singular complex S(X) of X is the
simplicial set defined as follows.
For n ≥ 0, let

∆n = {(x0 , . . . , xn) ∈ Rn+1 | 0 ≤ xi ≤ 1,
n∑

i=0

xi = 1}.

Define

ei : ∆n−1 → ∆n, 0 ≤ i ≤ n,

fj : ∆n+1 → ∆n, 0 ≤ i ≤ n,

by

ei : (x0, . . . , xn) �→ (x0, . . . , xi−1, 0, xi, . . . , xn),
fj : (x0, . . . , xn+1) �→ (x0, . . . , xj−1, xj + xj+1, xj+2, . . . , xn+1).

A singular n-simplex of X is a continuous map σ : ∆n → X. The family
{S(X)n}n≥0 of sets is a simplicial set with the face and degeneracy maps
given by
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di : S(X)n → S(X)n−1, 0 ≤ i ≤ n,

sj : S(X)n → S(X)n+1, 0 ≤ j ≤ n,

defined by
di(σ) = σ ◦ ei, sj(σ) = σ ◦ fj , σ ∈ S(X)n.

Let R be a simplicial ring. Then a simplicial abelian group M is called a
left simplicial R-module (or, simply an R-module), if there exists a simplicial
map f : R×M →M such that, for each i, fi defines an Ri-module structure
on Mi. Similarly, if G is a simplicial group, we can define simplicial G-set
(resp. simplicial G-space) to be a simplicial set X (resp. topological space)
with a simplicial map G×X → X.

A.3 Geometric Realization Functor

Let X be a simplicial set. The geometric realization |X| of X is the topological
space obtained from the disjoint union⋃

n

(Xn ×∆n),

where the set Xn is viewed as a topological space with discrete topology, by
making the following identifications:

(dix, p) ∼ (x, eip), (x, p) ∈ Xn ×∆n−1,

(six, p) ∼ (x, fip), (x, p) ∈ Xn−1 ×∆n.

This construction defines the geometric realization functor

| | : SSet→ Top

from the category SSet of simplicial objects in the category Set of sets to the
category Top of topological spaces.

The geometric realization can also be described as the coequalizer⊔
φ:[n]→[m]

(Xm ×∆n)−→−→
⊔
n

(Xn ×∆n) −→ |X|.

A.4 Skeleton and Coskeleton Functors

Let ∆k be the full sub-category of the category ∆ consisting of sets of cardi-
nality at most k + 1, k ≥ 0. Then any element from

SkC := {∆op
k → C}
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is called a k-truncated simplicial object in C. Clearly, for any k ≥ 0, we have
a functor

Trk : SC → SkC,

which “truncates” the simplicial object at level k, i.e., forgets the part of
simplicial object which appears in dimensions greater than k. It is known
that, in case C has finite colimits, the functor Trk has a left adjoint functor
skk, called the k-skeleton functor. Similarly, if C has finite projective limits,
then Trk admits a right adjoint functor coskk, called the k-coskeleton functor.
The k-skeleton functor can be constructed precisely by iterating the process
of taking the so-called simplicial cokernels. For the detailed description of
this construction, see [Dus75].

Example A.4

Let F be a free group with generators {xi}i∈I and R its normal subgroup
generated, as a normal subgroup, by the set {rj}j∈J . Consider the free prod-
uct F1 = F ∗ FR, where FR is the free group with basis {yj}j∈J . Then we
have the following three homomorphisms between free groups:

d0 : F1 → F, xi �→ xi, i ∈ I, yj �→ 1, j ∈ J,

d1 : F1 → F, xi �→ xi, i ∈ I, yj �→ rj , j ∈ J,

s0 : F → F1, xi �→ xi, i ∈ I.

It easy to see that the simplicial identities are satisfied for these maps and
we have the 1-truncated simplicial group

S(X ,R) = F1

d0−→d1−→s0←−
F.

We describe the 1-skeleton of this simplicial group. We have

sk1 S(X ,R)0 = F = F (xi, i ∈ I),

sk1 S(X ,R)1 = F1 = F (s0(xi) , rj , i ∈ I, j ∈ J),

sk1 S(X ,R)2 = F (s1s0(xi) , s0(rj) , s1(rj), i ∈ I, j ∈ J),

sk1 S(X ,R)3 = F (s2s1s0(xi) , s1s0(rj) , s2s1(rj) , s2s0(rj), i ∈ I, j ∈ J),
· · ·

where, for a set X, by F (X) we mean the free group generated by X. One
can easily write the simplicial maps in sk1(S(X,R)) in a natural way.

In a similar way, we can define the simplicial Lie algebra sk1 S(X,R) for
the case of a free Lie algebra F generated the the set {xi}i∈I and its ideal
R, which is a smallest ideal containing the set of elements {rj ∈ F}, j ∈ J .
Then we get the 1-truncated simplicial Lie algebra S(X,R) and its 1-skeleton,
viewed as a simplicial Lie algebra.
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A.5 Moore Complex and Homotopy Groups

Let C be one of the following categories:

Gr:= the category of groups,
Lie:= the category of Lie algebras,
RMod:= the category of R-modules for some commutative ring R with identity.

For a given simplicial object X ∈ SC, define a complex (N∗(X), d̄∗), called
the Moore complex of X, by setting

Nn(X) =
⋂

0≤i<n

ker(di : Xn → Xn−1), (A.3)

and the homomorphism d̄n to be the restriction of dn : Xn → Xn−1 on
Nn(X).

The homotopy groups πi(X), i ≥ 0, of a given simplicial object X∗ ∈ SC
are defined as the homologies of its Moore complex:

πi(X) := Hi(N∗(X), d̄∗), i ≥ 0. (A.4)

It is easy to show that, for any X ∈ SC, πi(X) is an abelian group for i ≥ 1.
For a given simplicial group G, denote by Zn(G) the nth chain subgroup

of Gn, i.e.,
Zn(G) = ker(d̄n) =

⋂
0≤i≤n

ker(di),

and by Bn(G) the nth boundary subgroup of Gn, i.e.,

Bn = im(d̄n+1).

Thus we have, by definition,

πn(G) = Zn(G)/Bn(G), n ≥ 0.

In the case of an abelian simplicial group G, there is an equivalent way to
compute the homotopy groups. Consider the chain complex {Gn, dn}, where

dn =
n∑

i=0

(−1)idi : Gn → Gn−1.

It can be checked directly that dn ◦ dn+1 = 0, and

πi(G) = Hi(Gn, dn).

The following Proposition follows directly from the definition of homotopy
groups of simplicial groups (resp. R-modules).
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Proposition A.5 Let 1 → H → G → K → 1 be a short exact sequence of
simplicial groups (resp. simplicial R-modules). Then there exists an induced
long exact sequence of homotopy groups:

. . . → πi+1(H)→ πi+1(G)→ πi+1(K)→ πi(H)→ . . .

It is easy to see that, for any simplicial group G, the π0-functor coincides
with the coequilizer functor:

π0(G) = coeq(G1
d0, d1−→−→ G0).

A similar formula holds for simplicial R-modules.
For a given element f ∈ G0, there is a simplicial automorphism Ff : G→ G

defined by
Ff : x �→ (sn

0 f)−1xsn
0 f, x ∈ Gn. (A.5)

Let f ∈ B0(G), that is f = d1f1, where d0f1 = 1. Then

sn
0 d1f1 = sn−1

0 d2s0f1 = . . . = dn+1s
n
0 f1, n ≥ 1

and
dis

n
0 f1 = s0di−1s

n−1
0 f1 = . . . = sn

0 d0f1 = 1, 0 ≤ i ≤ n;

hence
sn

0 f = sn
0 d1f1 ∈ Bn(G).

Therefore, the map Ff defines an action of the group π0(G) on the abelian
group πn(G), n ≥ 1, i.e., πn(G) can be viewed as a Z[π0(G)]-module.

The computation of π1(G), even for the case of quite simple simplicial
groups G, can turn out to be nontrivial. We present the computation for the
case of simplicial groups which generalizes Example A.4.

Example A.6

(Brown-Loday [Bro87]) Let G be a simplicial group, such that G2 is generated
by degeneracy elements, i.e.,

G2 = 〈s0(G1), s1(G1)〉. (A.6)

Then
im(d2) = [ker(d1), ker(d2)]. (A.7)

Hence, we have

π1(G) =
ker(d0) ∩ ker(d1)
[ker(d0), ker(d1)]

. (A.8)
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In Example A.4, the condition (A.6) clearly holds for the 1-skeleton
sk1 S(X, R). Therefore, the formula (A.8) holds. Clearly, we have

ker(d0) = 〈yj , j ∈ J〉F1 ,

ker(d1) = 〈yjr
−1
j , j ∈ J〉F1 ,

and

π1(sk1 S(X, R)) =
〈yj , j ∈ J〉F1 ∩ 〈yjr

−1
j , j ∈ J〉F1

[〈yj , j ∈ J〉F1 , 〈yjr
−1
j , j ∈ J〉F1 ]

. (A.9)

The action of π0(G) on π1(sk1 S(X, R)) is given by conjugation:

fR ◦ x[ker(d0), ker(d0)] = f−1xf [ker(d0), ker(d1)],
x ∈ ker(d0) ∩ ker(d1), x ∈ F (X).

For the case of Lie algebras one can get an analogous result. First note,
that for a simplicial Lie algebra G in which G2 is generated by the degeneracy
elements, the relation (A.7) again holds (where the bracket [. , .] denotes the
product in a Lie algebra) [Akc02]. Therefore, for a free Lie algebra F with
generating set {xi}i∈I and a subset {rj ∈ F}j∈J , one has

π1(sk1 S(X, R)) =
(yj , j ∈ J)F ∩ (yj − rj , j ∈ J)F
[(yj , j ∈ J)F, (yj − rj , j ∈ J)F ]

. (A.10)

We say that the Moore complex N∗(X) of a simplicial object X in a
category C is of length ≤ k if Nn(X) = 0 for all n ≥ k + 1. The simplicial
objects with Moore complex of length ≤ n form a category; we denote this
category by SC(n).

Proposition A.7 If R is a principal ideal domain and X is a projective
simplicial R-module, then N(X) is a complex of projective R-modules.

A.6 Dold-Kan Correspondence

The following result is the key to the construction of derived functors.

Theorem A.8 The functor N : SRMod→ Ch(R) is an equivalence of cate-
gories.

To prove this result it is clearly enough to construct an inverse map

N−1 : Ch(R)→ SRMod,

which is constructed by setting
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(N−1C)n =
⊕

f :[n]�[m]

f ∗(Cm), C ∈ Ch(R).

For example, for a given chain complex C of R-modules, the first few terms
of N−1C can be written as

(N−1C)0 = C0,

(N−1C)1 = C1 ⊕ s0(C0),

(N−1C)2 = C2 ⊕ s0(C1)⊕ s1(C1)⊕ s0s0(C0).

A.7 Eilenberg-Zilber Equivalence

For (A, ∂1), (B, ∂2) ∈ Ch(R), the tensor product (A ⊗R B, ∂) ∈ Ch(R) is
defined as follows:

(A⊗R B)n = ⊕p+q=nAp ⊗R Bq,

∂(a⊗ b) = ∂1a⊗ b + (−1)dim(a)a⊗ ∂2b.

For X, Y ∈ SRMod, the tensor product X ⊗R Y ∈ SRMod is defined as
follows:

(X ⊗R Y )n = Xn ⊗R Yn,

∂i(x⊗ y) = ∂ix⊗ ∂iy, 0 ≤ i ≤ n,

si(x⊗ y) = six⊗ siy, 0 ≤ i ≤ n.

For x ∈ Xn, y ∈ Yn, the map

f : x⊗ y �→
∑

p+q=n

∂n−p+1 . . . ∂n−1∂nx⊗ ∂q
0 y,

called the Alexander-Whitney map, induces the homomorphism of the nor-
malized complexes

f̄ : N(X ⊗R Y )→ N(X)⊗R N(Y ). (A.11)

The converse map

∇̄ : N(X)⊗R N(Y )→ N(X ⊗R Y ) (A.12)

is induced by the ‘shuffle-map’, defined as follows. For p, q ≥ 1, let

(a; b) = (a1, . . . , ap; b1, . . . , bq)
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be a permutation of (0, . . . , p+q−1), such that a1 < . . . < ap, b1 < . . . < bq.
We will refer to such (a; b) as a (p; q)-shuffle. Denote sign(a; b) to be the sign
of the permutation (a; b). For x ∈ Xp, y ∈ Yq, define

∇ : x⊗ y �→
∑

(p;q)−shuffles (a;b)

(−1)sign(a;b)sap
. . . sa1x⊗ sbq

. . . sb1y.

The maps (A.11) and (A.12) define the isomorphism of the chain complexes:

N(X ⊗R Y ) 	 N(X)⊗R N(Y ), (A.13)

called the Eilenberg-Zilber equivalence.
In the case when R is a principal ideal domain, and X is a free R-simplicial

module, Künneth formula implies that there exists the following split exact
sequence of R-modules

0→ ⊕iHn(N(X))⊗R Hn−i(N(Y ))→ Hn(N(X)⊗R N(Y ))→
⊕i TorR

1 (Hi(N(X)), Hn−i−1(N(Y )))→ 0, (A.14)

which can be written as

0→ ⊕iπn(X)⊗R πn−i(Y )→ πn(X ⊗R Y )→
⊕i TorR

1 (πi(X), πn−i−1(Y ))→ 0, (A.15)

due to the Eilenberg-Zilber equivalence (A.13).

A.8 Classifying Functor W and Homology

Let G be a simplicial group. Define the simplicial set WG by setting:

WGn = Gn ×Gn−1 × . . . ×G0, n ≥ 0 (A.16)

with face and degeneracy maps

di(gn, . . . , g0)=(dign, di−1gn−1, . . . , (d0gn−i)gn−i−1, gn−i−2, . . . , g0), i<n,

dn(gn, . . . , g0) = (dngn, dn−1gn−1, . . . , d1g1),
si(gn, . . . , g0) = (sign, si−1gn−1, . . . , s0gn−1, 1, gn−i−1, . . . , g0).

The simplicial set WG has a natural structure as a G-set, namely the one
where the left G-action is given by

g ◦ (gn, . . . , g0) �→ (ggn, gn−1, . . . , g0), g ∈ Gn.
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The space WG is the quotient of WG by the left G-action. Let q : WG→WG
be the quotient map.

A reduced simplicial set is a simplicial set having only one vertex i.e., a
simplicial set X in which X0 is a singleton. Denote the sub-category of the
reduced simplicial sets by rSSet. Then the construction WG defines a functor

W : Gr→ rSSet, (A.17)

called a classifying space functor on the category Gr of groups. Clearly, the
components of WG can be written as

WG0 = 1, WGn = Gn−1 ×Gn−2 × · · · ×G0, n > 0.

The face and degeneracy maps are defined as

d0(g) = 1, d1(g) = 1, g ∈WG1, s0(1) = 1,
d0(gn, . . . , g0) = (gn−1, . . . , g0),
di+1(gn, . . . , g0) = (dign, . . . , d1gn−i+1, gn−i−1d0gn−i, gn−i−2, . . . , g0);
s0(gn−1, . . . , g0) = (1, gn−1, . . . , g0);
si+1(gn−1, . . . , g0) = (sign, . . . , s0gn−i, 1, gn−i−1, . . . , g0).

Let M be a simplicial G-module. Following Quillen, define a graded abelian
group, called homology of G with coefficients in M by setting

H∗(G,M) := π∗(Z[WG]⊗Z[G] M),

where Z[WG] and Z[G] are free abelian simplicial groups obtained by apply-
ing the group ring functor to WG and G respectively.

For a group G, consider the constant simplicial group with Gi = G and all
face and degeneracy maps equal to the identity map. Let M be a G-module,
then, clearly, H∗(G, M) is the same as ordinary group homology of G with
coefficients in M . Clearly, Z ⊗Z[G] Z[WG] = Z[WG], where Z is viewed as a
constant simplicial G-module. Hence,

H∗(G, Z) = π∗(Z[WG]).

A.9 Bisimplicial Groups

For a given category C, a bisimplicial object in C is a functor

∆op ×∆op → C.

Clearly, in analogy with simplicial objects, any bisimplicial object can be
viewed as a set of objects Xm, n ∈ C, connected by certain maps. In this way,
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fixing the first index m, one gets the simplicial object Xm, ∗ and fixing the
second index n, the simplicial object X∗, n.

Let G be a bisimplicial group, i.e., a bisimplicial object in the category Gr.
It can be viewed as the data

G = {Gm, n, dh
j , sh

j , dv
j , sv

j},

where each Gm, n (m, n ≥ 0) is a group and

dh
j : Gm, n → Gm−1, n, 0 ≤ j ≤ m,

sh
j : Gm, n → Gm+1, n, 0 ≤ j ≤ m,

dv
j : Gm, n → Gm, n−1, 0 ≤ j ≤ n,

sv
j : Gm, n → Gm, n+1, 0 ≤ j ≤ n.

are homomorphisms satisfying appropriate relations. Define the diagonal DG
of the bisimplicial group G to be the simplicial group given by setting

(DG)n = Gn, n, dj = dh
j ◦ dv

j , sj = sh
j ◦ sv

j .

Theorem A.9 (Quillen [Qui66]). For a bisimplicial group G there are two
spectral sequences:

E2
p, q = πh

p πv
q (G) =⇒ πp+q(DG),

E2
p, q = πv

pπh
q (G) =⇒ πp+q(DG),

where πh
p πv

q (G) (resp. πv
pπh

q (G)) is the p-th homotopy group of the “horizon-
tal” (resp. “vertical”) simplicial group obtained by taking the q-th homotopy
group of each of the “vertical” (resp. “horizontal”) simplicial groups.

For a simplicial group X∗ ∈ SGr, there is a natural first quadrant spectral
sequence

E1
p, q = Hq(Xp, R) =⇒ Hp+q(WX∗, R), (A.18)

dr : Er
p, q → Er

p−r, q+r−1. (A.19)

A.10 Certain Simplicial Constructions

Kan’s Construction

Let us recall the Kan’s loop group construction. This is the functor

G : rSSet→ SGr, (A.20)
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with the properties:

(i) πn−1(GX) 	 πn(X), X ∈ SGr,

(ii) (GX)n is a free group, n ≥ 0.

For a given X ∈ rSSet, define the loop group GX ∈ SGr as follows:
Let (GX)n be the free group on the elements of Xn+1 modulo the

n-degenerate elements, i.e., elements of the form s0x, x ∈ Xn; thus (GX)n

can be presented as

(GX)n = F (Xn+1)/F (s0(Xn)), n ≥ 0.

The face and degeneracy maps are defined by

τ(d0x)d0τ(x) = τ(d1x),
diτ(x) = τ(di+1x), i > 0,

siτ(x) = τ(si+1x), i ≥ 0,

where τ(x) denotes the class of the element x ∈ Xn+1 in (GX)n. Obviously,
for any X ∈ rSSet, (GX)n is the free group on the set Xn+1\s0Xn.

The loop functor G is a left adjoint functor to the classifying space functor
W . These functors have the following main property:

For any reduced simplicial set X and a simplicial group Γ , the canonical maps

G(WΓ ) �→ Γ, X �→W (GX)

are weak homotopy equivalences (see, for example, [Goe99, Section V]).

A simplicial group X ∈ SGr is called free if, for all n ≥ 0, the components
Xn are free groups, and there are sets of free generators Bn ⊂ Xn, n ≥ 0,
such that si(Bn) ⊆ Bn+1 for all n ≥ 0, 0 ≤ i ≤ n.

It is easy to see that free simplicial groups and CW-complexes have a lot of
similar properties. To handle these similarities, Kan introduced the concept
of CW-basis for a given free simplicial group [Kan59].

Let F be a free simplicial group. A family {Bn}n≥0, Bn ⊂ Fn, is called a
CW-basis of F if

(i) Bn is a basis of Fn;

(ii) si(x) ∈Bn+1 for all x ∈Bn, n ≥ 0, 0 ≤ i ≤ n;

(iii) if x ∈Bn is non-degenerate, then di(x) = 1, n ≥ 1, 0 ≤ i ≤ n− 1.

The non-degenerate elements of a CW -basis of F are called generators
of F . For a given generator x ∈ Bn, the element dn(x) ∈ Bn−1 is called the
attaching element of x.

It is shown in [Kan58b] that any free simplicial group has a CW -basis. It
follows directly from the definitions that a free simplicial group is determined
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by the generators of its CW -basis together with their attaching elements.
Similar is the case for CW-complexes: every CW-complex is determined by
its cells and attaching maps.

Let X be a reduced simplicial set, Γ a simplicial group. Then a twisting
function τ : X → Γ is a function which lowers dimension by one and is such
that, for every n > 0 and σ ∈ Xn, the following conditions are satisfied:

di(τ(σ)) = τ(di(σ)), 0 ≤ i < n− 1,

dn−1(τ(σ)) = τ(dn−1(σ))τ(dn(σ))−1,

si(τ(σ)) = τ(si(σ)), 0 ≤ i < n,

τ(sn(σ)) = 1.

The twisting functions have a strong relation with the functor G (A.20) dis-
cussed above [Kan59]. Namely, for any reduced simplicial set X and a twisting
function τ : X → Γ , there exists a simplicial homomorphism g : GX → Γ,
such that g(σ̄) = τ(σ), σ ∈ X, where σ̄ is the image of σ in GX. Therefore,
there is a one to one correspondence between twisting functions X → Γ and
simplicial homomorphisms GX → Γ .

Let K be a CW-complex with a single 0-cell. The total singular complex
S(K) contains the first Eilenberg sub-complex S1(X), which consists of n-
simplices σ : ∆n → K of S(K), such that σ(Ai) is the 0-cell in K for 0 ≤
i ≤ n, where Ai, 0 ≤ i ≤ n are vertices of ∆n. The Kan’s construction is a
simplicial map

τ : S1(K)→ BK ,

where BK is a free simplicial group, τ a twisting function, which satisfies the
following conditions:

(i) the elements τ(σc) are distinct and form the generators of a CW-basis of BK ,
where c runs through the cells of K of dimension at least one;

(ii) for every sub-complex L ⊂ K, τ(S(L)) ⊂ B(L), where B(L) ⊂ BK denotes the
simplicial subgroup of BK , generated by elements τ(σc), σc ∈ L.

A twisting functor satisfying the above conditions defines a combinator-
ial homotopical model for based loops ΩK over the complex K. Namely, it
defines a weak homotopical equivalence

ΩK 	 |BK |.

In the reverse direction, for any free simplicial group B, there exists a
reduced CW-complex KB , together with a twisting function τ : S(KB)→ B,
which satisfies the above conditions (i)-(ii) and is such that there are weak
homotopy equivalences KBK

	 K and BKB
	 B.
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Example A.10

Let F be a free group with generators {xi}i∈I and R a normal subgroup of
F generated, as a normal subgroup, by the set {rj}j∈J . Form the standard
two-dimensional complex K corresponding to the group presentation

〈xi, i ∈ I | rj , j ∈ J〉.

The complex K is reduced, it has a single 0-cell, 1-cells are in one-to-one
correspondence with the basis elements {xi}i∈I , 2-cells are in one-to-one
correspondence with the elements {rj}j∈J . Then Kan’s construction is the
1-skeleton of the truncation, described above:

BK = sk1(S(X,R)).

Hence, the second homotopy module of K can be described as

π2(K) 	
〈yj , j ∈ J〉F1 ∩ 〈yjr

−1
j , j ∈ J〉F1

[〈yj , j ∈ J〉F1 , 〈yjr
−1
j , j ∈ J〉F1 ]

,

with the action of π1(K) = π0(sk1 S(X,R)), defined via the degeneracy map
s0.

Milnor’s F[K]-construction

For a given pointed simplicial set K, the F [K]-construction [Mil56] is the
simplicial group with F [K]n = F (Kn \ ∗), where F (−) is the free group
functor. There is the following weak homotopy equivalence:

|F [K]| 	 ΩΣ|K|.

Consider the simplicial circle S1 = ∆[1]/∂∆[1]:

S1
0 = {∗}, S1

1 = {∗, σ}, S1
2 = {∗, s0σ, s1σ}, . . . , S1

n = {∗, x0, . . . , xn},

where xi = sn . . . ŝi . . . s0σ. The F [S1]-construction then clearly has the
following terms:

F [S1]0 = 0,

F [S1]1 = F (σ), free abelian group generated by σ,

F [S1]2 = F (s0σ, s1σ),

F [S1]3 = F (sisjσ | 0 ≤ j ≤ i ≤ 2),
. . .
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The face and degeneracy maps are determined naturally (with respect to
the standard simplicial identities) for these simplicial groups. For example,
the first nontrivial maps are defined as follows:

∂i : F [S1]2 → F [S1]1, i = 0, 1, 2,

∂0 : s0σ �→ σ, s1σ �→ 1,

∂1 : s0σ �→ σ, s1σ �→ σ,

∂2 : s0σ �→ 1, s1σ �→ σ.

The above construction gives a possibility to define the homotopy groups
πn(S2) combinatorially, in terms of free groups. Since the geometrical realiza-
tion of F [S1] is weakly homotopically equivalent to the loop space ΩS2, the
homotopy groups πn(S2) are naturally isomorphic to the homotopy groups
of the Moore complex of F [S1]: πn+1(S2) 	 Zn(F [S1])/Bn(F [S1]). Here Zn

and Bn denote the cycles and the boundaries of the Moore complex of the
corresponding simplicial group.

The explicit structure of the cycles and boundaries for F [S1] can be given
in terms of certain normal subgroups in F [S1]. This was realized by Jie Wu
[Wu,01]. In fact, we have

πn+1(S2) ∼=
〈y−1〉F ∩ 〈y0〉F ∩ . . . ∩ 〈yn−1〉F

[[y−1, y0, . . . , yn−1]]
, (A.21)

where F is a free group with generators y0, . . . , yn−1, y−1 = (y0 . . . yn−1)−1,
the group [[y−1, y0, . . . , yn−1]] is the normal closure in F of the set of left-
ordered commutators

[zε1
1 , . . . , zεt

t ] (A.22)

with the properties that εi = ±1, zi ∈ {y−1, . . . , yn−1} and all elements in
{y−1, . . . , yn−1} appear at least once in the sequence of elements zi in (A.22).

Hurewicz Theorem

The following simplicial analog of Hurewicz Theorem was obtained by Kan
(see [Kan58a, Theorems 17.5, 17.6]):

Let F be a simplicial free group with πi(F ) = 0, i ≤ n (n ≥ 0), then πi(F/[F, F ]) =
0, i ≤ n, and the natural homomorphism πn+1(F )→ πn+1(F/[F, F ]) is an isomor-
phism.

A.11 Free Simplicial Resolutions

For a given category C, an augmented simplicial object in C is a pair

(X, X−1), X ∈ SC, X−1 ∈ C
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together with a morphism d0 ∈ HomC(X0, X−1), such that

d0d0 = d0d1 : X1 → X−1.

The augmented simplicial objects in C naturally form a category, which we
denote by aSC; the m-truncated augmented simplicial category can also be
defined in the obvious way; we denote it by aSCm.

An augmented simplicial group (X, X−1) is called a resolution of X−1 if
πn(X) = 0, n > 0 and π0(X) = X−1. The resolution (X, X−1) of a group
X−1 is called free simplicial resolution of X−1 if X is free.

A method of construction of free simplicial resolutions in the category
of commutative algebras was described first by Andre [And70]. We start
with the description of general construction of free simplicial resolutions from
[Keu].

For a given (X, X−1) ∈ aSC, define the nth simplicial kernel to be

Zn(X, X−1) = {(x0, . . . , xn+1) ∈ Xn+2
n | dixj = dj−1xi, i < j}.

Analogically the group Zn(X, X−1) can be defined for any (X, X−1) ∈ aSCm

for m ≥ n. For such an object, there are n + 2 natural morphisms

pi : Zn(X, X−1)→ Xn,

pi : (x1, . . . , xn+1) �→ xi, i = 0, . . . , n + 1

and n + 1 morphisms

qi : Xn → Zn(X, X−1)
qi : x→ (si−1d0x, . . . , si−1di−1x, x, x, sidi+1x, . . . , sidnx), x ∈ Xn.

The free simplicial resolution of a given object X−1 ∈ C can be constructed
inductively. Firstly we choose a set E of generators of X−1. Define X0 to
be a free object in C with basis E, which we denote by F (E0), and define
d0 : F (E0)→ X−1 to be the natural surjection. Now suppose we have defined
an object (X, X−1) ∈ aSCn, where Xn is a free object in C over some set
En. Complete the set

⋃n
i=0 qi(En) to the set Yn of generators of Zn(X, X−1).

Then put En+1 = {en | en ∈ Yn}, and define Xn+1 to be a free object F (En+1)
in C on the generating set En+1. The maps di, si are defined by setting

di = pi, si = qi, i = 0, . . . , n + 1,

where we use the identification of generators of Zn(X, X−1) with elements in
Xn+1.

Similarly one can construct a free simplicial resolution starting with a
free simplicial group X which is aspherical up to a fixeddimension, say n.
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The above method gives an algorithm for converting X into a free simplicial
resolution without changing Xi, i ≤ n.

The free simplicial resolution of a given group can be constructed as an
inductive limit of skeleton filtration, also constructed by step-by-step proce-
dure [Mut99]. Let G be a group, given as a quotient G = F/R, where F is
a free group with basis {xi}i∈I and R its normal subgroup generated, as a
normal subgroup, by the set {rj}j∈J . We use the notation from Example A.4.
The first step in the construction of a free simplicial resolution of G is the
1-skeleton F 1 = sk1 S(X, R). Clearly,

π0(F 1) = G.

Now, in general, π1(F 1), which is generated by cosets

ai[ker(d0), ker(d1)], i ∈ T,

is nontrivial. We can then define a new simplicial group F 2:

F0 = F0, F1 = F1, F2 = sk1(F 1) ∗ F (ai | i ∈ T ), . . .

with obvious face and degeneracy maps, where all terms in dimensions ≥ 3
are free groups generated by degeneracy elements. Clearly,

π0(F 2) = G, π1(F 2) = 0.

Continuing this process by induction, “killing” homotopy groups at each di-
mension, we get the required free simplicial resolution of a given group.

A functorial construction for a free simplicial resolution of a given group
can be given by the composition of the classifying space functor and Kan’s
loop group construction. Every group Γ can be viewed as a simplicial group X
with Xn = Γ and all face and degeneracy maps an identity. The composition
of the functors G and W defines the free loop construction over a group Γ :

GW : Gr→ SGr,

which has the property:

π0(GWΓ ) = Γ, πi(GWΓ ) = 0, i > 0.

Clearly, GWΓ is a free simplicial group; thus it can be viewed as a free
simplicial resolution of Γ .

Theorem A.11 (Comparison theorem [Keu]). Let (X, X−1) be a free simpli-
cial resolution of X−1, (Y, Y−1) a resolution of Y−1 and α : X−1 → Y−1 a
group homomorphism. Then

(i) there exists a simplicial map γ : X → Y , such that π0(γ) = α;
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(ii) for any simplicial map γ ′ : X → Y with π0(γ ′) = α there exists a simplicial
homotopy h : γ → γ ′.

Proof. (i) Let {Bn ⊂ Xn}n≥0 be the sets of free generators with si(Bn) ⊂
Bn+1, n ≥ 0, 0 ≤ i ≤ n. We construct γ by induction. Let

γ−1 : X−1 → Y−1

be the map α. Now, since π0(Y ) = Y−1, the map d0 : Y0 → Y1 is an epi-
morphism. Hence, for any x0 ∈ B0, there exists an element y ∈ Y0, such
that

d0y = γ−1d0x. (A.23)

Define the map
γ0 : X0 → Y0

by setting γ0 : x �→ y, x ∈ B0 where y is defined by (A.23). Now suppose we
have defined maps γi : Xi → Yi, −1 ≤ i ≤ n − 1, n ≥ 1, which satisfy the
standard simplicial identities. We proceed to define γn : Xn → Yn. Clearly, for
x = si(x0) ∈ Bn, x0 ∈ Bn−1, 0 ≤ i ≤ n−1, we can define γn(x) = siγn−1(x0).
Now let x ∈ Bn \

⋃n−1
i=0 si(Bn−1). Then

(γn−1d0x, . . . , γn−1γnx) ∈ Zn−1X.

The asphericity of X implies that there exists an element y ∈ Yn, such that

diy = γn−1diy, 0 ≤ i ≤ n;

define γn(x) = y. This completes the construction of γn.

(ii) The inductive construction of the simplicial homotopy h : γ → γ′ is
standard; one can find all details in [Keu]. �

A.12 Functorial Properties

Let R be a ring and n a non-negative integer. Define the strong truncation
functor

strn : Ch(R)→ Ch(R)

in the category of chain complexes over the ring R by setting

strn(K)i = Ki, i < n,

strn(K)n = Kn/ ker(dn),
strn(C)i = 0, i ≥ n + 1,
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for K ∈ Ch(R) with obvious boundary maps.

The following results, which are due to Gruenenfelder, generalize the re-
sults from [Dol58a]. We follow the treatment in [Gru80].

Theorem A.12 Let R be a principal ideal domain and X a projective sim-
plicial R-module. Let X ′ ∈ SRMod and fi : πi(X) → πi(X ′), i ≥ 0. Then
there exists a map f : X → X ′, which induces the maps fi.

Proof. We construct the required map as N−1g : X → X ′, where g : N(X)→
N(X ′) is the map between Moore complexes which induces the maps fi :
Hi(N(X))→ Hi(N(X ′)).

Since X is a projective simplicial R-module, N(X)i are projective
R-modules for i ≥ 0 by Proposition A.7. The component N(X)i can be
presented as N(X)i = ker(d̄i) ⊕ im(d̄i). Therefore, the R-modules ker(d̄i)
and im(d̄i), i ≥ 0, are projective. Thus, there exist maps g′i, g′′i such that the
following diagram is commutative:

0 −−−−→ im(d̄i+1) −−−−→ ker(d̄i) −−−−→ Hi(N(X)) −−−−→ 0

g′′i

⏐⏐� g′i

⏐⏐� fi

⏐⏐�
0 −−−−→ im(d̄′i+1) −−−−→ ker(d̄′i) −−−−→ Hi(N(X ′)) −−−−→ 0,

and we have the required map

g′′i ⊕ g′i+1 : im(d̄i+1)⊕ ker(d̄i+1)→ im(d̄′i+1)⊕ ker(d̄′i+1). �

Theorem A.13 Let S be a ring, R a principal ideal domain and X ∈
SRMod, X ′ ∈ SSMod projective simplicial modules. Let F : RMod→ SMod
be a covariant functor. Then

(i) Any sequence of homomorphisms {fi : πi(X)→ πi(X ′)},
i ≤ n induces homomorphisms {fF, i : πi(F (X))→ πi(F (X ′))},
i ≤ n.

(ii) If fi is bijective for i < n and surjective for i = n, then the same is true for
fF, i, i ≤ n.

Proof. The homomorphisms fi can be extended to homomorphisms between
homotopy groups of strong truncations of the given simplicial modules:

fi : πi(strn+1(X))→ πi(strn+1(X ′)), i ≥ 0.

By Theorem A.12, we can assume that the sequence fi, i ≥ 0, is induced by
a map

f : strn(X)→ strn(X ′).

Since strn+1(X) is a direct summand of X, such that strn+1(X)i = Xi, i ≤ n,
it follows that F (skn+1(X)) is a direct summand of F (X) with
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F (strn+1(X))i = F (X)i, i ≥ n.

Thus
πi(F (X)) = πi(F (strn+1(X))), i ≤ n.

The sequence of maps {fF, i}, i ≤ n, can be defined as

fF, i : πi(F (X)) = πi(F (strn+1(X)))→ πi(F (strn+1(X ′))) = πi(F (X ′)).

(ii) Consider the following decomposition of the functor N ◦f : N(strn(X))→
N(strn(X ′)) :

N(strn(X)) : im(dn+1) −−−−→ N(X)n −−−−→ N(X)n−1 −−−−→ . . .⏐⏐� ⏐⏐� ∥∥∥ ∥∥∥
C : P −−−−→ N(X)n −−−−→ N(X)n−1 −−−−→ . . .

β

⏐⏐� ⏐⏐� ⏐⏐� ⏐⏐�
N(strn(X ′)) : im(d′n+1) −−−−→ N(X ′)n −−−−→ N(X ′)n−1 −−−−→ . . . ,

where the left hand square is a pullback. First note, that the natural pullback
properties imply that the map β induces isomorphisms

Hi(β) : Hi(C)→ Hi(N(strn(X ′)))

for all i ≥ 0. Since P is projective R-module, the map

N−1 ◦ β ◦N : N−1(C)→ strn(X ′)

is a homotopy equivalence of strongly truncated simplicial groups. Obviously,
the functor F preserves homotopy; hence

F (N−1 ◦ β ◦N) : F (N−1(C))→ F (strn(X ′))

is a homotopy equivalence. We have Ci = N(strn(X))i, i ≤ n, and a
monomorphism Cn+1 → N(strn(X))n+1. Hence F (C)i = F (N(strn(X ′))i,
i ≤ n, therefore

πi(F (N−1 ◦ β ◦N)) : πi(F (N−1(C)))→ πi(F (strn(X ′)))

is an isomorphism for i < n. The fact that the simplicial R-modules under
consideration are projective implies that πn(F (N−1 ◦ β ◦ N)) is an epimor-
phism. Therefore the map

πi(F (X)) 	 πi(F (strn(X))→ πi(F (N−1(C))→ πi(F (strn(X ′)) 	 πi(X ′)

is an isomorphism for i < n, and an epimorphism for i = n. �
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A.13 Derived Functors

Derived functors play a fundamental role in different areas of mathematics.
The reader can find in [Ina98] an exposition of the general technique of derived
functors. Here we mention only some examples of derived functors on the
category of groups. However, it may be noted that the same construction
is possible for other algebraic categories, like Lie algebras, crossed modules,
cat1-groups etc.

Let T : Gr → Gr be a functor on the category Gr of groups, T (1) = 1.
Theorem A.11 clearly implies the following

Proposition A.14 Let (X, X−1) and (Y, Y−1) be two free simplicial resolu-
tions of X−1 = Y−1. Then, for all n ≥ 0,

πn(T (X)) = πn(T (Y )).

From the above Proposition the definition of left derived functors of the
functor T , denoted LiT, i ≥ 0, follows naturally:

L0T : Gr→ Gr, LiT : Gr→ Ab, i ≥ 1,

are defined as

LiT : Γ �→ πi(T (F∗)), i ≥ 0,

where F∗ ∈ SGr is a free simplicial resolution of Γ ∈ Gr, and Ab is the
category of abelian groups. Proposition A.14 implies that the resulting groups
are independent of the choice of the free simplicial resolution F∗.

Example A.15

Let
Z2 : Gr→ Ab, Γ �→ Γ/γ2(Γ ), Γ ∈ Gr,

be the abelianization functor. Let X be a free simplicial resolution of Γ . By
definition, Xi is free for all i ≥ 0,

π0(X) = Γ, πi(X) = 0, i ≥ 1.

Form the following bisimplicial group:

Yi, j = Z[(WXi)j ] = Z[X×(j−1)
i ].

Computing first homotopy groups of Yi, j for a fixed j, we get

π0(Z[(WXi)j ]) = Z[W j(Γ )],

πn(Z[(WXi)j ]) = 0, n ≥ 1.
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On the other hand, computing first homotopy groups with fixed indices i,
we get

πn(Z[(WXi)j ]) = Hn(Xi), n ≥ 0.

Since Xi are free, we conclude that the last term is Z in dimension zero,
abelianization Xi/γ2(Xi) in dimension one, and trivial in all other dimen-
sions. Thus, by Theorem A.9,

LnZ2(Γ ) := πn(X/γ2(X)) = πn+1(Z[W (Γ )]) = Hn+1(Γ ), n ≥ 0.

Example A.16

Let Zn : Gr → Gr, n ≥ 2, be the functor which maps every group Γ to its
quotient by the nth term of its lower central series:

Zn : Γ �→ Γ/γn(Γ ).

Let Γ = F/R and X a free simplicial resolution of Γ with first two terms F0,
F1 as in Example A.4, i.e.,

F0 = F, F1 = F (yj | j ∈ J) ∗ F,

where yj ’s are in one to one correspondence with a normal basis of R. Then,
clearly,

L0Zn(Γ ) = Γ/γn(Γ ), n ≥ 2.

The short exact sequence of simplicial groups

1→ γn(X)→ X → X/γn(X)→ 1,

gives the following long exact sequence:

. . . → π1(X)→ π1(X/γn(X))→ π0(γn(X))→ π0(X)→ π0(X/γn(X))→ 1.

Since X is aspherical and L0Zn = Zn, we have

L1Zn(Γ ) = π1(X/γn(X)) = ker{π0(γn(X))→ γn(Γ )}.

The group π0(γn(X)) is a coequalizer of the diagram

γn(F1)
d0−→
d1−→ γn(F ),

where the maps d0, d1 are restrictions of degeneracy maps in X. Clearly,

ker(d0) = [〈F (yj | j ∈ J)〉F1 , n−1F1]

and
im(d1|ker(d0)) = [R, n−1F ].
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Hence,

π0(γn(X)) =
γn(F )

[R, n−1F ]

and therefore,

L1Zn(Γ ) = ker{ γn(F )
[R, n−1F ]

→ γn(F )
R ∩ γn(F )

} =
R ∩ γn(F )
[R, n−1F ]

.

This is the same as the nth Baer invariant of Γ , which we denote by M (n)(Γ )
(see Section 1.4); that is, L1Zn(Γ ) = M (n)(Γ ), n ≥ 2.

Example A.17

For a given group F and its normal subgroup R, define the series {δn(R, F )}n≥1
by setting:

δ1(R, F ) = [R, F ], δn+1(R, F ) = [δn(R, F ), δn(F )].

Let Γ be a group given by a free presentation Γ = F/R. Consider the functor

Dn : Gr→ Gr, Γ �→ Γ/δn(Γ ), n ≥ 1.

Then the same method as in the previous example gives the following:

L0Dn = Dn, L1Dn =
R ∩ δn(F )
δn(R, F )

.

For example, the first derived functor of the metabelianization functor is

L1D2 =
R ∩ [[F, F ], [F, F ]]

[[R, F ], [F, F ]]
.

Example A.18

Consider the commutator subgroup functor T : G �→ [G, G]. Then the fore-
going arguments easily imply that for a given group G = F/R, one has the
following:

LiT (G) =

{
[F, F ]
[R, F ] , i = 0,

Hi+2(G), i > 0.
(A.24)

A.14 Quadratic Functors

A functor F : Ab → Ab is quadratic, i.e., has degree ≤ 2, if F (0) = 0 and if
the cross effect

F (A|B) = ker(F (A⊕B)→ F (A)⊕ F (B)), A, B ∈ Ab,
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is biadditive. We then have a binatural isomorphism

F (A⊕B) = F (A)⊕ F (B)⊕ F (A|B)

given by (Fi1 ; Fi2 ; i12), where i1 : A ↪→ A ⊕ B; i2 : A ↪→ A ⊕ B and i12 :
F (A|B) ↪→ F (A⊕ B) are the inclusions. Moreover, for any A ∈ Ab one gets
the diagram [Bau00]

F{A} := (F (A) H→ F (A|A) P→ F (A)). (A.25)

Here P = F (p1 + p2)i12 : F (A|A) ↪→ F (A ⊕ A) → F (A) is given by the
codiagonal p1+p2 : A⊕A→ A, where p1 and p2 are the projections. Moreover,
H is determined by the equation i12H = F (i1 + i2) − F (i1) − F (i2) where
i1 + i2 : A→ A⊕A is the diagonal map.

We recall from [Eil54] the definitions of certain quadratic functors.

Tor (A, C):

For abelian groups A and C, the abelian group Tor(A, C) ([Eil54], §11, p. 85)
has generators

(a, m, c), a ∈ A, c ∈ C, 0 < m ∈ Z, ma = mc = 0

and relations

(a1 + a2, m, c) = (a1, m, c) + (a2, m, c), if ma1 = ma2 = mc = 0

(a, m, c1 + c2) = (a, m, c1) + (a, m, c2), if ma = mc1 = mc2 = 0

(a, mn, c) = (na, m, c), if mna = mc = 0

(a, mn, c) = (a, m, nc), if ma = mnc = 0.

In particular, we have the functor A �→ Tor(A, A)) on the category Ab.
We denote the class of the triple (a, m, c) by τm(a, c).
Ω(A): Let A be an Abelian group. Then the group Ω(A), defined by
Eilenberg-MacLane ([Eil54], p. 93), is the Abelian group generated by sym-
bols wn(x), 0 < n ∈ Z, x ∈ A, nx = 0 with defining relations

wnk(x) = kwn(x), nx = 0,
kwnk(x) = wn(kx), nkx = 0,
wn(kx + y)−wn(kx)−wn(y)=wnk(x + y)−wnk(x)−wnk(y), nkx = ny = 0,
wn(x+y+z)−wn(x + y)−wn(x + z)−wn(y + z)+wn(x)+wn(y)+wn(z)=0,
nx = ny = nz = 0.
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We continue to denote the class of the element wn(x) in Ω(A) by wn(x) itself.
Eilenberg-MacLane ([Eil54], p. 94) constructed a map

E : Tor(A, A)→ Ω(A)

by setting
τn(a, c) �→ wn(a + c)− wn(a)− wn(c).

A natural map
T : Ω(A)→ Tor(A, A) (A.26)

can be defined by setting

wn(x) �→ τn(x, x), x ∈ A, nx = 0.

Clearly the composite map

E ◦ T : Ω(A)→ Ω(A)

is multiplication by 2; for, as a consequence of the defining relations the
elements wn(x) satisfy

wn(mx) = m2wn(x)

for all m ∈ Z, 0 < n ∈ Z, x ∈ A.
Whitehead functor Γ2(A): The homogeneous component Γ2(A) of the
graded functor Γ(A) (see (5.36)-(5.39)) of degree 2 can be identified with
the Whitehead functor ([Whi50], [Eil54], pp. 92 & 110) Γ2 : Ab→ Ab, A �→
Γ2(A), where the group Γ2(A) is defined for A ∈ Ab to be the group given by
generators γ(a), one for each x ∈ A, subject to the defining relations

γ(−x) = γ(x), (A.27)

γ(x+y + z)−γ(x+y)−γ(x+ z)−γ(y + z)+γ(x)+γ(y)+γ(z) = 0 (A.28)

for all x, y, z ∈ A.
R(A): For A ∈ Ab, let 2A denote the subgroup consisting of elements x
satisfying 2x = 0. Define R(A) ([Eil54]. p. 120) to be the quotient group of
Tor(A, A)⊕ Γ2(A) by the relations

τm(x, x) = 0, mx = 0, (A.29)
γ2(s + t)− γ2(s)− γ2(t) = τ2(s, t), s, t ∈2 A. (A.30)

The functors A �→ Γ2(A), Tor(A, A), Ω(A), R(A) are all quadratic func-
tors on the category of Abelian groups, i.e., all these functors have degree
≤ 2. Furthermore, R(A) = H5K(A; 2); Ω(A) = H7K(A; 3)/(Z/3Z ⊗ A),
R(A|B) = Ω(A|B) = Tor(A, B) and R(Z) = Ω(Z) = 0 and R(Z/n) =
Z/(2, n); Ω(Z/n) = Z/n.
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The square functor. Let Abg denote the category of graded Abelian groups.
For A, B ∈ Ab, let A⊗B and A ∗B := Tor(A, B) be respectively the tensor
product and the torsion product of A, B. The notion of tensor product of
Abelian groups extends naturally to that of tensor product A⊗ B of graded
Abelian groups A, B by setting

(A⊗B)n =
⊕

i+j=n

Ai ⊗Bj .

We also need the ordered tensor product A
>
⊗ B of graded Abelian groups,

which is defined by setting

(A
>
⊗ B)n =

⊕
i+j=n, i>j

Ai ⊗Bj

for A, B ∈ Abg. In an analogous manner, we can define, for A, B ∈ Abg,

torsion product A ∗B and ordered torsion product A
>∗ B as

A ∗B =
⊕

i+j=n

Ai ∗Bj , (A
>∗ B)n =

⊕
i+j=n, i>j

Ai ∗Bj .

The tensor product, torsion product and the ordered tensor and torsion
product are, in an obvious way, bifunctors on the category Abg.

Let ∧2 be the exterior square functor on the category Ab. The weak square
functor

sq⊗ : Abg → Abg

is defined by

sq⊗(A)n =

⎧⎪⎨⎪⎩
Γ2(Am), if n = 2m, m odd,

∧2(Am), if n = 2m, m even,

0, otherwise.

Let (Z2)odd be the graded Abelian group which is Z2 in odd degree ≥ 1
and trivial otherwise; thus (Z2)odd is the reduced homology of the classifying
space RP∞ = K(Z2, 1). The square functor Sq⊗ : Abg → Abg is defined as
follows:

Sq⊗(A) = A
>
⊗ (A⊕ (Z2)odd)⊕ sq⊗(A).

Define next the torsion square functor

Sq�(A) : Abg → Abg

by setting
Sq�(A) = (A

>∗ (A⊕ (Z2)odd))⊕ sq�(A),
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where

sq�(A)n =

⎧⎪⎨⎪⎩
Ω(Am), n = 2m, m even
R(Am), n = 2m, m odd
0, otherwise

Now we are ready to formulate so-called universal coefficient theorem for
the functor ∧2 due to Baues and Pirashvili [Bau00]. Let X be a simplicial
group which is free Abelian in each degree. Then there exists [[Bau00], (4.1)]
a natural short exact sequence of graded Abelian groups

0→ Sq⊗(π∗(X))→ π∗(∧2X)→ Sq�(π∗(X))[−1]→ 0 (A.31)

where π∗(X) and π∗(∧2X) are the graded homotopy groups of X and ∧2X
respectively.

The exact sequence (A.31) leads to the description of the derived functors
of the second lower central quotient functor. Since for a free group F , there
is a natural isomorphism

γ2(F )/γ3(F ) 	 ∧2(Fab),

for every free simplicial resolution F∗ → G, we obtain the following natural
exact sequences:

0→ H2(G)⊗H1(G)→ π1(γ2(F∗)/γ3(F∗))→ Ω(H1(G))→ 0
0→ H3(G)⊗H1(G)⊕ Γ2(H2(G))→ π2(γ2(F∗)/γ3(F∗))

→ Tor(H2(G), H1(G))→ 0

Similar descriptions exist for other quadratic functors (see [Bau00]). Con-
sider the functor

Γ̄ : Gr→ Ab,

which is the composition of the abelianization and the functor Γ2. For every
group G there exists the following exact sequence of groups (see [Bau00]):

0→ H2(G)⊗ (H1(G)⊕ Z2)→ L1Γ̄(G)→ R(H1(G))→ 0.

A.15 Derived Functors in the Sense of Dold and Puppe

Let T : Ab → Ab be a functor with T (0) = 0 and A an abelian group.
For n ≥ 0, consider a free simplicial abelian group P∗ with the following
properties:

(i) Pi = 0, i < n,

(ii) πn(P∗) = A,

(iii) πi(P∗) = 0, i 
= n.
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Define the ith derived functor of T (in the sense of Dold and Puppe [Dol61])
for the pair (A, n) as

LiT (A, n) := πi(T (P∗)).

Standard arguments, similar to ones given in Proposition A.14, show that
this definition is independent of a choice of P∗. As an example of P∗, we can
choose the free abelian simplicial group

P∗ = N−1((A1 ↪→ A0)[n]),

where N−1 is the inverse map to the Dold-Kan map (see A.6), A1 and A0 are
free abelian and the sequence

0→ A1 → A0 → A→ 0

is exact. For n = 0, we will use the notation LiT (A) := LiT (A, 0).
The derived functors in the sense of Dold and Puppe play a fundamental

role in topology in view of the following fact. For every abelian group A and
n ≥ 1, there exists a natural spectral sequence

E2
p, q = Lp+q SPq(A, n)⇒ Hp+qK(A, n) (A.32)

which converges to the homology of the Eilenberg-MacLane space K(A, n).
This sequence degenerates [Bre99] and, therefore, the derived functors
Lp+q SPq(A, n) define a canonical filtration of Hp+qK(A, n).

Clearly, the sequence (A.31) provides a method of computing the derived
functors of the exterior square. The universal coefficient theorem for quad-
ratic functors SP2 and Γ given in [Bau00] imply the following description of
derived functors:

Li SP2(A, n) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

SP2(A), i = 0, n = 0,

A
∧∗ A, i = 1, n = 0

Γ2(A), i = 2n, n 
= 0 even,

Λ2(A)⊕ Tor(A, Z2), i = 2n, n 
= 1 odd,

R(A), i = 2n + 1, n 
= 0 even,

Ω(A), i = 2n + 1, n odd,

A⊗ Z2, i = n + 2, n + 4, . . . , n + 2[n−1
2 ],

Tor(A, Z2), i = n + 3, n + 5, . . . , n + 2[n−1
2 ] + 1, i 
= 2n,

0, otherwise;
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LiΛ2(A, n) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Λ2(A), i = 0, n = 0,
Γ2(A), i = 2n, n odd,

Λ2(A)⊕ Tor(A, Z2), i = 2n, n 
= 0 even,

R2(A), i = 2n + 1, n odd,

Ω2(A), i = 2n + 1, n even,

A⊗ Z2, i = n + 1, . . . , n + 2[n−1
2 ] + 1, i 
= 2n,

Tor(A, Z2), i = n + 2, n + 4, . . . , n + 2[n−1
2 ],

0, otherwise;

LiΓ2(A, n) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Γ2(A), i = 2n, n even,

Λ2(A)⊕ Tor(A, Z2), i = 2n, n odd,

R2(A), i = 2n + 1, n even,

Ω2(A), i = 2n + 1, n odd,

A⊗ Z2, i = n, n + 2, . . . , n + 2[n−1
2 ], n > 0,

Tor(A, Z2), i=n+1, n+3, . . . , n + 2[n−1
2 ] + 1, n > 0, i 
=2n,

0, otherwise.

For polynomial functors of higher degrees the functorial description of the
derived functors is a deep problem. For example, consider the tensor cube. It
follows from the work of MacLain [Mac60] that the derived functors can be
described as follows.

Li ⊗3 (A) =

⎧⎪⎨⎪⎩
⊗3(A), i = 0,
(Tor(A, A)⊗A)⊕3/Jac⊗, i = 1,
Tor(Tor(A, A), A), i = 2

where Jac⊗ is the subgroup in (Tor(A, A)⊗A)⊕3, generated by elements

(a, n, b)⊗ c + (c, n, a)⊗ b + (b, n, c)⊗ a, a, b, c ∈ A, na = nb = nc = 0.

The derived functor L1⊗3 (A) is a part of the following short exact sequence
[Mac60]:

0→ Tor(A, A)⊗A→ L1 ⊗3 (A)→ Tor(A⊗A, A)→ 0.

For an analogous description of the derived functors of the symmetric and
the exterior powers see [Bre99] and [Jea02].

A.16 Derived Limits and Fibration Sequence

Let
. . .

fn→ Gn
fn−1→ Gn−1

fn−2→ . . .
f1→ G1

f0→ G0 (A.33)
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be an inverse system of groups in the category Gr. Then the group ΠGr =∏
i Gi, defined as the unrestricted product, acts on the set ΠSet =

∏
i Gi by

setting

(g0, . . . , gn, . . . ) ◦ (x0, . . . , xn, . . . ) = (g0x0f0(g−1
1 ), . . . , gnxnfn(g−1

n+1), . . . ),

xi, gi ∈ Gi. Let 1 = (1, 1, . . . , 1, . . . ) be the identity element in ΠiGi. Then,
by definition,

lim←−
i

Gi = {g ∈ ΠGrGi | g ◦ 1 = 1}.

The derived limit lim←−
1
i

Gi of the system (A.33) is defined to be the set of
orbits of ΠSet under the above action of ΠGr:

lim←−
1
i

Gi := ΠSetGi/{x ∼ g ◦ x : g ∈ ΠGr, x ∈ ΠSetGi}.

In general, lim←−
1
i

Gi is a pointed set, but in case the group Gi are all abelian,
it has a natural structure of an abelian group. Clearly, we can define the
inverse and derived limit in the case of an inverse system of abelian groups
by the exact sequence

1→ lim←−i
Gi →

∏
i Gi

f→
∏

i Gi → lim←−
1
i

Gi → 1,

where the homomorphism f :
∏

i Gi →
∏

i Gi is defined by

(g0, g1, . . . , gn, . . . ) �→ (g0f0(g−1
1 ), g1d1(g−1

2 ), . . . , gnfn(g−1
n+1), . . . ).

The following result is well-known.

Proposition A.19 Let

1→ {G′n} → {Gn} → {G′′n} → 1 (A.34)

be a short exact sequence of inverse systems of groups. Then there is a
sequence

1→ lim←−
n

G′n → lim←−
n

Gn → lim←−
n

G′′n →

lim←−
i

1 G′n → lim←−
i

1 Gn → lim←−
i

1 G′′n → 1. (A.35)

of groups and pointed spaces which is exact as a sequence of groups at the
first three terms, as a sequence pointed sets at the last three terms, and the
set map

lim←−n
G′′n → lim←−

1
i

G′n

extends to a natural action of lim←−i
G′′n on lim←−

1
i

G′n such that elements of
lim←−

1
i

G′n are in the same orbit if and only if they have the same image in
lim←−

1
i

Gn.
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In case (A.34) is a short exact sequence of abelian groups, then the se-
quence (A.35) is a long exact sequence of abelian groups.

It is of interest to note a characterization for the vanishing of the derived
limit of a given inverse system of abelian groups.

An inverse system (A.34) of abelian groups is said to satisfy the Mittag-
Leffler condition if, for every m ≥ 0, the chain

im(fm) ⊇ im(fm ◦ fm+1) ⊇ im(fm ◦ fm+1 ◦ fm+2) ⊇ . . .

is stationary.

Proposition A.20 (Gray [Gra66]). Let (A.34) be an inverse system of count-
able abelian groups. Then lim←−

1
i

Gi = 0 if and only if this inverse system
satisfies the Mittag-Leffler condition.

Thus, in particular, for any inverse system of finite abelian groups, or for any
inverse system of epimorphisms of abelian groups, its derived limit vanishes
always.

Example A.21

Let p be a prime. Consider the inverse system

. . . → Z
p→ Z

p→ Z→ . . . → Z

of monomorphisms of the additive group of integers, defined by
p-multiplication, i.e.,

z �→ pz, z ∈ Z.

Then one has

lim←−
1
n

Z = (lim←−n
Zpn)/Z,

i.e., p-adic integers modulo the rational integers.

Proposition A.22 (Harlap [Har75]). Let (A.34) be an inverse system of fi-
nitely generated abelian groups. Then
either (A.34) satisfies the Mittag-Leffler condition and lim←−

1
i

Gi = 0,
or lim←−

1
i

Gi is uncountable.

Theorem A.23 [Bou72]. Let C be a category with initial object ∗ ∈ Ob(C)
and

. . . → Xn → Xn−1 → . . . → X0 → ∗

a tower of fibrations in SC with compatible base points. Then for any i ≥ 0,
there exists the following natural exact sequence:

∗ → lim←−
1
n

πi+1(Xn)→ πi(lim←−n
Xn)→ lim←−n

πi(Xn)→ ∗.
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Progress in Mathematics. Birkhäuser, Basel-Boston-Berlin, 1999.

[Gor81] Gordon, C. Ribbon concordance of knots in the 3-sphere. Math. Ann., 257:157–
170, 1981.

[Gou99] Goussarov, M. Finite type invariants and n-equivalence for 3-manifolds.
C.R.A.S.P, 329:517–522, 1999.

[Gra66] Gray, B.I. Spaces of the same n-type, for all n. Topology, 5:241–243, 1966.
[Gra00] Grandjean, A. R., Ladra, M. and Pirashvili, T. CCG-homology of crossed mod-

ules via classifying spaces. J. Algebra, 229:660–665, 2000.
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Vol. 1917: I. Veselić, Existence and Regularity Prop-
erties of the Integrated Density of States of Random
Schrödinger (2008)
Vol. 1918: B. Roberts, R. Schmidt, Local Newforms for
GSp(4) (2007)
Vol. 1919: R.A. Carmona, I. Ekeland, A. Kohatsu-
Higa, J.-M. Lasry, P.-L. Lions, H. Pham, E. Taflin,
Paris-Princeton Lectures on Mathematical Finance 2004.



Editors: R.A. Carmona, E. Çinlar, I. Ekeland, E. Jouini,
J.A. Scheinkman, N. Touzi (2007)
Vol. 1920: S.N. Evans, Probability and Real Trees. Ecole
d’Été de Probabilités de Saint-Flour XXXV-2005 (2008)
Vol. 1921: J.P. Tian, Evolution Algebras and their Appli-
cations (2008)
Vol. 1922: A. Friedman (Ed.), Tutorials in Mathematical
BioSciences IV. Evolution and Ecology (2008)
Vol. 1923: J.P.N. Bishwal, Parameter Estimation in
Stochastic Differential Equations (2008)
Vol. 1924: M. Wilson, Littlewood-Paley Theory and
Exponential-Square Integrability (2008)
Vol. 1925: M. du Sautoy, L. Woodward, Zeta Functions
of Groups and Rings (2008)
Vol. 1926: L. Barreira, V. Claudia, Stability of Nonauto-
nomous Differential Equations (2008)
Vol. 1927: L. Ambrosio, L. Caffarelli, M.G. Crandall,
L.C. Evans, N. Fusco, Calculus of Variations and Non-
Linear Partial Differential Equations. Cetraro, Italy 2005.
Editors: B. Dacorogna, P. Marcellini (2008)
Vol. 1928: J. Jonsson, Simplicial Complexes of Graphs
(2008)
Vol. 1929: Y. Mishura, Stochastic Calculus for Fractional
Brownian Motion and Related Processes (2008)
Vol. 1930: J.M. Urbano, The Method of Intrinsic Scaling.
A Systematic Approach to Regularity for Degenerate and
Singular PDEs (2008)
Vol. 1931: M. Cowling, E. Frenkel, M. Kashiwara,
A. Valette, D.A. Vogan, Jr., N.R. Wallach, Representation
Theory and Complex Analysis. Venice, Italy 2004.
Editors: E.C. Tarabusi, A. D’Agnolo, M. Picardello
(2008)
Vol. 1932: A.A. Agrachev, A.S. Morse, E.D. Sontag,
H.J. Sussmann, V.I. Utkin, Nonlinear and Optimal Con-
trol Theory. Cetraro, Italy 2004. Editors: P. Nistri, G. Ste-
fani (2008)
Vol. 1933: M. Petkovic, Point Estimation of Root Finding
Methods (2008)
Vol. 1934: C. Donati-Martin, M. Émery, A. Rouault,
C. Stricker (Eds.), Séminaire de Probabilités XLI (2008)
Vol. 1935: A. Unterberger, Alternative Pseudodifferential
Analysis (2008)
Vol. 1936: P. Magal, S. Ruan (Eds.), Structured Popula-
tion Models in Biology and Epidemiology (2008)
Vol. 1937: G. Capriz, P. Giovine, P.M. Mariano (Eds.),
Mathematical Models of Granular Matter (2008)
Vol. 1938: D. Auroux, F. Catanese, M. Manetti, P. Seidel,
B. Siebert, I. Smith, G. Tian, Symplectic 4-Manifolds
and Algebraic Surfaces. Cetraro, Italy 2003. Editors:
F. Catanese, G. Tian (2008)
Vol. 1939: D. Boffi, F. Brezzi, L. Demkowicz, R.G.
Durán, R.S. Falk, M. Fortin, Mixed Finite Elements,
Compatibility Conditions, and Applications. Cetraro,
Italy 2006. Editors: D. Boffi, L. Gastaldi (2008)
Vol. 1940: J. Banasiak, V. Capasso, M.A.J. Chap-
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